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;1,; ,~.?JIl.St..)~ loS~ '.s!",_;;;T J...>I 'l.Sjjll.S~ ,..:_S..i"" 4j1..liJ.:,t..... J...>I ,~ d.r

~ I.) ,y. , • ...l.!.-rl_), t_~"..), J~~ l,$1J. JJI....b.J)' 6.",....1.>.:?» .o~ J ~l.;A..

J~' jI ~ JJ ~~.) j;t..J ~ . ..li)b -il:i JJI J...>I)~ ~ If_;; .s- r-SoS" JJ~ ._r.4=::..i"..

.h:--), .,1.. .)J..t-. ~ ~ loSt;, J~I 'J' )' .s-'.)I}::.;I ~.(') :..li.)b 'y>:''''..r~

J:-;I..ri-!.J) ~ jS' ~~.s. ~ ~ loSl;,.s"~I...I._:.ou)I,t.... (T) _"J_':'~ ,loS.J.:J_J""..j,~ ~

~ -il ~I ,.)I~ 0"i,t.... .:._':'oS"l.S~,.~ .•lIj ')ii J)y JI...I._:.ojI ~ ~.), (.);).,t... (~

J"- ~ 4.? ~I.)J ...:.....1i+ oj~~ l.S1;, (JJ o~ .s' ..,l....)oS")ii ~ ·..li_':'of CI~1 Jlfol

5 • general principles



,.

lSI.;. 'IS' ,.:.-1 \:r..~~..:..'j.)L.... ~ by-J' ,~~ lSlf.b:-. ~IS:.. .~)2; rJ~ ~ ~..w.

1)...,.-::.1~I". )I::i) jllS""'l> OJ":'J Y.~ JTo~I.)I". '~~iJ'" d./;IS" ~ ~~ JT.~, .>t_,..~.J'"

jl ~(; ~ ~ '~J"'- J V""I.> ~Ir- ...:...:..;>1". jl lS;~ lSl.I. 'Jl!.. 01P ~ ..l:.to~iJ'"0l.!.;

~ If.>~ ~hL.....la...._,; u>t.. );;)..il ~ J If.I..>J)iJ'" ~ jllaJ"r.i ..J..l. ~,~)I.> ,?laJ.r.i JW.I

~).,1- ~ 4A; ~)'> J.:.i ...:J1> 'j.)J..1:>.o ~I~...:...:..; ..r> '.)~iJ'" ~ ~~I ~

0J~ ..:..JI> ~ ~ ~ lSI...w.; » ,If,iWI).> o~ .>~I Jl..i;.. ~IJj J J.,1- ..:..I~ ~...:......I~IJ

J~ ...J.5iJ"'~.J'" I; ~ ~')I .....~ ~.j~ u)~ ..>~iJ'" ~~ ~;l.>lSI.aJ.Ji J~I

~ '..r;..:..ll> ~...:......I'_';') eJ.-1.I.,.2 J )~"r .oJ1)A J~ ~'jS"~.J"'.k..._,; .J:.....>

O~ JI:-- ~.>~ ~hL.... ~ ...L:.~iJ'" _,J;t.:.::.. -Iulj J J.,1- ~ lSl.J»J t} ~~IJ J.a:>-;.,1-
~Ir- ~ ~ ,_t.._.> d~~O~t..~ jl ~ <Ii ~IJ ~I_" ";"';IS:.. ;b; ...J.5iJ'" Wt.:.J'" I) ~

..;.,'j.>L.... (")~J,,.) ~ j:W J'I eJ.-I. ..J.5iJ'" ~;,.; O~ 0.>1> d..~ (,,)1.1. ":"JlA:.. (,,);lJf)~

(,,);_fj ,~Jf oUo.>J.>J~ » ..)y!."r (.:.-1 d. )0) ":"JLI;:.. OJ":'J 4)::-' Q) (,,).)...IA:.o If.'>~

,._;t...lA...:? If.I» ....:......1d~ ~ _,;~~ J ~ (").J'" ~ ~ _,;JIi u;".... ~ 'eJ.-~~ u'j.>la..

J r-?iJ'" .oJ1)I) JTo~1 J .....~ , • .).? LS.;i.).).,,>eJ.-.)~ ..;.,').)L....~)2; ,;_"I~ ~ jI.)S"),,1> ~

),,1> ~ .~jl~.t.iJ'" ,.l:.to.>iJ'".;L!.i .)r jI '+T 'IS' (,,))b) 1.S"').1. ~ 'lSj..,· ./.>Li.. d." ~L...r ~
J.a:>-.~ JI:-- (Y)~ 4--')I .....~ r41 n) jl-l,:;)~ oS-6.:i1JTo~I>I_",~

..:..t..J).. jl ~ .~6.....?p._._J LS'+~)~ d ...._j.,~(; ~Ij JI:-- ('I") J o~..r:? JI:-- Jot;

6· constitutive equations

7 . idealized materials

Il . viscosity

9 . viscomelric



,~_,.:.1.,';) J;J).s".its" ~ ~j} 0_,;1i ~ ($~J_"'))~ ~ IS-~ rl...;' ~J ~ ~~ ~ ..,......

~1_';'~~dl:S ~0_"'1.r.;~ j....;)~L.. ...t.:..:.~ \ .~\ ,..:..~~~~~ 6..:-11,/-1

10 invariant



.;l_:...S' ~.1. ~~ ~J::!. <..>~ ~i5:.. .:r.ilj._rt...;,~ o.)l;1 "I.o...IA.. J~.s~_,f ~I~

...:.......1~~.).r"'~ J-I..) ~'J...aj J-1...J..u. IJ.! ...l;..!.~ ...:..~ jt JA.=.-.- .s'.,Ij~ <..>~ ...:..J"-

~I_,> j~ T ...:.JI ,_;.;.._ )~ ~l; <..>_,I-it'~w ~ <..»1...0;:>1ISJI-it',W ..) ~ ~ I) ~L-; J-I t..

...I.! ..u.1_'> ..) ~ '-:' ,_;.;.._ » .)a> J..~ ~ ~Ip ~ J,,_it r"""" .J~~~ J "f

~~l( ~lf.a>~ ,~ ,)',))'} - , ~,,.

:~~ )i.i ):> I) .l..j ~

(' ..;II)

(t ..,.QII)

,. indicial notatiOl1



'\

('1' ..,.all)

.O~J

. ...::.-1 JA.:..-o .o..t.:. 0')J. )\5" ~ .j r: )1 '~ ~ ~ ..;r.~ ,...::.-1

).fo;~ ~ ~L:. olff' :r-s-d ....~ ~I_';..r.xj .)b;l) L I; 0 --:.JI) .,ht.....0;>-"

'~~lS"n ,...,T, \ ~ .)1~1.;::iU ojy ~..._.a>L:. t.SJ) L-,:,r J ,-:,,~\5" ..._.a>L! ~ ,.)_,:.

,.)b)} J..I jl o.)1.i.:....1~ (\ --:.JI) ..j.)t..... . ...::.-1 J~ oj: '0'11" ~ .)I'»)},jl_,.:... ~ ,')b)} J..I

:.)_':'IS"'_':)..>. .1..) 0;.>- ~

s= a.x.. (O..,.all)

('\ ....;JI)

~~ ~ .~ ~ .)b)} ..;r..! ojy- ).) OjbjXj ~ ";I)~ ~.).? 41; ~~ ~ ..;r.' ),)

_,)i; ";.)Lf. Lf-I..f.~ •.)_,:. if.;;~~ jI ~ ~l;.i.:f f' ,..._.a>L! ~ '.)_':'IS" J~I L- .)b;l}

.ss:~ I; .)Y- L- ..::....'J.I. -'!~

:JI!. ..)I_,.:..~ 1..iJ.r---.:f IS"..f. T J.IJ. I; n o;l~ ,...::.-1 ~ ;.) ~ T \SI,;.

OtX, =- o",x", = olX1 + 02X~+ 0)A'3.

Off = ~'"= au + 022 + 033'

2 0 dummy index

3 • summation convention



v .

•..::.i.f )1)" ~ 0~ J ~tf ~ ~ ~tfJ~ ~ ~ ~pb ~L!.i ~I..I.~ly.J' I) ~ ~b;l)~ ..:.-1~IJ

...::..)~~ly<S" JI!.. ~I~ ~

(V...AII)

(A ...All)

ojjX,XJ = 0IlXIXI + 012XIX2 + 01,xIX3 + 0UX2XI + 022XIX2

+023X,X3 + 031X3XI +032X3X, + °33X3X3·
(\ ...All)

•
r..J"'":'" J j ~J) ~ ~ ,..t:A~ r~I.o.b. J' J~)~ I) Jj ~ ~..:.-I ~T..i=+. .J~4 ~I..I.~l.:>1

~(~~~J)j ~J)~

00XjXj = 0uXlxj + O~2XJ +0ajX.xj.

3 3 3

L L L OljkXiXJX"'-I i-I k-I

.'~J

4,jlf ~ ~ ~~ )_,J:. ~ I

(\ 0 j'l)

(\ \ ...All)

...:.-1~ r v ~ ~ ~ pI.!; (\ \~I) ...::..)~

,..Ii _,:.~ ~_,.,;,~ ~b;l)):> (/ijkX;X;~-X* ~ Q;,XjXjXj ~ ";I)~ ~ ~.J' 41; i:>~

:~ J';.j ~~ At..; ul)~ dol
3 3 3

L l:I l: Ojj"X,X,XJXk·
'''I I-I k-1

4 - lerm



A

o:lljT ~~~- r I...IiJlr

:..L_~ )i.; pi) .J';.) ••);.k. ......o~.)

(~I\r~I)

(":-'\r ...All)

(y \r ~I)

(~I \ r ...All)

(":-'\r ...AI')

(y \ i ...All)

i = 1.2.3.

- (\ f...;Jl) 4.bk. pi ;",.a>L.:.....Ja.; - ••bk. ~ (.$lA~ jI~.J6.).).)~ ~ ~ oS' ~L.:.

~,,,,, ~.)I..I$.ljl~~I..)"")H.)ljT ~L.:. . .)'y<S"o...liI"p-O··.)ljT ~L.:." .)'y<S"",,11

)::. ~ ......J-L.:. r'..lS"_,. ~..::.....I !.S'~.)t... ......t.,~ (\ 'f ...;JI) ~.)k. 'd-'.I.~ '.).J!. ~IS" I) ,.

. [(~ J '-:"J \ T ...;JI,...;JI) ,"::/1I.)k.~] ~~IS' .)..p- ..::.....I.).j _;,

:..::.....1 !.S~.) Jt:...J!.) ~I.)

e: = Q,,,,e,,., i = 1,2.. 3. (\ Cl ...All)

e; = Qllel + QI~e2 + Ql3ea.

~ = Q21el + QUe2 + Q23ea.

e~ = Q31el + Q32~ + Qaaea·

:..::.....1 .J';.) ...:..":i.)k. .:.r.:" .s-
(...All \ ~ ...All)

(":-'\ 0 .,jI1)

(y \ 0 ...All)

5 • free index



.~~..;,'-':! -':!~ (~~~.;AU; .JolLu ~ ..;..~ ~W ,).l45) .ll} ~t.:. .":-I~.r.

:~ ~ 1oS1;!,) .J.j ..::..":/.)IA.. J_ I.I.~

i= 1.2,3;) = l , 2. 3 (I"\..AIl)

(..All \"\ ..AIl)

(~ l"\ ...AU)

(..,.. \ '\ ..AI')

................ _ .

_ {I if;= j
~IJ - 0 ifi "'"j.

(\ Y ..AIl)

6 . kronecker Della



_~~~~·~~~~_1w~.~·_·~~_._·~~t~.~~'~~_~_- ,.

8.. = ~1 = 833 = I.

811 = 813 = ~l = 823 = ~l = 831 = o.

[8.. 812 8,,]
821 8zi 823

831 83t 833

[~
0 nI
0

(~I) 8.. = 8u +c')2Z+833 = I + I + 1 = 3.

('-I) 811"0,,,= 8110. + BJ20i + 813Q3 = Oa.

~",Q", = ~101 +BaIQI + 8a3Q3 = Oz.

83",0 .. = ~.Ol +832Q2 + 833a3 = Q3.

(1A ~I)

(d 8,,,,T IllS = 811Tu+ B11T:lI+ B13T3J = Tu,

8.",T IllS = T2j.

BJaTIllS = T3J.

5,.8111S = Bu.
8,,,,B,,,,,8J11 = 8,,,.

7 . identity matrix



(rr ~I)

.u.~~ t_Jj c- .~~ ~

.u.~~.)) c- .~~ ~

.u...lj~A~ ·,,·-HI

J

E"III = E"1I2 = .".. "= O.

~.J.5_-_ . .J'

(r,.. ~I)

:.)..? 4...Io~.J'..) ";".)~ ~ I.) 0101y.,r ~

e, X eJ = E"iJlte,t. (rf ~I)

otf 0T ,~~ b=b,ei J a=aiej fl Jb.

8 - Permutalion symbol

9 -mad



(Y",\ ..;II)

~~ ~)'J.r,)lo.i ~ -::,,~ - 0 ~I r
'·t..rl.A~(uJl)

(II) b, = JlIIIICm• J

m ~i jll)(H) .;.,)~ :.Iji ~L:."::"":;"'; Ir.jt.... ..:,r..h~(I)):. 1).(I1) c.>t.bj.s- ..:,r..llSl_r.• If.,)r
~ lS)_,b ~ '~~I.S'" _r.:I.; n ~ 'lS~~ ~.r ~m ,)11) ,":"j\S'" ~L:. J

(III) bill = Jlm"C".

(IV)

''4..;'r'' (~)
(r) p = a,nb", ./1
(II) q = c",dnr• J

(HI) pq = amb",cndn- .If .JT

J
pq ¥- L a",b",cmdm.-

m=1

10 - Substitution

11 • multiplication



H'

otf &)T ,~~ b = biei J a =ajej .II I.iJ,~I 'T J..~ c:).y ~JbJ. ~b '-:"~ &)J'r

a'b= (ojej)· (bJej)=ojbJ(ej -e.).

~ ('sJ_,J.. "'! ej.ej = tJij olf ~T ,.t:,..!,~ ~ J. ~yJ- ~ (.SL.)~ J. e1 ,e2 ,e) .II ./ ~ "'!

a· b = Q,bJ8u = o,bj = a.b, = alb. + o2b2 + o3ba.

(I)

(II)

Iru~'pI.i(~)

.II

:..:...!.j .;Iy.,_r~I.? I.StJ.) jl o~lQ.:....1 ~

.)y:..,_r .:?':' (I) JJ .,:r..' j'

I'...r"L:Z' (.;.,)

Tij ~~I Tii JI!.. .;I~ "'! .x.,__,f ~~IIJ ~T ~ ~ J ._rt>-L.:. J.) ..sjt.... .;~ ~

[I 0 2]
[Sill = 0 1 2.

303

12 • distrihutive

13 . factoring

14 . Conuuctkm



\f

DII = Bu [D] = [B]r, (...All)

b. = BuaJ [b] = [B][a]. (':-' )

cJ = Blla. [C] = [B] [a1. t..,,)

s = BUalo) s = [a]T[B] [a1. (..:J'

Dik = B;jCjk [D) = (B] (C]. {.!I}

Dik = BijCkJ (D] = [8] ley. (r)

J

.J...? 0\:-"6..... I) [Ci] •..l!~ ci=f:ijJ<Sjk _PI (,-:,,)

•..:......1dk=(axb).ek ~ ~ -:r.,1.s'~~ JL:..; J ~ ~6..... I) [d;] •..l!~ dk=eijlP,bj _PI (C)



\b

(y)

~ ~~ L.>I..!.; ._;Jt v .JL ~') ..i' d.i: ....' ~ - A...AII

a x (b x c) = (a . c) b - (a . b) c.

:~> JI..!.; Rij = .1(S;rSj') s T;j=.l (Sij+Sji) ...,;.j ~- \ 0 ...All
.,. 'I'

Su= Tu+Ru. Tu= T.jh J Ru=-Rjf.

,..u.l JI..!.; I.) Xi jl eli ~ Vi(XI .xz .xl) J ~LXi jILS)~1 tt [(x, .x2 .xl) ~ I"";' j L - \ , ...All

•..t::.~..s" J:-il~~ '-:"~ JJI...t.:.o LSlf5y j ~.1Y..r' tly I.i.' ~ ..y.l JI..!.; ..r..j u'i.)\.... ~ ~

af
df~-dx"

aXf
(...All)

(y)



"
b.J~u-y~

,~ ~~ I•..w- ~ - "u - , u r~ 1oT-" _.J~ "

s bi ~l.)al.T ./1 \ '.~W~ J.~ r.;~;) .)bJ. ~ 1.).)bJ..I"..s'..l,!.~ ~~T r-s-.r ,-",,)
Tal = b,

Ta2 = b.l· s

:..L:.~ .J';.j Ja.> ,-","I_p.r.;');) T ./1

T(aJ + a2) = Tal + Ta2•

T(a31) = aTal •

.),,:.~ o~I_"".)a> ~~6:.._ T ott.)T ,..l,!.~ LS.)I::=>'J~ 6:.._a J olyJ:. ):'J. ):.a2 J31..s'

'It..),,:.~ o-'::--\; .)_,...;t .1A; ~ J vv rJ:' ~.r .)_,...;I; ~ ~ T

01 = e.'a,

15 _ Linear Transformation

• .l~ r---'r \..0;$', L...ij.)L.,.. "-! ,_rJ.:-m -s~ "'- -sL...ij)l t..)I"_r. J..w ~ ~ 'r'~.:.? IS'L.;)} _\,

17 _ Second· order tensor

"-! I) 41 .JI~ ..5 .:tol h ,~11S' JJI ""/, s ~ ""/, ).t--'\.; --"-?j ~ I) \",)b.J':' J ~.l~ .15" _,,,
r-s...,....J'~..5) L>;I>_r. J ~>~,_r.l:..> r*"" .>~ ~~ ..... t>-..il:l-s- ~I_,; ~_r. -Sr.-:':;"),..,

..wIS' ~lL" l. .l_,..A-. <.S1_r.(..l,;;;....,.o L,;.I ~I L .J~Y--:_;b



\V

.~b ~t...;.J!.j ':"-.)r'" ~ ~~w_'" ~ .J'.1.)8 .)b;, ":"""IJ...... "} j~lu ~

a = aiel + a2~ + aaea = Qiei'

:.J!.j ~I.) ~ -5' ~)~;, h=Ta, II ).);, .f" c,S1;,'r-,;/ ~ p.).)I.)T .)."._;t~,

...:......1o...i,.!. d.i.: ....1J:.>. ~..l.? ~ ~~ jl-5'

:.)y. ..1.:A1",.. .:..-) r'" ,,;.1 ~ b .sIA w "..
hi = b . el = aiel' Tel + azel • T~ + aael • Tea.

h! = b· e2 = ale.l . Tel + a2~ . Tez + aae2 • Te3•

bJ = b . e3 = alea . Tel + Qtea • Te2 + llaea • Te;),

(....All" y)

,'.

-5' r-s-~ Jily ....l:..!.~~ Tel jl e2 J e • .slAw_,...k..1.; ez·Te • .J e..Te, _r.;li.; d~ ~lAw_,..

:~')\> .)_,J:. ~ ~ J 'r-~ T12=el·Te2' 1'21=1:2·'1'1:1• I'll = el·Tel ':"-)r'" ~ ') IJow _,.. .)!I

b = Ta c,S)b J. ",blu, (f ",:,,)J ('I" ",:,,)':"- ~~lu J;6J ~ ,JI> 'r-li.s" T .)."._;t' c,S1A...J_,..I.)1~

:~_,; c,S1...J"..~ ~ .;Iy.s" I)

b, = Ti,«, + Tl2at+ Tuas-

h2 = T21a. + Tna2 + TZ3Q3'

ba = T31a. + T3Zl1Z + T33aJ•

(....AlIt, y)



\A

(~'\ ~)

el,epeJ ~4 \.SUr.)b_.r. ~ ~__,k jI - .,:.,L....:,;.... ~~.) ~ ~IJ T \.S\'&Wy 4!'..:......1 ~IJ

~ ~ ~IJ,)b J. ...I.:.:S' IS" ~ U J\4:::.. \ ~ !.S~'y ~ 4!' _,I.) _.r.~ (.$\.&w.Y ~ ":""")J '~~IS"

~ ~IJ •.) ..~_il'~ ,~l.!...)_,J. ~ .~~ ~IJ JT !.S\'&Wy 4!' ~I ,h.~ u-i~ ,~:a
I.: •.,.. • - "I ,.,.. ,:;;_~"';..r. ,.).,_;t ~ ~IJ.~ .~~IJ,:,I (.$!.t..w_,. ~ .c.:-_",,~ u-i~ ~o-::...:a ~

lSl_.r. I.) J..j !.S;lZ.)\.; l. ,~ ~~ ~ lSl.l. _,I.)_.r.~ ~ ~ ~ »l:;;. rl£J" .0 .);I:a .r.:j'l.

s» {el' .ez' ,e3'} J {el .ez ,e)} _tl 'r-:"'.)IS" _,I) o:a~1 .).)y ,).,_;t ~ ~ lS~j'l.

::a":'1S" o:ab ~l..i _r.j u.)~ ~ {el .e2 .e)} ~ ~ .~_;l. ,1f,:,T .~~ UJ\4:::.. "!~ )b_.r.

[T] 4 [Tu],

19- Orientations

~~ "! ~ invariant ~4 ~~.,:. ~~ ~~ .~~)I jA,;-o oS' ),_;t; 4 .Ib_t. ~ ~ /' *
frame ~?,-.)~) observer );1,; ~..:-I J...... ,;,_;I; ~ 4 ;I~_t. ~ oS'.J...:S ~; J6- /' ~ '~':'..s" •.l.i1r

...::....:'~4);li",! ~ 1.0144 ~~ "! ~ •..:.....r' ;I,_t. JI!. ';'I~ ~ .~~ ~IJ (~,:. d;,1



(TJ' 4 (T~].

'-T' JUG

Te, = ft.

T~ = e,.

r
-I 0 0]

(T] = 0 I 0
o 0 I .,......

:[ ~ I) (....All '\ '-:"' ••bt....).J-I.r.~

T(aa)

'-T' ~

Tej ~e;.
Te; = ei.

Te~= -I!.i.

[I 0 0]
[T]' = 0 1 0

o 0 -1 .;......

.,

J

...:-1 ~ J...I.:-' ~ T ~ .)~

• ..IA~ JU T- \ j.S:.!]1 t~J ~

J T(a+b)=Ta+Tb..5..:-1

':")J'" ~ b ~I ~1.T(aa)=aTa



y.

r - r JI!.o

T. = n, Tb = II, J T(.+ b) = II.

T(a+b) ~ T.+Tb. oS'...:.-1~IJ

w.:,.,.u .l..j ...:..,)_,....~ J ,oJb.,;l..:.; (T+S) ~ I,)S J T ~ ...l:.,.!.~ .)_,_il;' JJ S J T -s:4./j
:..l:.S'...,..

a .......LSIJ. (T+S)a=Ta+Sa

. ...:......I,)_,_;t' ~ c!_IJ)J ,...I,.!. ~_".; oS'.;,~ ~l.A ,(T+S) oS'...:......1~IJ

: .. jl..t.;j)~ (T+S) LSlA4.iI"..

(T+S)jJ = ~. (T+S) eJ= ~. Te,+e.· Se.,

L

(...oJ1 A y)

(T+ S] = (T] + [S]. (yAy)

jt a3 ,az ,al ...;])" ... J.:,~ (u), oS'01 Jl>- ,~~...,.. III • liZ .113 ;lJ.T. .... j..;.._L.:, OJ _"';l>- ,;? J"'IJ'" )~ *
. ..:.-1 JIJ) .:r-I .T.~ 1..)""';1,; -s)I..\!'~L.:, ...:.-111 )b.T.

22 - dyadic product



(ab)c = a(b· c).

:...lS"~ ~~ J'_) .~ti J:.l:..(',,:-,)
(ab) (oc +.8d) = aCb' (oc +.8d)]

=a[a(b . c) + ,a(b . d)]

= aa(b • c) + ,aa(b· d)

= a(ab) e +,a (ab) d.

{e]le2 .e3l ~ i.>1~~ ~ (.SIA)~ J. ~ ~ ~T (.$IA'IAJ_,. . ..:......1 )_"";li ~ Cab) J..'J.~

jl .J.;;)~

(ab)1.I = ~. (ab)eJ = ~. [a(b· e,)] = ~ . (abJ)

[ab] ~ [:}b' b2 b3l

[e,e,] - [~
0 it [e,e,] ~ [~

I ~l0 0
0 0 0

. [0 0 il [e,e,] ~ [! 0
~]. '~J[e1e:l] = g 0 0

0 0 o ~

(..;sl , 0 ":-')

Iranspose';'bJ.r.~_"';)J,;J''''')lS''~ (:lhT)c ;,SIJ'I) c.(all) J (uh)c ;,SI/.') (ab).c .;"LJ_,..jlfJ'*

.~J.<J' all .;~ "-! I) u®b .;,LJ}")I ~ ~~ .(~ v ~ l ....~)~ ')



.J..J..) ...:,,~~ ~ .J:,Y-.,r ~__,..; ..;t4j~ ~ ST J TS o~.) T •..t;.;.~)_,...;t; s> S J T ./1

.(..::-1 J_s.:... ~T .)JY, )_,...;l; ._;!JI.", ~,$')..t;.;.~ )}.1.

(TS)a = T(Sa) nT' ":-')

or y)

)I ..c;}-:&. (TS) I.S La. <IAJ Y J-I.I,~

(TS)iJ = e,' (TS)e) = ej • T(Se) = e, . TSm,je", = Sm,j(e(' Tem).

(ST)a = S(Ta).

(ST)u = Sill! Till) .

..t;.;.~.,r.l..) IS""'!jl,. "':"~Jt..... Jolt..... (\ '\ ,-:"l J (\ 6 ,-:,,)...:,,~.)t.....

[TS] = [T] [S] (\ Vy)

[ST] = [S][T] (\ A y)

.~ "'.I..~ I.S!~ ~~

.If cJT ,..t;.;.~ J_,...;t .....V J S ,T .It
(T(SV») a = T (SV)a) = T (S(Va»)

24· Commutativ!t



Y1" Lo.) 'I;

(TS)(Va) = T (S(Va»). J

T(SV) = (TS)V.

Y'-y JI!...

.( 'I t....:. 1._w.!5:..) ~l. .' ,I e , t..; ~ ..l...L.. 1c:--' J ..r- iJ-, - , ..r-.r..;r- ..I"'-"t .. .. )

J') ,.:-I.JI)J~)Y'" eJ .s" ~l. )J.:-I) ~4 ~ -sLh)b/ jI-sI ...,,_.. {el ,e2 ,e]} .s"),.;. J'):~

Re, =e."

Reo = -e
"

Re, = e.,

•Ae. e,

~=e ..

25 - 8S8C)(;iative laws





I~ = ez.

[I 0 0]
[11= 0 1 O.

o 0 J

'~~I.S" fli Ja.:;J1~ ..::"l...;:>... V""t.,,-.sl_/. J jl ..r._jt.. ,..u..IJ ~jt. Q' ..:.-1 ~IJ

rA ),_.JU ~ ~',);-.t.- V '":"'r
.sl_/.I.)./.,j ~b-;I Q' ~_";.r ~__,..;r.;1"';~ ~ u"';'l.S" o}l~ ~L..; TT ~ Q'T )_,....;\;iJl;,f_/.

a- (Tb) = b- (Fa), (ff y)

:~)~Jj ~_,..;jI

.J..IJ.~

T - T"ij - ji~ (fry)

(n' y)

n..\.c!.Wl ),_.Ju - A,":", r
~ ,o~.Y.~ r.;lA)b_/.~ r.;~ljj J LoJ_,J. 'I} )}..s-..:.-I)a> J!~ ~ ....l.oL...:.. )_,....;t;

(ST)T = TIS1'.

26 . Transpose of a Telisor

29 . Orthoqonal tensor



J I QII I = III I ·b J II ./" LSI./. .~.jU 4 ~lk.. ....,..;•..L!4 ..lolA::.. )_,....;t ~ Q ./1 .~r.r -
h J II ./" LSI./. J-I./.~ ....::.......1cos(n .b) = CO.~(QII.Qb)

(Qu) . (Qb) = a' b

(Qa) . (Qb) = b- QT(Qa)

(to ~)

\...1

J-I./.~ : [~I) (T T ~) ••hL...[

a . b = b . QTQa,

b . la = b • Ql'Qa,

b· (I - QrQ) a = 0,

Q1'Q = I.

•(~G~I) \ 0 ~~)"'::""""..L.lw )_,_;t ~ •..lolw )_,....;t ~ jb././. .o~b,jl..!.;J'i.r
QQT= I. rub ....,..;

J-'..I.L

*(uilr, y)

[Q] [Q)T = [Q]T [Q] = [I]

("r' r,~)
o-r Jw.

.s'_r. . ..:.-1.1.01...::.0 ),....il' ~ b y. ~ ~ ~ ";";-..r; ~ ..s')'" - Y Ju..)~ •...,;OJI> J"""''- oS'..:.-1 e-'"I)

.~~ I) R ,:"L:-}J ~. [R][R]T= [I) 4 ~u .Ju.. jT »R



YV

(R] (R]1' = [- ~ ~ ~] [~ - ~ ~J= [~ ~ ~I]'
00100100

:~

del [R] - IRI= 1-~ ~ ~I""+ I.
001

~ .P .~I - I ~+ I ..r.1;!Q .....L.;. ),....IJ ~ ~;\.. .;I.:.:-;~ .s-~I~ .;L:.i ';ljiJ" ../~.._ ~

[Q] [Q]r"" [I).

I(Q] (Q]'I = III = l.

IQIIQ'I ,. IQI1- l.

IQI-±1.

t.b),_,,;u, t.b)',)_f. d;l),) t.St.b4Ql~ 1S'_f. ~~ ~I'; - \ y r
~"::"~'~.)J.)~.l:.Y..r~~lJl).)..r. {e/ ,e2' ,e/} J {e"e2,e)} 64vij

~ ..;1)).)~ 4 ..I.iI.,.1.I'" {el .ez ,e3} 6~I ~IJ .( 1.'•. : I) T' - " J{;) ..l;.!.41S" ~Ii J,.;JI

.I.' (~I:-i .)f~ .II) 1J"tS:...i1~ ~ .lrA";'>.r. ~ ~ (..w~.).f ~ ~~ J.)./' .II) ~

e,

e:.e

e,

~":'I.I" ~ ....
(...AI,ry y)



YI\

:~

Q'rI; = em • Qe; = em • e; = COS (eIN, en.

fa; = Qmjll", J ( .... QH rA~)

..::......1 ~ Jj ..:.:~~IA,..I..5""'!jl.. ~

L

[a]' = [QF [a]. (yrAy)

.;)\S"'~ ..::...L.,...:;;..lS~&""'~)} I) )bJ! ~ ~ lS~.w"...a ..::......I.}.~ .:.>,ilj (T 11.,-:-,) 4.hlA,..

-' [a)' =[aJci d";,,Y A ,,:,,) ~.bL...)}.6'...:...-1 r+' 6.:,,,:r..1 ~ ~ _,; .~jl,......s".1w J"..:s:.:.£..,_ ~ ..::..."Li:..

J [a] .a..::......1~J.I..::...,,1.i; .~ a' =QTa lSI./. ._r:jl,., .J}I.....(.,. '1'\ ,-:-,)~.b1A,.. ~ lal=la lei

...::......1(Qr .h.... j) :1 ~~.}...w )b J! ~I' .a.jT J6- ,...L:..,;.~I.S'" J.>(J;i}./. ~ lS~jl.. ,.. ],



[T]' = [Q]T[T] [Q].

......~.)_,b ~ ~

(~r\ ~)

:~.)b ,jj ~J~l.u

(..;11"'0 ~)

[T] = [Q] [T]' [Q]T.

..:...~ r.S4--~.);.) I.) ;_,_;l; ~...AJ::;..;. r.SLo..w_,. ~ "::"-I.}..-I.:-' .:>jli (._;JI T" '-:"') "".)t....

"" ~)..:. 'lI~l.u.)~ 6'..::.....1r+" .0:; J.' ~~ y i~~ .~jt...1S'" ~.r.J.....£.._ ~ ":"'J~"; )\)~

(,,-:,,'" ,,-:,,)...bl.u...c...:.~IS"'T ;_"";\;liw.}~jI":"'J~r.Slf..-!;L.[T]' JT '("-:,,f'o ,-:",)J("-:"

•.J.._~ ol:=-!' T' =QTTQ ""~I.u~ f.)

v-r Jl!o

[0 I 0]
[T}[., .•,.•,I = I 2 0

001

e, = ~:I'

T
e



QII=e.'e;=I.

Q". = e, 'e; = I.

[QI = l! -~~l
[T)' = [- 001 +~ ~] l~~~ll+~-~ ~1= [-~ -~ ~J.

o I~, 0 0 I~; 0 0 1~, 0 Ole;

To = e; 6 rei.

Ti,=e;·Tei= ro,I.OJ[! i ~J[!]= [0. 1.0] [iJ=2

T;, = e; . Te; = e•. Te, = T.. = 2.

v-rJL4

5:. = Q Q.,S .
522 = Q Q••S .

31 - Scalar invariant



S!'3 e Q..,Q •.,.\'•••. J

j"'!)b (y, ,-;,,'•.bt.... )I lol

[
' 0 0]o I 0
003

J~~)_,l.~ {CI',c2',e~'} r~~.:JT i.S~WyoIf0T....l,;...!,~~y..... {el'eZle)} olLl~

t.SlAw y ._hl 0)l:s- ~ ,,)y. .J.:.&1y.. ",:-'-' J C'r:-I J,li (Jj t.SLt.w_,..) 4-'Tjll} ~~

•..L:S"IS" ~J-lS')_,k ~ I;()_,_;I; ~ ~UlJ. ~ tel leZ<e3} O~,) _,. ~ ~ (T;j ~) 8i

«s ,T .;""';1;" t.SL:..u ~ J ~ "..L_~ )i.; )l I) 1;, ).,...;1;" ~ ~~ Jt......:...1 •..:t-IJ.~

~jV .J....l0.;~ I~ .;l.lY, ..1..0>1.,> ... ..;....11ij ,{el,eZIC3} O~l ~~.;T t.SLt.Wy

_h~ "':.0JlA;..c..S~~~ ~ ~ I.; .)"_;Ii ~ c..SL.t.Wy oS'~I ~~ ,j}lj,)1 ollA::-I'),,_;1i

1~L..lJ_'__' (~li) ..}.;lS'l.1;JI ~ 0~ c..S~~) ~ If,;; I.;')_'> .Jb- .,),)t....1S" ~ _,.

c..SIAWy 1,.J'";""'.t"'!..r.1S".)IS"~ ~~ (j'\.a,.;b..r. .JI~ "':uL..o;:;....~ u~,)I..~1 ;.)I;~c..SIA;b..r.

'~IS" u..__,,; .J'_j U)'J' ~ Jlf'T ~~ ,j}lj "-:-->..r.1; ~ c..S1A~_" ~ 1A;,,_;t' .;;lS"l

e,' J {epeZle3} ~~~J.,y'_"t"'!J..jJ~i.S~J tel' lel' ,e3'} ~~~J.,y'_",.;I,)t"'!J.c..S~

:..:......1 ..LolA:.. J.. ~ ~ Q oS' l-liYIS" ~ _,.e'i = Qej ~1).Jz....'y ei J

a'=a (I.S~~ "-) ~ 4.J,Yl J"";1i

(J'':'r. ~)~ 4.J ,Yl J~\i

(),_.;Ii ~),~ 4.J,Yl J~\i

(1'" ~)

A-'f' Jw



D,j=AijktBl:J .tt"T ,..J.:..!~ {e'i} J {e;} .sL.~4.)w. ~.:...:-' J~ ":'f )_,...;t ~ LSL....:.!". n'ij J nij /1

..;)i.$'~ ~u LSL:.:--rA ~ ~ /1 (~) UJ'. ..l;.>,1_p.J) ~f ;>-,\;; ~ LSL....:.!". D'jj=A'ijl,/J'/d J

{et .ez ,e3}

(I)

~ .sL.....;)". Aijkl ~ ..."..~,,\'!'; (~ E J T iJ) ~ r .s;~1 LSL.)_"";\;; LSL....:.!,. Eij J Tij ~) ~~

(..::.-I)~ ~''':'''''''':; t)\";' .~t; 01p "'1 t_";". ';y'1) ~~..,..;~ ~ f ;_,...;\;;

A;jkl = Q ...,Qn)Q'4·Q.,A",.., r-;I) (~I) :~

....,,;..,..~.I' Jv..JS.._ ~ 'J)":'f )_"";li ~ .sIr. J.,l; ,,_';Ii k-_,; ~ p n'ij J njj ,Jv.~~)Ls. ~

)llr-.t,LS\......:.!,.,j'_h~I)r-.t,,,J~.s\......:.!,.jl;I.$",..J.:..!~..,..,~..:..I'.su.)_,...;l;J~.r E JT 0Y,'("J)

:..\.h~..,.. ~ u~ (I) •.bt....)l

(II)

(II I)

:l2 . quotient rule



1'''1''

\-f JIM!

MUk = e(' (Me;)ej = 0 ..,1',.' (MQ.ke.) 0.)1'.
= Q..,O'IO.de,.· (Me.)ep) = Q..,Qp)Q."Mmp,,·

:.r

(a b (")';0 =- e, . {(a b e)e. }e; = e, . [ta h) (c . e. lie;

,,;,c.le,· (a h)e)} = ".I1,h, '" u.b,« •.

:14 - Sy,nmorj" and AnlisVfIllllcllit: I"n,;" ...



1"1'

:..::......1

(rr y)

:..::......1_r.3

(,..,..y)

Til = TZ2 = T33 = 0,

T'2 = - Ttl' Til = - T31• and T13 =- T32•

:~

T-TTTA=_-
2

..b....j J..:.......I)Jt-!.o f'" .;,rf.,.l.JI.l_r. ~ .6"1) l»IJ..I. 2Jlj IS" o)_""', T ~..)~.)~ ..)"_;li ~ l)1..I.

:~ .,.,:. J.-l:i tA • a ;b..l. ~ T .::-:; a ;b..l. ~ .s'l)14.i.l' ~ ..)~"j.,_~ 4')":',r ul,) ~L:..; tA

Ta = (A X a.

35· unique

36 . dual vector



~ U""~.~~ -r, J.IJ. Tjj ~~I..I,.!.~~I~~y.-J r ~I(,SIJ.,~I ej,ei=-eiXej.J..p."

~.J;...I) ":")y)l - tA (,St..".J_,..~ Tij J-.r} (,S~w_'" .(~I ~.»lA=..l~T ~) Tjj= -Ti;

:dU"" I-l:! .J..1:").J'_j~). jl- (e, ,eZ ,e3) ,JlY,

T32 = - T2J = e, . Te, = tA • (e, x e3) = tA • e1 = 11A.

J

(..;11""\ 10:-')

~

(10:-' r''' 1o:J)

~

(yr''' ~)

, i-r J~

[
I 2 3]

[T{j] = 4 2 1 .
1 1 1

[
264] [I 3 2] TAa=tAxa .;..;5~U ,n=el+e

J

[T'<)=H[T]+(TFJ =~ ~ ~ ; = ~ ~ : . 0,5". [T] =[-rs] + [TA] :~

[T']=j((T]-[TjTl=l [ ~ -~ ~J=[ ~ -~ ~J.
2 -2 0 0 -1 0 0



(T] = [2! ; ~] +[ ~ - ~ ~].
1 1 -I 0 0

:.i-"-!

{b]=[ ~ -~ ~] [~]=[:].
-I 0 0 1 -I

b = t, +e.-e~.

vr-r Jw

Qn=n. (I)

qUn. :~

q = (sin 9)n.



'('v

...t.:.~~,:,T~_,l;I;;,.f\'/.J_,.I..I.loA J'(''''/.JJ'.Jf.~ 1'1 .1f.J"(TI'I=AII ~)~~...k~

II ..:.Ijl)" ~.;I~ J. f'.1f I)T ,..t.:.~ T ~ J-~ jl A _,l;L:..')'J)..l.A.. ~ o).J;b J. ~ a ./1

T(a.) =aTa = a(Aa) = A(a8).

'c..ri> J (,$IJ. ...:......1(,$;~I J_,1. (,$I;b (J"':'~ .,j..,__"u Ta=Aa u;~ ~ .u) G).J ;b./. ~ l..u
.J"':'~ ~) ..l>IJ '..s""JJ.":-'; o).J (,$~.;IJJ. ~l.; J_,1.

Ia=a .JJ':"'~.)J ...t.:.4._:J:,;......:.~.)J ').J loS~.)b./.loSl;b ";"""I.:f...... ,.)_,...;t ~

.~ ..l>IJ J.I./. ~ '.J TO)'J _J!JLi...,o":'-'I I ..l>IJ ;_,...;t jI').))J J. ~ ')J J. f' •..:......1

.~~,_,..a J.IJ. 'I...A> ").J _J!JLi...~ ~I:r. ~ ,..;......1 Jlt.... .)"'1 ~ ~ al .)_"";li loSlJ.

.)_,...it ./' loSl./.LJt.. .:,I_p. "':! .~ ')'J loS~.)b./. (,$I)J ~ ~ JJ ~ ~ J_,...ili jl..? J'.

(...\.it,;..J"!:>'. • ..1.!.~ 1C r::;>- '-:"_";,,,.u loSl",!)lj.jI..I.il ~ .;~ ~ Jy-I; ~ r .u)..;.>.J':"

...wl..'_"'.)~ .:,t.:.~y. loSjl)" •..l:,;;....A .:,IJJJ;~ loSjI_,..u ..s!La..)b./..lf:.j

n.n =1 L ('I" -AI) n = 0 :......-;.Tn=AII =),In .If.:, T ,..1.!.~ ')'J ~ ;ll./. ~ II ./1
.{1/ij=l L (Tij-A(~jj)a)=O ...;j.JlL... ....lw_,.~J-I./.~. n=a,ej l~,_:.~)

'tub .o~ ~ ~ )l

(~Irv .....)

(.....tv"':-')

(ytVy)

. \

.l"':'~ 4'T "':-!I_""',:,l:- jl,o ~)J ~ a, ....I./. f· ~.r.?) ~ ~ J> .}L.j ~ ,o,..c...a.~,_,..

38 . eigenvector

39 - eigencalue

40 - nontrivial



'('A

IT-All = o.
:~.

(,-""rAv)

L
TII-~ r., T1:1

T~, Tn-~ T~J = O.
T:l1 T:12 Tn-x

J.I ...t,;,L,s' A ~.I. .......~ P ·"blM ~ JJ~.u~lM .~ y. i_,1u 'Ii) ,D..t,;, ~~b T .I" .;IJ.

...s' .J..:S ..r").~ T ~;~) .r.: ~li. •.u>lM cSu,,~J .>y.,s' D-I.::-'L T n ~ ..u~lM •.u>L...

~6.... crv '":"')..::,,':J>L.... jI);1.;.:.. Df..) »J. 0~.wY' Ai .I" ~.1~) J> .~L A.' .;.~ ,)'1 Lo.~J

~I;J~'; _;J).~~ ~ L.L..; .~L,1.:=:Ai ...s'..s"~ ('":"',y•...A]lrv ''":"'l ..::,,':J>L...I ..J,,;y.cs"

(II =l~~~J.
o 4 -3

.~~ 1) ~T _.1L:..o • .f.J ..sL..)by; J oj_J _X,\";"

~ 1= (2-A) (A'- 25) =0. : )1..:-1 ~)w. ~ ...hl.....:y
-3-h

42 . characteristic equation



:.;..:. .u1y. C-;-» ,..,., ,.;JI 'rV ~) ",;;,'J;\.... • AI =2 <.>1.1-

00, = 0,

a. +4a,= O.

4a.-Sa, =0.

)

:~jI~A2=5 \..)'l.:...·..:...:.j..,...~0)~01_,;-.5"') ±el l.)!..r".I.);I~ ..dY '.I.);\..IA.

-Ja, = 0,

- 20:. + 4a, = 0,

4a.-8a, = 0,

)

el, =0.

, 0- r Jl!o

.(~

:~



'Po

(O-I)u,-Ctt = O.

a,-Ct, = O.

( I - I la:, = O.

[~ 0 0]
[T] = 0 2 O.

o 0 3

Oa, =0.

It" = O.

o,'+al+u,,' = I. J

43. 1i,,,1



f\

)_,_;t 'c?.?J_,_;t;,~ .)_'_;lJ ...Ji,i) ).).,> ~'''> ..1. ~ .)_,_;lJ J.. ~ ~ ~~ T J_,....d.))

..t.::.lA..o :..:..-1 r+' '::.";..s-!)~ ..::..1i10J~ ~'~j ~ ~T LS1..1.,OJy' .,).)IA:... ~(",15:..:. ~ i:_J

JR..l> o}"..... ,~.»IA:... )_'_;lJ ~ <..)1..1.'J..I..1.~ 'i'~ ~ L.t..; ~ ").JIA:... .)_'_;lJ ./" O)_J

_r..::'lA..»1:.::.. o)_" _r..')lA.. . ...li_,lJ ::'~J (...l:--\; ~I.,> fO _;....1·..:,,4-0:-I) '+iT t.~) ~.)!J _,IJ..1. .......

....liy...s- o..lily. '" _;""I

...li.)b ::'~J (..liJ~ ~ ..1. J~p~) _;""I ~ .......~),,_...s-,)~ ~I.,> ..:,,~I ~I

·~4 T J_,_;t; jl ,1,2 J Al o.)!J ..r...)1.i. 4 »L::.. ~ j~ o.)!J)b ..1. J.) II~ J III .J..? ..."P }

(1) To, = ~,01 :.......-;

(II) Tn2 = ~2f1t. J

(Ill) A,R, ·~=~·Tnl' :J-I..r.~

(IV) A20 r ' rl:z = 0, . T02•

• 1_'::;- -:<'_.- «"·~4..s- ~ "t..) ~ ~IA:... '..r-' ~ ........l5 .,) 1 .~L 0Jl.O.:.. ')_J _l.Ju.. ..s-l.; .r 1 -0 ~::. J"

...,j,.,__,.; J.:b ...t.;..!.~ A o.)!" )...l.i.. ~ L _);t::... • ,'d )::...1. J.) ll~ J 111 4'j' ) ..6' ":'0::1 .r~::.

:r::).) If J (( .I,..;...h ..;~.),.t,:. ._;I"t.) =» Tn~=AIl~) TlIl=Alll

o)_))..l.i. .:;1....Jo 4o)_).)b"t. ~ j.j Hili +1/11: ~. TV 1II1+1;1l~)=(('1'111 +(iTII:=).WIII +I;n~)

45 .., Prillcipal dir<!di(\l1~

46. Prindpal vallle~



f'Y

~,)IA.. AS'4._,;}.~L ._A&LA.. ~) ~ (,$1).> ~ ~JIA.. -s: ..I.a>'>..r c- I.S"'~ ~ Y

/' ..I. "I ,-l.!o~ Al ~ _,bl::.. 0~J )1.>..1. "I .J'I .-l.!oL.AI ,A2=A3=A().1 ;e).) (,$lA~.) (,$I).>,~

:":")'.>IA.. ,). ~ _,bl::.. J~ ...:.......1,)~A o~J .)1.>..1.

(TU-).)Ol + TI2a2 + T.P-3 = 0,

Tnal + (Tn-).)a2+ Tz:Pa = 0,

T31al + T3~2+ (T 33-).)a3 = 0

.)J ~IJ G.Y..J ).>..1. ~~.I. -5" (,$1....;' ~ ,(~ I) (\ '\_~ Jt...) ~~I.S'" J:lz JA:.... ~J.:.IA..~ ~

,. -
..I. ~IA;:.. oS" ~I ~ ...... I,)~ ~1..1.~ . ..:.....;.1.>..I.a>1_";".>.r,-J ,..:.......101 J'. J~ "1 oS"(,$I.o.:..A..,..

.(~ J~ ~ t$' ~ /,)..::...!b ..al_";" '>Y:-J ,...ljJ~ ~£.,_

Cal ,a2 ,a3) )..li. /' (,$1..1..)[5' ,)_,.;.. ":").,...."'1 ,J"; .J.>~ ....... ...t,.:..!.~ ..1.'..1. ~.) ...... _". oS".?l> )J

• .-l.!o~1.S'" O'y"J ).>..1. ~ (,$.)bJ'. /' -5" (,$)_,1~ ,.>rl.S'" 1..;)

s
J'. ~l.i;;... t$' ..I.i)1.>J.r,- J ~t ~ ......o)~,~ .J)lA:... .)_""';lJ ~ (,$IJ'. oS"~ OJI.>.JL:..;

,nl jlo.>Li:....1 ~ .~~..:..~ J..1(.$l;....I).).> &_ (,$lA).>./. ") '"2 ,n1 oS"4'_';} ...I.iJ~ ~£.,_

• .J;,~<.S" '-:'r"'" ~T .}.J J1J.r. .L.Jb.l. w.s- ._r.L.J_,...;l;:.s- ~ ~..,_u... v.1';Jb';\.!.; ~ J') '"

a .al ~ .h\....~.) ....~.s-.,:......I ~IJ ..,:......I..I>IJJ_,...;l; I J)Js. ~ a .s-..I,;;.....oal ~ ~.J...i;

.J.!~./



[
XI 0 0]

[TJ n,.n,.D, = 0 .\2 0 .
o 0 .\3 (f\ ":-')

IS'?I ~ ...:......,ISJ-.)l.i,. Jil...l> J jS'1...l> .I. ~ T )_,_;\,;.)...o>1J.,.)l.i,. -s: r-:!'>IS"':'L!.;~'

•...I,.!.~ 1;1>..lily IS" T ._r..jL. IS~

e~ = ani +{3n2 +yD3 ~;I.).I. /' lSI./. ..:.......:;..,

(
Xl 0 0] [a]T~I = e; . Te; = [a, e. y J 0 A2 0 f3.

o 0 .\3 Y

:",ub .a2+/p+y2=1 ~I~~ y~ ,If,:,i

.A..I = AI(aZ+f32+y2) ~ Alo:2+Azfl2+"3y2,

:..r-:.
:~

:~

..r"~ IS"L.; lS."bi lSl?-1 (Jil...l» jS'I...l> ojl..lit ,T .)...0>1J->lA.. (jit...l» jS'1...l> ojl..lil ,J.I.I.~

,..4.!.~..,... T..il [T]



TI2 TI'J

TZ2 T~3
T32 T33

~I_"";'~ {e, ,e2 .e3} "'!~ (.)iA,.;I~J.,-:,,~I ~ ~IJ T o).J J!~Li.. ,~_",; ~ ~l1... LJ_.P."

.';';_"':'<.S'"0.,l;!_,> T lS~...Is.(.)iA,~~ltiT ." ..I..!4J~ {el'eZ,e)} ~(.)IJ.~~\" ~)3.J~L....

1)J!j.Jd ... ~ Ii (...l.;.!.4<.S'"(fo ,-:,,)~hL....lSiA,~).Q)T 0.f..JJ!~Li..,,-:-,,"J.~~_"':'~_';

I. =~.+ ~2 +A3.

II = A.A2 + A2).3 + ).3).19

J

\V-f J~

. .J..fS"

48 - Scalar Invariants of a Tensor

_~I)Y\ ~JY' ~J'-"J I] -sI,l.I)V-Y J\;...~~":"WIJlflf~":"J,.,~IJ~.;r.1 ,;(

'~~If ~ J.JlA;..~~ -sl,.JJ-:l:; -SI.l.l,.~~.;r.1 ,~~(



fb

I, ~ 2+3-3 - 2,

'. = I! ~I+ I! _~I+ I! _~I=- 25.

I,- ITI _ 213 41_ - 50.
4 -3

~I- 2.V- 2.S~ +50= 0

(>.- 2)(>. - 5)(>. +5) ... O. :~

i.5,)~ ~ i.5),_,JU" ~j)1 ~ ~I,_; - " y r
t~~T ~.~~(~t..j~){ ~,'p...l;.($.)_""';\j~j}~tt~T=T{t) 4S'~r~j

~r..r ..:t}.J'..j u.)~..b...,j (Jr.r ~~ J~~.J' .)_,....;t ~ .)I~ ~ 4S')

dT = lim T(t+4/) -T(/)
dt A,....O 41

(,.,.. ":")

~ (T+S) = dT +dS
dl dt dt'

(...,ilIff,,:,,)

d do dT- {a(t)T}= -T+o-dt dl dt '

!}_ (TS)= dT S+TdS
dt dl dt '

(y rr y)

(u t'l' y)

!!... (TT) = (cI!)T,
dt dt

(..:"ny)



,.,

d (TaJ = lim T(/+~t)a(t+~t) -T(t)a(t)
dl ~Io.{) ~t

= lim T(I +~I)a(t+ ~I)- T(l)a(t)+T(t)a(t+ ~/)- T(t)a( t+ At)
ll-O AI

= lim {T(/+~t) -T(t)}a(t+~t) + lim _T~(t.L).L:{a;...!.(.:..../+.:.....=.~.:..!t):_-_a::.:(,-=-t)u..}
ll-{) At .1,-0 At

\A-f J~

:~

dT d (dT) (doT)!!!.II = " 0 - (Tej) = f,' - f = - 0dt dt dl J dl 'J

\\-f JI.:.4

:~

~~(dQ)T
dt dt'

:L..I



{
dQ QT}T __ dQ QT.
dl d,

r· - r JL!.o

:4c.'_;...:-tl).r..j~hl"....~';J...lj r(t)= R(t)r. )IJ.I.~';":'r;-J.IJ.....; r. ~J";lJ.I.~';)'_

dr
dt "" (AI X r.

:~)b r=R(I)r. jI:,y.
dr = dR r = (dR RT) r
dt dt 0 dt .

~=(dRRT)r=(Alxrdr dl •

, dR T) ""•.A.O~;s" (dt R .:,trp )1,).1. (AI .s

..:-1 ~ .;1"'tJlj~ r: )IJ.I. (AI .s~~..s')J'~ i416.;;~)~ ..)JL... jl

~~~ ~Ii ~ 0~~1J"'~,)~ 01~ - 'V '-:'r
).J.A.. ¢.r ~.Y'.I" (,$IJ. ~ ."t;~ r ~ Y Jb J...it tS:'~ eli ~ ¢(r) ~ .J.:S~ )
~ .4.ai ~ ;:' ~.?JI J.:-'~ ~ ..:.;I_j>" ~;:' .J~ _).a; :..u:.~ ...:......:.~ t; tS:'~ ~

(,$):. J. ,:,1..1.:0 ~ .tSl~ ,:,1-1.:0J.IA.. J:' ...lS'~ ~ y I,) b I tS:'~ ,:,1...1.:- ~ ¢(r) •..J....:...:. J'-:&-

¢ ,:,~;,I.f ....:......1)l,)_,.i-.1. (,$t~')I... J.1.i ~I jl J ,;,~..s" o...l.il'p- rp ,:,~:.'..f~ :.;1:. :'J':'J

d4>=,p(r+dr)-4>(r) == Vf/I·dr. (YO y)

51 - Scalar field



fA

(
d4»- =VtP·e.dr ine·direcliQn

(f,\ y)

(Y'Vy)

./' !.SIJ.• ..:.....1~t rp }~ ~ T c.SJJ.s- ~ -" !.SI.I.:~)~ 0Jl.... ..,.....l:A ~ ~ . .)~ ~I.f _,I~.I.

~t rp ~ ~ J. ~~ V4> .s- I.SJ_,l. ~ .VtP·dr:::O d-I.I.~ ...:.....1tk/J:::O ,~ .I. 1.)"1... dr

•..:.....1 d-r-:. dt/J ,J.:.~~t tP ~ e:.J- .I.:l~ dr .fl ~ .J.:.~..,.
I

r i-r Jto

I
D= v'6(e,+2~+ea).

rr-r Jto

oS" .;.;S..s' .:,~ 6' ""!J" "::";li'"" J~I .:,_';U•.A!~ ( ";")1e J~I t,i )•~..;.IIi'"" .II.! Jb Jt .x...~.;....W q .II
..;.-

52 • directional derivative

53 . heal flux vector

54 • Fourier heat conduction



q --kV9.

j A (\ I.).)J I.) q I~L 9=2(x2+y2) /, ...:.-1 ..,._L.j ..;..._I.J.A. '-:"'-ri k J ,,;;,;1...... ~.)J .;'..1:-' () oS'

.~J ,:,L!.i ..J.;.; JJ.)J I.) q ..slo.;b ..o (~)J~I) ~ I.)~t () ~..s~ . ..I.:!l:! B (\. \ )

iJ9 af}
VfJ = ;- e, + ;- e, = 4xe, + 4)""

(IX 11)'
:.r

q = - 4k(xe, + yet)·

q.• = -4ke, A ;J

y

o-rp

,..,. -,.. JI!.o

.
\'~ Jj JI!.;J ""';'; ..;) ........;..._I.J.A. i)jIJ ~ J"W,;I)J k J_"";li (..:all)

55 . thermal conductivity tensor



q::::::klve=-kv9 .s' .;)"J.o "': k=+kI (...AlI):?

"':J.i)b ~J":" J (VO)(3) J (VoyZ) ,(VO)(I) ~ .....Jil..b-- -s:~bu" \ r --:'l ~ jl LULl:. k .;I.r. (--:,)

qfU =- K(V8)UJ =- k,(VII)"',

y

[-2 1 0) [2] [-I]
[q] = ~ - ~ - ~ ~ = - ~ ,

J VB =2e+3e (";")

q =-e,-4e •.

~)'~ j. 0r~ ~ 0l!~r.F,~)fJj. 0'~ - 'A ~ r
~;; I) c:» .r: ~ J&"" ~ JI~ JI.:.. Jly ~.s" ~~ ~ _,. jl-.»~.J'. tt" ~ VCr) ../1

J.li~' jl J ~y:.if o,.l;ly.. V J~~I.f 4S' ~)~ ~Y:-J ->J_,...;t" J1..I.:--~ VCr) ~ ~IJ'..l5

56 - anisotropic



:~)~ ~.J...!.~ drldr ALW e J G~y'

(dv)- = (Vv)e.
dr in e-direction

(fA 1.:-')

Idrl p~dr .fli~~

(f\ 1.:-')

dv == v(r+dr)-v(r) = (VV)dr.

(
dv) flv- == - = (Vv)edr In r.-dlreclion OXj J'

:.)S"".)_,J, ~ ~ J

(00 1.:-')

(0 \ 1.:-')

( ) aUj (...Allor ~)Vv u=a-'X,

av. av. au!
~ax! axz aXa

[Vv] = ~ ~ ~ (I.:-' or 1.:-')
ax. ax! aXa

<JV3 aV3 av:.

ax, a~ ax:.

'~..r ;.;..:.~ .,;-t.;I]1 •..:-1 .;..> J...I.j ~ .-I,! ~_,.u .s...;j' ;;I~ (Vy) .s~I.> ;;L;.; .)1Y.r *
•..:-1,. tIll (' ~ '\I) Encvclopedia of physics ~~..;, ) l..JI.}b..il ~ ~ ~I)~ VV 1.5)1~ ~'j.s. *
V J V" •• ,aJax,.}~ ~~4~ "':";..;J..-I> .)Iy ~..I.t~.s ,~I(gradV) <$;l..,.a;.>-I ~'j.s. ~ ~')I....r.'

. Vy= (V"V}T - yV" : ~;~.~~~



tr ab = a· b.

..i-"'.. .Jy.1S' ~~ t...)1t~ ,jl~ ~.t...J~')t~}1 j} J

tr (exab+f3cd) = extr ab +,8 tred. (Of ":-')

(00 ":-')

:J)JT ~J ~ ,jlylS' 0))'--4..J..~ I) T }I '.:r..IJ.~

tr T = tr (Tijeiej) = Ti, tr (e.e,) = T,j8jj•

:~

(0'\ ":-')

trTT = trT :.s- ~I~IJ

rl'-T' J~

:J-If.~ .Cij=Bi,,.4,nj ~ .C=HA ~~./):J>

J .Dij=Bint'fm; :.15" .:_,I.D=UA :>~._';)

:~ .(,-:,~l!' <.S~L;~) Bint'fmi:B,../Iim 1,.1

tr BA = tr AB.

59 . trace



\"0-" J~

Ir (TW) = -tr (WT) =-tr (TW)

2tr (TW) .. O.

Ir (TW) =0.

(.P...lIO .:"I..I._:.o~ u').J-&' ~ VCr) ,. ~I;)y"~ .~4 is.)I~J. i.Jl..I._:.o~ VCr) .to..l.:? ~.}

:~ .:>~~ ul~ V L)~~I./JI.k...j" J ~_".;

div v ;s tr (Vv). (OYy)

(o;"'y)

JI..l:-o~ ~:>~~ ~_".; T """';1;)y"~ •..L.!.4J.)"";y" is.).r:t" 01~ ~ T(r) .~~.,.:.._,;.).

(div T) • a == div (T'"a) - tr (TT(Va». (0\ y) •

:(..:......1 'Vej=O

b, = b • e, = div (TTef) - tr (TrVe,) = div (Time ...) - 0 = d"Tim- O.
uX ...

60 - divergence

~.) ~ . (divT).aS:div(TTa) ,:1 ~~.I' loS';. :.d"'( ~_,....:..!</.~ '.! divT ..:r."l-:-.: I.S""f. *
•..;,_I V,,=e.( a;:- ) .s' ,dIVT=T. Vol 'loS.)~.) .;)I~.)l,..,;

I



aTdiv T = b = --..l!!! e,.
dXm

('\ 0 ~)

T"'\ - r J I!o

div (IXII) = crdiv a + (Vo) .•. .s-..l.::-').)\'!'; '~4 u =a(r) ) a=a(r) /1

\ abc c) (la, (ao)dIVb--=-(oQ,) =a-+ - 0,ax, ax, ax, ax,
=odiv.+(Vo) .•.

rv-r JI!o

div (aT) = T(Va) + a div'T .s-..l.::-'J.)\,!.; ,..:.-1 • ..l! oJIJ T(r) .a(r)

lol

J

LS;b.l. ,:,'~ ~ :J":'..s" w..._~ ~ V 'T J.?..t.:.~LS)J.I. ,:,1...1:-~ VCr) ~J":' ui')

:~ .J":'!.S" dJ Vv ,:,).~;. ,)~ ~ ,:,tfJJ _,t,).t:.Ja..., j ~..::......I

curl v == 2t4. ('\, ~t

...t.:.~..s" (VV)A ,:,lfJJ ;1".1. tA ~

~. Curt



o

o

('\r y)

.)J ~T (.$lAw_,. ~'- (.$I.)'! divT .curN ,divV L Vv, vI I.S~~ ~.)W jl,~ 0!1.)J

":'-J ~ 1.51.1. JJI." ~ I.) t.1~1 J.J.) ~ .~ ...l.o>1y. olt.A;...1 I.S~ ~ ..::...~ o~.)

(0..r.-S J ~(.$J.? ~(.$I4.iI_,:...1,r.1.i) ..lot..;.. o~ ..::...~ 1.5~~.).):' ~T <.>t..w_,. ~.).)JT

...:..;.!.)15" ~ ~Ij..r

:.s' [,$.)_,J.. ~ J...:.I>J ~L!.i I.) (.$~ u-:1i..::...t.,...:;..... ( I.'•.: I) V - 'I' ~) if' J r .s'::.y. vPj

..", ,/0,
- - - - - - - - - - - - (r. <Il)

I
I
I
I
t
I
I
I
I
I
I
I
I

v-rp

II,.,



(~I'\r ~)

(~'\r~)

,-:",)J (wJl '\r ,-:",)..:..~~Lu jll~)~ .41.S" ~ </> ,;..I_r-:Ai 4 I,,!\ ~ "'~}.)J. .;r..'..:.-p.

:45" .)":'if t_1_;>"::""1~.)'- "'! (,-:", '\ r

(~I'\\" ~)

(~'\\" ~)de", =- d4>e~.

('\0 ~)

:Vf ..,[.o,w .r (wJI)

rub.f 0~.)1;=~..,N ~ ·~4 "'.)~ 01..1:-0 ~ fer '</» ..!.? ./ j

df= (VI) ·dr= [(vf),.er+(Vf)",e",]· [drer+rdc/Je",].

:~

('\ '\ ~)

I---W>') oISt) ..,..1.>1." r:::~ ,dcjJ J dr "" (.5~_""; ifL.;' (.51J...l:4 (,\V ,-:",) J ('\'\ ,-:",)..::,,),.)Lu 0,p.

:~).)

(,\A ~)

: (Vv) ..,Lt.,w _,. ( ,-:",)

63 - increments



\..) ."
:.J:5~ j

('\\ y)

:;!.)b (Vv) ~jU J:1
dv = (Vv) dr = (Vv)(dre,. + rdl/>e.> = dr(Vv)er + rd4>(Vv)e~.

dv = dVrer + vrder + dv.e. + v~de., :~.)b ('\' ,-:,,)"hLo..jil..l

:~.)b -::..o,=--"~.) ]1 J

J

d - [~d' (~- )dA..] [~d (~ )d]v - iJr r + i11/J v~ ." e,.+ iJr r + iJl/>+ Vr (/J e•. (v, y)

(V) _iJv,. (V) _'(OVr )v rr.- ar . V .r - r a4> - V. ,etc.

[

Ovr I (aVr )~
[Vv] = Tr r iJl/>- V. .

I.~-.1 ()~ ! ~+v
iJr r iJ4> r

:~jl..~~J

(vr y)

:~)~ .~..l..oT ...:......~ ~ (,-:,,).)' oS" Vv I.SlAw)"]1 a~Li;;....' ~

div v =< tr(V,,) = (VV)rr+(VV)"=~~:+~(~~+Vr). (Vry)



[

0 I (I au,. u. aVd»1
[(VV)A]( •..•• ) = 2 r i)~ r ar

_! (! aUr _ v. _ iJV4» 0 .
2 r alj> r iJr

(
iJU,," v... I av )curl v = --"'+.-E. r e.
ar r r a4l 3

(Vf ~)

divT ~lt.w".. (~)

(div T) . a = div (TTa) -lr {(Va)TT}. (VO ~)

(div T), = div (TTer) - tr {(Ve,.)'fT). (v'\ ~)

~.) ~ V)~ iJ..' ~ ') (V" ,-:,) "htu ~') ~)t ~ ~ (V'I" ,-:,) "btu j' ut.i;:....14

:t!JJT.r

. '" - - -.~

[

0 o·
tr {[Ve,.] [TTl} = tr T;4> T;. J = T;4>.



(d" T) «r; 1sr.; r; - TH
IV =--+---+_,;,...-......;....;.,. ar r aq, r'

:~)b (V,\ '":") ~.)L... ]1

(VV~)

(di T) = 8T.,. !aT.. T,..+ T.r
V. sr + r iJq, + r . (VA ~)

JH....o

.~~ I) T I,)"'!.jLo (...All)

'~)JT ..:.......)~ I) o=e,+2ez )b.l. (.$I~T ..;'..~.J:.> ~~ IY-')I o.)~1 ~ ('":")

.~~ I) T I,)"'!.jLo •..I5,s. ~~ b=aa )b.l. ~ I) a ;I.) _f. T )_,...;t - T '":"

• ..t.;,;,). '-..;-~- T (.$a.w •..L:..!.I.,.;..._,lA.::..aL:......s- ~..__sA..r.:.A' ,Y'"';" _,... ...__sA

~.~~ ~..L;S"~ ~~ b =m(lI.n) ;I.)_f. ~ I) II ;I.)_f..s- T )_,...il; I,)"'!.jLo - ,. '":"

v2
m=T (el+~)

s
\12

n = T (-el +e3)'

-~~ ~.)~.) '":"_,...J....~ ~ ..:....)~ ~ I) )_,...it 1Y-'

~'-'!)JT ":-l ~ ,.J;$'oJ" J..~ b =JJ\xll )b../. ~ ') a ;il_f. jb.s- T )_,...it" I,)"'!.jl.. - 'f '":"

•..:......1 .)a> J....I.:-' ~ T ~ ..J..? ~~ .m=e,+e2

T ~T . ..1,.!.~oJ"a}..AA.o Ia I ~,Ta=a/l a I -U.)oJ" J tlf~ a )l_f. (.$J) T J..~ - b '":"

f..:-I._,k> J..~ ~
~..:.....I~T..I..)~ ez ~ c.S1-........)l.)F c.S1~T.J'..~ ~ I) c.S;I ..._f. jb Tl )_,...;t (...;JI) - '\ '":"

l_?l) f&)"I,) c.S)lL.,a ~ Tz Jl ~..r )_,...il; I,)"'!.jLo .~,= I) )_,...il; 1Y-1.r.,jLo .+)oJ" J..~



'I •

.~~ •.1.5.,r

.~~ r~1 •.t:.~ .,rtS:....;I.:"T ~)) J ~,i";"'::_";'; ~ d)~.)~ I.) (,,-:,,) ~ (~)

:-s" ~ ~I; 'l.Slw_,. ~ ~ ~ Y 0J~ ,S J T l.S)l:=>I l.St...)_,_;t' l.S1.I. - It. "-:"

. .1.5L.4,;1 I.) Q1'Q=J ~b.;1 Q ~ J...~ -s"4 ./)_'0 "-:"
QQT = I :-s" ~~.:"L!.; . ..:......I.I.iJ) )b.l. ~ b -s",QII=b ~ ~) (....All)

. ...L:...!.~.,r..l..ol...:.. ..::..~~ QT J Q UJ).fb.o ~, 0L!.; (,,-:,,)

-s",)y.1~.i R=I+cR ..l..ol...:..J...~.h...y Jlj.,r 1)4§"~ ~U~,i"; - , , "-:"

)i.;), I.) R2 J RI ~~~,i"; J) '~~if ~~j;'- ~~,i"; ~:Jlj -s"...,..~ ,£ ....0

,,)I~ e ~ ~I.A.. .)~ I) £2 ..::..~ -s" l.S). ~) 4 §" l.S~,i"; l.S1.I. -s" ~, "jL!.; ,~~

.~ ~ ,i"; ~ ; ~ ~IJ I.S'-lfi ~ ,(,..? )2J.r"

~ .e/ =Q'ni~m .6' l.S)Y ~ ' ..l;S\_~."""'I)..::..l..a;;... jI..l..ol,.;:.. J...~ ~ Q .6' ..l:?./ ) - , " '-:"
Q",;Qml = Iii} :~ ..l:?~I; e;'.e/ ~w

~L.. ut..~.P d..r.,j~ ~ )~'I" 0 ·6jl...l..;l~ ej J~ ej l.Sl:-- JI.)J' jl e;' l.Sl:-- - ,\" ~
. . '

,1.•
.~~ ,41/ =Q"u-e", ,JA!_ (.1.5.,r .,j.._jU I.) l:-- ~ et.' 6) I.) Q ~I..:;.. J...~ (....;.II)

,JA!_) ~.)J T ..::......~~ ;I~~J. ul:-- p I) a';"~ +ez ut..w _,. ,)b.l..1...I.:' J_,;li j' 6,l4:...1 ~ (,,-:,,)

.(~~I) a;'



t...) '1;

.~t...; J> ,o...l.!J-I> e3 I.S~ JF

~T otS".)T ,..l.:..!.~ ~ 1.w ~ ~ ~ ~ ,.)_,....;Ii ~ (.$IAWy ..fl.s- ~~ .)1.:.; _ '0 '-:'

[
] 5 -.5J[T].. 5 0 O.

-5 0 ]

~ (...l.!~~ ez' =el J _eZ+2e3 ~ .)~ el' .s-) e/ ~{i (.$~ "-;-->"..1.1.)TJl' J T12' ,Tn' .J!)IA..

.~.)Ji ~)

u":' J-~ e3 .)Y-" J~ .)I.)J~ ~.» 4, 0 }I.) e,' ../1 'J:i ~ .)_,...;l; (.$1..1.(,_jJI) - 'v. '-:'

..J..? ~IA.. I.) [Tf J [T] l.S~l::-o.J) ~ ;,.} J I.SP (.$I.ft-It~ (,-:,)
..J..? J> e3 .).Y-' J~ .)I.)J) ~.» ,A 0 (.$1..1.I.) , V '-:' ~ _ ,A '-:'

....l.!~~ uL.....:;..... ......t.:.. J!~ ~ ~~ (.$).,1&. <.>~~

~ ~ (.$.).,1&. (.$~~ ~ TijTij .s- ~.).)I.:.; ,...i,;.,!.~ J_,...;l; ~ (.$v.w JA Tij .11 (...;.Jt)_ To '-:'

•.) ..u,1 • ..:.. L.....:;..... ...... t.:.. l....L.j o.!S:,Yo J> Lr-._



T:". T:". = TiJ r.; :6'~~ .:"L!; '<J.:U (TJ' J (T) ..;t-I (.$1..1.(-:,,)

:6'~~ LJ\.!.; ....t::.~ T J.,,_;t ~.)I """-!.JI..)~ rrr J [T] ~ ~_,,:. ./ j - '" "--:'

del [T] = det [TJ'.

a· TAoa= 0, (._Ajl)

a·Ta=a·Tsa. (~)

~ (.$t...w Y Riik ~ ...I.:A> 0\.!.; .Rijk jI..lilu)~ ...... ~ J' ).,,_;t ~ (.$t...w y (._Ajl) - "r ~

)a.;)~ I) Rijk ••.• n ~:.,.. ).,,_;t ~ (.$t...Wy ~i.:J)..,..... 0t~ . ...I.:A~ ~ 1..1(._All) ~ ~ (~)

.. ...t::.~U'" (n_" ) ~ J' ).,_,;\;~ <.)t...w J" Rii/c •••• ~ ~~ LJ\.!.; J J.,_~

(.$~ ~ <.)1..1. T ol.,;..b J> ~ J' ).,_,;t ~ J a \.SJl:=>I»..I. ~ (.$La,w y - "f ~

Riik 4S'¥ ~I: ...li'y-U'" ~ J' ai=Rijkljk V..>..,..... ~ R~k ..s..\; ~~ ~ ~ ~J ~

....t::.l::-- ~ /' ).,,_;t; ~ c.St...w J"

.>",w ~_;.:..i 0)i.A;;.. >~ ~ ~ J .»lA:.. ~ 6.,_ ~ .)lyU'" I) )"_';l:i f' - "l) '-:"

.(~>j~~4S' ~ ./j:..s..I...;..I) ...:......I>j~~~_;.:..i0tI4S' ~..;...I:

[T] = [47
1

~ !l,
8 9J

.~)Ji ..:......>~ I) T .)Li:.. ~\.)ifJ> )b..l. (~» ,~~ I) T .:,,)li:....)~ J .:.»li:... (.$~ (...;JI)

....t::.~U"'A.=_1 )1=+1 ...L.L.:..J.,_,;t ~ ~ J ~ ~)_) .I...)1.,i. ~ ~..l..? ~~ - "v ~
T = RS :..lirU'" ~Y'.l..j W)..,..... ~ S J R .T ..st...),,_;t ~ "" '-:"

J o)_J)..u.. ~.~ Sl ) rJ )'1.:.:.. o)_) j~.)lA.. J n .)~ o)_);I>..I. ..sl» S J R loSt...).,_,;t

.~~ I) T o)_J ».J.



)..ll.. 4$" ~J ,:,L:.; .If~T •...l.!.4T J)l.i:.. J~ )_,_;\; 1.S1_j,jl ~ o).J }JJ. ~ n _fl - '1''' ~

'~_':'..r' ~~):>I.::.. ').J

.~4 (_))~I')r't ~ F ~.J..? ~ ) - yo 0 ~

• ..l:.:......\ (_))~I (_)lA )_,_;t FTF J FFT ~ ..yo.:> ,:,L:.; ( ._jJ1)

0)~ ~ 01~ t) F .j...l.!.I/'p..,... )_,....;t..l" .o("~ "'-!.~ ~).)b JL:.; ,:,Iy..r'

..)b ~L..; (~~..r' ,,))l.i:.. (,S1A)_'_;1;V J U J.,u\.w )_,_;li ~ Q .0) .F=VQ=Qu

VV = FFT J UU = FTF .0 ..yo.) ,:,L:.; (~)

.~~I)V D,,}.J(,Sl.I.).)_j,J'~JJ..)lA..'~4 U ~).J(,SIA).)J.J).JJ-lA.. n, JAi j"1(,,;,,)

r~ ab ~.)~.)~..r'..s+..~').J)b_j,(uJt)- Y'\ ~

k_~ ._,l;1.::.. ab 'pJ.&. (,S~~ ~ (~)

.,),,:....r' ~..i:.. ab (_)')J.&.<.S~~ oJ.:' ~ .0~.) ,,)L:.; ('";")

:,)_':'..r -.A;_";.x.) ~IJ) .k... j' R ..r>r. .)_""';I; - T'Y ~

.~ .)~, t)..r> r.1X' ..:........;lj'..r.o ~~ I) .)I)J.))Y-O 6:; (,-:,)

.)I...l:.ol).)eJ' ~.:>..? ,-:,~I0lj'..r' <.SI~;' ~ I) e/ ~ 1"S!l:-- '..r>? ~~./' lSI../.- 'l"r '-:'

-sin9 0]
cos s 0 .
o t e;

.~~ I) [KJ' 0)1.4::...)~J .J)\.i;.. lS~ (~)

'~)JT ..;:.......)~ I) (1<';; ~) J{J lS.)J.&.lS~~ ~ ('";")

66 - polar Decomposition theorem



.~.)JT ..::.......)~ Y' T '-:' 4.L. <.S.J'. '.)";>.r..)~ J";>.r. ~J'j (..!.» J (..:..)~\;:; j' o.)~1 ~ (c_)

.1...)\4.. ,~~ (U"~, ~ ~ )'1=..) (Jol5'li) w ~li ..l.tlw J.~ ~ Q ./1 (._jJI) - ""f '-:'

t...l:;...A ~ Q _);I=.. o).J l.St..)b.J'. J o).J

:) ~~ ":".)~ Q ~jl.../' (,-:,l

[Q] = [-: -: =:].
-j -i i

I _ TiiTJJ_ Tjj Tj;

~- 2 2

l.S~~ .:r."...,o ...I.:A.) ~l.:.i 'J.)~.J' <.St...)~t l.S1.J'.~jL. J!~ ~_,;li jl '.)~' ~ - T" '-:'

[
7 2 OJ
2 1 o.
o 0 -I

67 . improper



,I)

'T]~[l!~.
•~~ I) ~£..._ _;,::,,,.s- J..-I ~ ~ J ~I.I.::'1A.o

:::''':'<$'' o,.ju_~ J_j .::..)~ ~.O ~ ~ ~ ~ ~ ~ I. IS""~I )_,...it; - f. ~

i,,= J (rl-rr)pdV.

~J:-il~::. dV J..l>IJ)_,...it; I '<$".r..)~=P .r=lrl -4,.;I::._;, r .~T)::.0-

n c.sJ;~) 1..,,=0 i. n -lL..,r J ::.;K'<$" 0 ..JaA; jl 0- c.s;pu ~ ~ IS'"~I ~t.... .~~

'~~<$")ai ::')Y;PU ~)::. ~ )b_;, n 0- ::'':'<$'' 0)1.) (::.~ ~ .::..;~

...:.-1 ~.)IA;;.. I. ~ ..I:A.) ~L!.i (....,1)
-

.~~ I) I. lSt...W"..s"'W ,r=xe.+yeZ+ze3 4 Jt) (~)

c.slf.!""";I) lSjai ~ l.St...w_,.. J ..c.;1yi- IS'"~lloSLf't.... I) or _,dll.)'"!jt.. 1.S)::ai loSt...Wy (";')

,j!.';':":"..r ~1 ~lt't....)pu ~I£ c.sl_;,~..l.:.!~1.$'" _;- or ~I c.slf.!""";~t..)PU ~ loSl_;,...s""~I

k.....1 (..t._;.S'~)

J..:.. •..lS'<$"~I)".)w c.s1~Jlj ~.r' ~0- ~ ~ ~ e) ,ez,e, ..:..~ ~p'")~';1

:::''':'<$'' 0::'1::. y_j ~I) -lL..,r '~,j':" ;f'f ~~ lie c.s1~Jlj d? )...Li.. ;1::.J. .~ JT.~~

.u.. = I,.w

d~-;Ji= w X e.. J

• dw dt»,
w=-=-e·dt dt I

r.r. ;f'f J..P" ,!?.)I> <.St...J_r.iJ~ ~ ..:.......1,j!.1 ..I.:.ojl:i ~ ~ d? <.SI_;,),,1 J_,ili (..:.)

Me = 1,u. :~.~~c.s1~Jlj ..::..5? ojl...ljl~ ._,iL.j tJ ~_;,I_;,



"'" 1. ..L_.r? )i.i)J I) ¢::Xt3J:1:_2z Lj' 4~ ~_,..; <.P~ .)I..l.:' - ",. '-:'"

.~~ I) (0 ,0 '0) ~I~)J ~l: ¢ ~&--..r. Jy.&- ~ )J..r. (._jJI)

~..::......I)~ i~)J ¢ )., ~";:,:,,,)..u... j$'1J.> (,-:",)

.~ ",:-b... ,~~ dr=ds(e.+e3) .fll) d¢/dr )..u... (....)

~ )J..r. ...L_~)a;)J I) XZ/a2+'Y-/b2+Z2/c2=1 .\JJiA..Lj' •.J..!. ~_,..; I..S~ - ",. '-:"

...lilo.J..!. o.)b O=~y L_,; '+oJJ..i..I, ~ "';),r ~I.a.J!..... ~)J - "" '-:"

.~~ ,~~ q= - kV(J .fIA (' "' " ) 4A.; )., I) ...;ir .)I..!. (._;JI)

: <IS"" I~I~,~~ q= - K(VlI)./1 (....:.JI)~ 4A.; .:"w,):; I) "';}r )1.; (,-:,,)

[
k 0 0]

[K] = 0 2k 0 .
o 0 3k

.)i.;),) •..,l:...!.~..r ~t; 0 J a 0\)"1) ¢=a[xcosO+ysinO] ~t....IJp:J1 J:-i~ ~ - "0 "-:-'
•..L_~

E= - V¢ .~~ t) E ~.?JI .:"I-l:--(...:.Jt)

:jl ..::......I..:..)~ £ ~JL..:"T .),) O\)",~I~ I; D=£E ~fiJll.l~.r-.Z (,-:,,)

[

£1 0 0]
[e] = 0 £2 0 .

o 0 £3

.~~ ,.,~...s" j$'1J.> [D] JT ~ <lS""1)() "'!Jlj (.... )

W(x.y.z) J Vex.y .z) J ~".. (.'p...l&. t1y 1jJ(X.y .z) J ¢(x.y cz) oS' ~ ._,;.} - 'f "I '-:"



:~ ..:..~II.).I..) !'s~JL.; '.;I~~t.:. !,S1....Jy j5:.:. ~_,; 4 ·..c.;4 ~Y' <.5.)b.l. t}i
V(¢+I/J)=V¢+ViJI (~I)

div (v+ w) = div v+div w. ("":-')

div (¢v) = (Vq,)' v+ ¢(div v). (y)

curl (V.,,) = 0, (.;,)

div (curlv) = o. (..:...)

r = re, + ze, J dr = dre, + (rdcp) e4>+ dze, ~)l "-':":'~._r z.l/J cr

:~.)JT -=-~ ~.I..) ';')P ~ <.5I<1.iI_,:;....I..:..~)~ I) (Vf) !,S~....Jy df=.(Vf).dr jl

.~I~ I) CurN J divV (C)

.~~ I) dV J:.-;1J.:..l ,~ldr=ds(el+e2+e3) ./1 (~)

.~~ )i; .).l I) dV=(Vv )dr ~I.) J V ._r ~ t.S;I.lJ. .)I~ (....;JI)_ f' '-:-'

Idvl2Idr = n- [(Vv)'TVv)]n. :.s'~.l .)L!; .~~ dr=(dr)n ./1

~'..:,j~ ..l;:>'>1y...,;h ,..lA.l._r -=-.l ~ I.) dvldr .;I...Li..;s'1...l> oS" n jl ~

.~~ A (y. r." »)l V=zc, +yc2+zeJ ./1 .~~ I.) Idvldr Imax (,,-:,,)

/' "'" .e.z.1J ,r .;,~ J) ~ t.St.-.))J. }::iL!.i eL,e~ ce, .0 !,S1<l.i1_,;...10L,..;;:;... G~'))) - 0 0 '-:'



de, = (d~)e.. de. = - (df/J)e" dr = drer+rdt/Je.+d ..e. ~IJ»)I o~1.i:;...14

:~'=..:..)~~~ 1,$1"';I~t..:..~ ~tL~)~I) Vv I,$lA4AJ.,. dv = (Vv)drJ

av, .!. av, _ v. av,
iJr r at/J r ar.

[Vv)., .••.•. = aVe I av", V, av.--+-ar r at/J r d ..
iJv. .!. dV. avo
or r at/J 0..

(Vv)\ (~I)

curlv. ('-;')

:.l:-!~ (,$I"';I_,::....I..:..~ ~tL~.I::' I) .1..) ..:..I.>~ ~ 0 ~.J!_. ~ jI d..i: ......1~ - I) T '-:'

div T. (._:JI)



I)I~ ~ •.Jj~~;I} I..S"')..J'. ~).J" ~~ U)r'" ~~I.J"I)T .)~ ~~~ jl r.>1<b-~

o,)\.. 4 §"~lfil.T. ~ ~ jl.~)ai~'),) ~IJ.~ .,)~~ ~u ."~~.h:- ~ts::..w

~~ ~)~""O):''' ~jl~ ..a,)U"" ~') "'~" I)T ~~ ~::.~~~

.~ c.:r-t ·~4U"" ,,)\.. jl4 §" ~1f.i1.T. ~ ~ r.>l.:A.~ ~ )~ ~ d d--- I)lyl.l"

•.a')1oS'" ;I} ~ ').).J",.)~I)~ ~ ~~

4N..I~~~ulS"'p'~,r- '-T'
..J.S JtA;1 '.J ~.:d r.>t...aijl ~ ~Ii ~ 1=1. ~ I)\..j )::.~ ~~ ~)

~) 0 _.r:li;~l: r.>14.ii jl~.x I)T 4-",)I).I..b....y .Jj1_';U""~ IJ-I)H)) ~ 4.J"

.~~ x , t I)\..j.),),.)) ~.J".)b..J'.~ ~ ~) .,)":'~.i u":'l.I" ..s~.jl.Jjl( '_"_:1.)\ _,.

2· body

3· particle



v.

x = x(X, I) ~ «x. to) = X (\-1")

o

XI =rfl (XI' X2• X3• t).

X2 = X2(Xt• X2• X~, t),

X3 =X3(X1,X2,X3.t),

·..LL I~' .•. .• IS"..r--' ~

(r -1")

~ ,-,. ~lt.... •..:.....1 )_,..;... , (,Sll.. ..:..t....;;.;.... !)I_,;; "! J 0,)f ~ J ~ I.)r- ":"JIA:. ..:..1),)

..l.a> '~lt.... ~ 0)') ~ (,S1_f.6l";' ~ .i :.J.51S" ~.i ')~ J:! .1:-0 ~ ~d.r '\'-,..

'-r JI!o

X, = X, + k,X,.

4 - material coordinates

5 - motion

6 - path line



~ ~j"~~~ t .JL.j)~ I;~ v..:..~ ..IA~.,r 1=0 ))1) <.S1.)~ ~J" (XI ,Xl ,Xl) 1•.P\..":"~.o

..:.-10) Yo (Y- r ~) ~IJ )~I ~ ~ ~ ~ ~ t=O p...s' J-I

')~ ~I -sl~ 1.lJ •..;.-1 • ..L.....! c-J'J (XI ,X2 ,X3)~(O ,0,0) )) 0 0)'; ,t=O )~:~

~t.:...)_,J. ~ .J.iL..,r j~ (0,0 ,0) )~ ":".1.0..,..L.; )H)'; ~ •..;.-1 t .,rL.; -S1J! (XI ,X2,X3)<f(0, 0.0)

-S1J!~)) •.l:S'~..;..S'.J"" _r-;A ,)'; IjJ ,uy' (XIIX2 ,Xl) 04=(1.0,0) J (Xl ,X2 ,Xl) 04=(1,0,0)

(Xl ,Xl ,X3)004=(Xl,0 ,0) ~)I~ .OA -SJ) ')~;A

...:.-1 ~1: ..lb.. ~ OA (.$~I...lb.. ~ . (Xl .xl .x3)o..t={Xl ,0,0) j:} J

.~~ _,. ~I..r.~ ,(Xl'~ IX3)CB=(Xt+let.J .0) J (Xl'XZ ,X3)CB=(Xld .0) .CB iS~!.. ~ iSlJ.

•.u.J4.S"':>~ ~ let ..:.JL.. .jl.;.;1 ~ J ..:.-I~...;,,;. ~ ~I.))o ~ •..lb..IX' (.$J;

';~ /' l..u ,(Xl .xl .x3)OC=(ktX1 ,X2 .0) J (Xl'X2 ,X3)OC=(0 ,X2 .O).OC (.$l\....lb.. (.$IJ.

,-:-,L:;. .:>T t. tA;)1~ ~ ))0 ~ 4S' ~t.... • ..)1.;.;1~ J ..:.-1) ...;";. ~ ~I ..:..,)~ ~ •..lb.. ~ I is);

~~ BA iSl!.. ..lb.. ..f.j} ~l.!. ~ y ....L;1.o4.S"~~ ~I~ ~ ~ ~ • ..15IS" ..:.5..r .1..7....01

•..:.-1

Jt.:..; 4S'.,j.)y~) t.')l;~liSjl_;:.. ~ ~ C;_,. ~ jl,~,.r.>~ (.$l.i.1 .:>I.j,)l 0!'J.~

')":'4.1" ~l;.!.,r...f. 1)1.,....;.5..r ~ .:>Ip ~ .Jt!.o~IJl • ...l.!. 'lb..:.5 _r ...I5,r ~ (o~l)l)

7 - COflfiguralion



Vy

IS.I4t~i,..s.)I.o~i- r-r
~ ~I.); ~ ~IJ 4S' (,$)_,...i!; (,$~ ,~I d.;> .),) c...~ ~ ~ ~ .s-~

~~~ I.)~~ ..x1r-:i1_';.s-!...~.s-..dU .)!..j ~ (o~ J V ...:.s.r'O .:.0;1.;>~.),))~

:r-s-~_,;
ISl!.. ...:"t.,..:;.... .la..._,; 06') ":"1.))]1 ,suy .:.o.)~ ~ I.) Vi J 0 ~ ..:.01.);~,)f ~ ~~\

:~l ...:"J~ ~ .~l ~L.:.; ~loj J (J.il,.,l!. ~ Xl ,X2 ,X)

(J = 8(X1• X2, X3, I),

V = V(XI> X2, X3• t).

~~ :..>1...L.iI"':"J~ ~T ~l tSlf.-1; ..;.....1 "';'JP '\S.)\.. ~_,; ~I~ ~ '~_,; ~

.,. c::~ ~_,; J ~tSJlf'S

~t..j J ~ .Y' jl ..ru_1_';~,)~ ~ I_., ,~ J Vi ,{} ~ .~~ 1Slf,itS::.. .),) ul~ o..l.Al.:.. ~ - "
: r

" = V(XI• X2, X3./).

(,$lf::.J.Y'{XI.x2a~) ~ .r.~'~l.l_';.s- 'J.il"p- \Y (,$)JI~ \ ~WU ~_,r '~_,; ~.
..:..t..::;.. .l":'.s- ~U ~I...ij ~t.,..:;.... .:,I~ ~ J ..a').s- .)I) ~j} ISLAt-.)ll.) J,li,; ~C

¥~_,;.J.i":' '.r JaiJ" .X; ."pl.....:"t.,..:;.... ~ 'I' - 'r ~ht.... .b.....y t ~"".)l eX; ,..:..1,)) ~ L..;j

~ .~~ 1)tS::.. ~,)l'~ .r.:;N (l_':'.s- lS.,fojlJ.iI~) l_':'1S"~_,; ~ ~T..~ IJ-I,)l ~

JWI ~J~ ISlfi10j .)l ,~ ..:..1,))J-_,; 't.I!l..Ai 1Slf::.J.Y' .~I .:,loj jl ..ru_1i'u.)~

8 • material description

9 . Lagrangian descOption

10 . reference description

11 • SpaIiaI descrilion

12 • Eulerian



V'f

I.)~ ~, .J!) J~ .)_,.;~';':"'I CoS)!._) )1~'ji IS" I.)~ ji ~ .If ~T,~~ r_,1-.. d .r:.

..a)1S" ~W

r-r J~

x, = X, + kIX •.•

x. = Xt•

x~ = X3•

8 = x, +x. = X, + Io;,X.+X,.

8=X,+(/.:I+I)X s-

ax, I
I', = iii X ..fi.«I

to, = kX.. v. = ~ = o.

~I «ex, = lx•.
ill X•.fi....



VP

I" ,-pl.. ~ ~Ip~(o.;-} J ~ .r: ~l..) _).:i;) .)l..j ~ '<.$)l.. 0.); ~ jl ~ :.rdoJ t)
'~~IS" ~W ~t 41.) <.$~LoJ::.!.o l.. '::''':'IS'' ~t:..:.

:::.Y-IS" 0::'J. .)IS" ~ ~ <.$::.l. ~ ~ 4$' ..r~ (I)

8 = O(X,. X2• X3.t).

~~ = :~IX'-fik<d.
:.)Y-IS" d.<i:...1 ~ I.¥. L...ai ~ _,; 4$' ..r~ (II)

(J = ()(XI. x~.x:l• ().

r_,L....... ..::.5.r> L ~ <.$;:,u ~~ ~ (<.$.)L.. ~I.); ..;.p <.$'l+:-J y .)I.f-S~) Xj 4$'

~ ..:;.,t,....:;... .il .s-..,.~.~ T ..::-) ~ ~4 Xi ~~ _/.)\A.. (.SI./. dx:JfJr J dx,]/[Jt, dxl/at .s-
J::.!.o cJ-1J.~ J ..lA>::...,.I.) o~ J 0.); ~ ~ .r: VI 'IAJ-", (dx;!al)ri-{=d ,::._,.;...,. ,;:,lA:...1 r!ti.,k;J1

:)1..::-1 ~)~.J.a.;J1 ~ ~l..;:,;.,...,)::. <.$.)Lo

!lJl = i!fl + VI j..D_ + L'., M+ v, .illL (..,;ill f -f)
DI at eh', - il.\"2 . ilx:1

L

(~ f-f")

13 • material derivative



,(}=9(xpxz LX) d) ~ 1..u~1S'" I,$!l....h ..)I:--j' ~.).) (} ($I./. ...:....~:ht.....Lt' ,<IS"'.)_,...;..I.:f1; ~4

.):r. 'J;~).,l.!,4.)_,.s. '\8 .r. "); ~.r' J 10t.j)1 JA=- "':"'}j"'" ~.).) 01..l:-fl <IS'" ~ ~ j'

~ j' ~I.i ...;.....1 D()/Dt=O .)J.)IS'" .)\la::;1 <IS'"~.t0L..,.,..If ~T (.,l.!,~ ..:.S'f JI.>. ).) () ~ ~ .)1..c:..1

'f - '1") ",ht..... 6 ~T J6. ,..;.....1.2-" r-li..b:iJ1 ~...:...~ (,$I..t.~ (wJl f -'()"ht..... <IS'" Ltl

...:...~ o~~ ~ ~I..t. ...;.....I.2-"...:...L..a=:;.... (,$~~~ IS'"W ($I..t. <IS'" .))b I.) ~jo i,)!1 ('":"

• ..,l.!,~...r"~~bf (,$I..t.,,-:-,1.:.. ...:...)~ 1..;.....1 jl:i ')J,Y ~..:JI"..).) ~ ~T 1 ~

r'-r JI!o

. .I.:!I:! J:i JI!. eSt..) J ..:.$r: eSt;.b:,"-Y' ·,)')IM jl •.)l.4;;...1~

\' = {U-,)e"

8 ~ x, + x,_

~.r' (,$.)(.. ~ I ,-:,I:;.!. ".:r..I..t.~ •.,l.!,~1S'"0t.j ~ ~ 0); ~.r' ~ tJ ");~ ,-:,I:;.!.

:~ ;.)_,.! 0~ ,- 'I" .,j.)Lu 4 '~~.1.:-- ~..:.5 f ..f1 •..;.....1

X=X(X,/) L x(X,/o) = X,

(ilX) Dx
V == el X_fOX.d::E Dr '



Vi

~h.~'1;:. .1f~T(~T~.)~ (I) ~.)I...ojl~)~~r ~ VeX II) ..:..s. ..... 1S,)t..~.i .fll.:tl.l.~

~\..ii~.Y ~ ..f1 ..)~1.S" ,,:--"1:.... vex It) c:}.)1 ,~l.j ~ ~";;p:- rs_,/,:;;.:... ~ ~,)L,.

I; .J!j J.".j ,~T ,,:--"1:.... 1S'.1..~ I')L,. ",,:,1;:.~"- I{V==V(X If) ~J ~~ r"Lw ..:..s. .....

1.I!l.,.ij ~.Y V==Vt(XtlXz 1X3 ,f)et +vz(XtIXz IX) It)eZ+V3(XlIX2 IX3l/)e3 ./1 .r.s-.r ~'';'':''I

ub.J!') ~I; ~ ",,:,1;:..If.:,i Il:.~ (~I ~t ej .0) ~1i..k;J1 ~ .;..~ ~ ~ ~ r'

_ Dv _ Dv, DV2 DVl
a - DI - DI e, + DI e:z + DI e3•

dV
a = at + (Vv)v . (y 0-1")·

•J.:S'"IS'" ~ V ~.r'),).1. ISJ) .0~I (Vv) ;_,...;t If.;i I~.)t.... .:t';,) rJ')

,.-1" Jt:.o

II, = -XaW. lIa = X,'"'. II, = O.

all. =0at

iNA, ~ ~,a~..:-IVd =em(c3/<km) ..s'),.;~; a==a;-+ (,. Vd)l' .;.oj,., ~ -"1;1.1" ~)I.A.O I)!I *
• .A...;."I••.• !)



vv

J

a = - ",'(z,e, +x.e.)

0-1" J~

_ x, iJv, -Xi

v, -1+/' at = (l+ I)'

J

[

__II:
1+1

[(Vv)v] = [Vv) lvl = :

o
I

1+/
o

o ] [v,] [il ;/P]
o 11, = (1;/)'

I~I V, (t~l)l

_QEl_ilv, «V)) --~ -"-' --0
(I, - DI - al + V V ,- (I + 1)2+ (I + r)l-

~=~=ODI DI .

~l; 'uPrP- ~ O)l ~ ~ .::..s."..I...Iu';'..,.. IJ.A\.!...r.:fi J~.)~.::..s."..,~l: ~,.~)~..!~.,.
...:-1

(
<)X,) .f,

V, = iii X,.fixed = 'i"+/'

J-T
I dx, J' dl
" 7, = n 1+/'



In X, J~ = In (I + /) ]'.
XI II

X, = X,<I +/).

x,""X;(I+/1 J .t,=X.(1+t) :~I..!.,.)_,.L.~

r.S.J.._J u~ ~ ( .:"l.o).)J J.;.......IIS""l:;.....::...~ r.S1)Jt .. c:--.r .:"L.).)J .s~~)O.i.)J ,.)~

.)l ~ r.S1~~ ~ J"':'._r ellJ U .:,,15:.. ~.:...-; P r.Slt.. ~. r.r J5'-.:. ~ (J":".) ~ ..J..:S'"._r ~

:l.;/._r )} .J'_) ~ _,..

x=X+u(X.t). (,\-r)

:!"'!.)b..J.Al._r -:>15:.. ~ X+dX=X+dX+u(X+dX ./) ~ X+dX .)l Q .)J\:o:...t 4A;

dx = dX +u(X + dX. t) - u( X. t).

dx = dX + (Vu)dX, (V-r)

~.Jt.. .J"':'I.S"" ~l.:...! (X ~~) \ V.)I5:....dV .)~J'..f .JI..~ "'! .Oly' J,) ~.)l.)_,_;1; ~ Vu 4S'

:jI.;.......1u.)~ (u:::ujej J X=X;ei ~) ~ij..b;J1 ~..;..L.,.;.;-.. ~ ~ Vu

16· Deformation

17 • displacxemenl gradient



U(X+dX)

o r-rp

,-rJ~

u, = kX,', u, = lIa = 0,

8'

o ., A

-.

;IJ C ~;~ 4S) I; dx'-=dx,.ez J dx1=dx1el IS~\..ISI_r.I(dxz J dxl <.i"'!) ci~ j>:!.r.:!U;\.>.r. (~)

. .I.::-!~(~b

t8 . Streich



.~1~ l> ,jWl Jl ~ ~Jti)l ~ J ~~ ("":")~

1S1_.e•..:....I.ll-li ._,;ts:...;:doi ,J..,o. ~ ,UI =U2=U3=o' v..1r.~1..:....1 X2=O .OA Jll.. J..,o. lSI;. (...All) :~

ISll.. .1.P lSI)! .JJt.JoS",jIS:..;::.iU.:.....I;..;,;. ~ ~IJ k o.il-lil ~ ,J..,o. l..il ,uI=k,x2=1 ,CB ISll.. J..;.

)l OAB'C' ~ .o~;::.iU ~ 'v..';.~ ,~I oS")l I ~.r+-~ ~•.1._,J..:. ~ ,UI =k ,xl ~ J OC

[0 2U'. 0] [0 2k 0]
[Va).le = 0 0 0 = 0 0 0 .

o 0 0 ...._1 0 0 0

0.1
.. dX' + (Vo) oX' .. dX.e. +0 = dX.e ••

ox· = ox· + (Vu) dX' ~ dX,~ + 2kdX.e r-

Idx'i
IdX'I= I J

J

cos 8 dx" dx'
Idx'lldx'l (I + 4~')1'

(.11 )' ~kcos (}= cos \-2-)' =Stn't = (I + 4k') ".'

:~

_ '_' 2k
l' - sin (I +4,P)"~'

J>:.! )l) P )J~ UaA; ..:.5r ••loY. dx=dX .1f.J1 .~~ Vu =0 JI ~.)"':'oS" • .h\.!.. v -,. 'II.)\.o...i
'

•.:.....1_;:-.,. Vu J..l.:i)l JI>.r" ... ~~ ~.,. §.:. r-:'U .J.". .ulr ~ r- JlA;;il (yo-,.

. .J;":'<.S" j~T (Y' - yo ~ ).)) P 44;jl45" ~~)i; ))1) dX2 J dX' LS)L.)bJ.Jl ~I

19 - parabolic



II,

dx' = dX· + (Vu)dX·,

dx2 = dX2+ (Vu)dXz.

-
dx'> dx2 = dX1• dX2+dX·' (VU)dX2+dX2, (Vu)dX'

J

dXl, dx2 = dX', dX2 +dX' . {(Vu) + (VU)T + (~U)'(VU) }dX7.

:.J:5./)
E* =! {(Vu) + (Vu)r+ (VU)T(VU)}, (\-r)

:"r.

(\ 0-1")

I.S~ ~ E* J:l"-:, .r ).,_;l; '~:l U)~ ~ '~(..I.S"';~ ~ ')J~ '15>(....,.b> I.SLj.;WI"j:!

,Jr,f <:>U (.)J...b...o) ~ '1.5;;/.?YJJ~J_'_;I; JI~ ~ J.J.5,f ~ I) P ~)j ")J~ .!.\.,i;"

n \-1")

20 - lagrangian strain tensor



AY

~~~I.f !.SlAW.JA .i.~li. -5' ...:-1 !.SI",;~ ~ .~ ~ (.)~ ~ '(.)~..ol.)JH .... jl (.).)~ )~

)~ ,-:-,.ri' J...-I>. (.)lAw y .:,Iy-s" l.il (\ • of ~.r jI ~I) ...:-I..b-IJ jl h fi')~ •.:,~..r.::!U

:~).) ('\ - T') 4,),l.u jl .-.::.JI>..x1 Jl'~.f P~~[(VU)T(VU)..,.:.uJ E* ...bt....

E* =< H (Vu) + (VuV} = (Vu)S.

:rutJ 4 fi'~ ~ (.)IJ. ~

dx' . dx2 = dX' . dX2 + 2dX' . EdXZ. 0 T' -r')

E = H (Vu) + (VuV}. (...AI"r-r')

~~ ~ .:>~,I.f )_,_it; '.J!IJ.~ .dx1.dx2;;;:dX1.dX2 J E;;;:O .If~T,~~ J)u:" J~ (Vu) ../1

~ I) - P 'Jj ~t-... jl - ~ ~ 4fi' ~1fiLS!";';-.J':' ~ '4fi' ~lf.iLS!
1

JbJ. .J~-s" .~t.; <4fi'~1fiLS!) ";';-.J':' ;_,...;t; ,,2;;;: "2{ (Vu) - (VuV1_,...;1; ...cS'1oS'"

I) ,y - Y JI!..) -lS"-s" ~~ I) ..;.> j':; ..:il ~Jlj J J.J'-' ":}.J. 'J)1i:.. J~ )_,_ili .xl ~'.:>lfJJ

..b.:;.J1~ ...:...L.a;:;.... '-:-'"" J. ,E !.SlAw y .J~...r •..l:Iy.. r r ~.f ;_,...;t; ,E )_,...;t; .(~

:, ~-s" ~.I" J_.) ~IJ 4 •.; J\)'

(Ju, !eu! + au;) 1(ou1 +~)ax, 2 aX2 ax" 2 aXa aXI

[E] = .!(au, + au;) au; !(~+ aua) (y,r-r')
2 aX2 ax, aX2 2 aX3 aX2

~(au! + aua) ~CU2 + au3) aUa

2 ex, ax, 2 aXa aX2 ex,

21 . dual vector

22 • strain lensor



:..(.j)~.r..bhI... ~ ~ .4_,)~lfi~..;;.f I.SlA~"..

~S:ubJ.~ n ~ --'!~ _,b; )ll; dXI=dX2=(dS)n lfol.S.)l..~WI,I.S_,bi.."....~ ~ I.SIJ.

jl ,ds= Idxll ~ ,~~ dXI d~ ~..,r.:}U J_,J.. ds ./I.~~ dX1 J_,J.. dS LIly' ol",...h

:r..)b (\ y - T' ) ··.bt....

(dS)2- (dS)% = 2(dS)2n·En.

(dS)2- (dS)2 = (ds+ dS) (ds-dS) = 2dS(ds-dS):· 4 p~..,r.:}U i,S1J.J~

ds-dS • .
dS = n : En = E(,,)(II' bJ"'~ ~ ~ n I.SJ) (' f-r)

T~i.S~y.S-~A n .boIJJ_,bt.AI)liJl~~~)J_,b..b-IJJ. J_,J...r.:fo" ~l":;";~ ~

~ .......E ~.? ;~t jl ~~1... ~ u~~ tJ.r- p ~..il 0$' 1.S~l.. .;WI f>..i' (~~~ o..l.il_r

:r-;l~(\ f -f) ~blA.. jl .ott ,jT ,~~ n=el ./1 ,Jt!.. ,jl~ ~ .l ~~

Ell = e)' Eel

. ..:...!.b ;lj Xl ~;~ I~I ~..::.....I ~W' i.S1J...bolJ J~ 0

...i.aJ..s" Xl J X2 i,SLb~;l ~ j ~';.boIJ 1.Slt/~ E33 J E22 ,~I..!..;~ ~

i.Sl.to;b..l.J dXI={dS1)m ,dX2=(dSz)n ~ ~) '.~.?l.J"'_jl.. i.S)ai .r.f; .r"~ ~ t$1J.

:..:...!.b ~I"';" (\ Y- YO)~bt.... jl.~ .~~ ~~ J..)y.&- n J m ~

ids, (ds2) cos (J = 2 (dSI) (dSz)m . En.

J dX' ~ ~Jlj 4 §J.AlS"Y ott.;T.~4 O=(1l/2)_y '/1...::.....1 dx2 J d,,' ~ ~Jlj 0 ~

:,j,P.' ...:.J.f """""';"~j'..1;11) (..::.....1J_""':" T' ~ J. ..?.f ~0) dX2

cos (1--"1) = sin "I

(1.0001 + 1)(1.0001-1) ... (2)(0.0001) Jl:. ,:,1,,:. ~ *
24 . unit elongation

25 • normal strain

26 shear strain



Af

'Y = 2m· En. (\O-r')

V-r' JI!c.

II, - .(x,', II," 11., ·.7 O. A ~~ 10 "

[
0 ux, OJ

[~uj = ~ ~ ~'

[

0
[E) = [~1I1'= k~,

[

0 /.: 01
[E] > k 0 oj.

000

:~» '\-,. Jt:.. ~I::i jl (.....)

Idx'I-ldX'1 = 0 Idx'I-ldX'1 = ( I + 4k") lIZ _ I
IdX'1 ' IdX'1



J

{ I + 41;') ,., ~ I " I + 2k' - I '" ~k' = ~x 10-'

.~y:.l.S" ~ JI!.. LXI ~l;:; ",:, k 4fi'.J!~I;..I..SI.I. v, '\"Jl:.. ~l;:;.s' ::.y:.!S" ~..I.&L!..o

A-Y' JL!.o

II, = k(2X, + XI). II, = k(X,' - X,'), II, = O.

f
2 0 0]

[E] = ~ 0 2 0 .
d 0 0

•• 1.:,;1,.,-"" ~Ah~.t.~",.s-

d. = dX+ (VIl)dX,



[
-21e ]

[dlIJ = ex, I~21e

.s' J./o:'rJ".)l.!.i )1:."'; "! ~ j ,..:..-I.~ ("""')6-'1' ~):' '4'WI.:t,1 Q~ ~.~ ~Y'

ex '" Ian 0< .. 2kdX, = 2ksx,

J

2kdX
fJ .. tanfJ - dX.' = 21<.

,:._f.:, ~~ dX2 J dX' t):! ~J\.i 'NT ..:..-:. "! ")..;j.s' .. ,f.;w. '.:t.1/.4

O-T'~

\-1" JI4

". = lX,. II. = u~= O. k .. 10-',

.~~ ~.c.. jll)\.4;..\ ~ (~) J ,..;:.~),_;\j jl.:.Li:...I~ (...;.JI) I.>(~I) 'l_ 'I' jS:;) AB )u J_,J. .}!Ijl

:-I(;..,.":"-~ "! ./:.'- "! ,.;:-~ ;,_;\; (...;.JI):~

[E] = [~ ~ ~l



AV

"\-"'~

:)~:"".~b.r..j~1;~~.:>T ~IJ.$~~~y. n=Y22(et+el) ~)~~AB )ai.)~.

[k 0 0] [Yi12] kE,"",) = n : En = [V2t2. vm. 0) 0 0 0 Yi/2 = 2'
o 0 0 0

t.AB =~) Vi.

AB'-A8 = {I + (l+k),}Llt-V2

( k') "' 1 (k") kI+k+- =1+-/(+-+"''''1+-2 2 2 2'

~IJJE-1-r



~,r--, t_Su,lz.:.- ~15:.. .r. t_S1"...u,. 1111--~-------------------------------------

:~ ...:;.....1tS):zj E ~jt.. ~T ~..:.-::---i 4S'(4 oK; I) \ r '-:-''I' ~)

1:", 0 (I I
..[E In. n, n , = () I:"l () . .

_o 0 E,

..r.:NjI~.1I1 -,112 "I, ~)~4§"":":~.$.tS~WIJ,_,.6;...6"":"-1J..10T ...s""J.a~

~~ ..Jj)~";';'? ~I':_'~ i)ly ~ ,u~ -:r.1...!;.i\..U--.)~.J.-..'£"_..I. ~~ ,j5::.

1f..1.~ E )_,...;t;.)-I tS~.?~ 0..f..-, ./.~IA... (1:'3) E2 .E, ~) .)-I~ .)1...l:..1)~•...1>1)

~ tSl_f..~~<.S'" 0); )1 0).)L,., u~ <.S"'~ 01:--is» ~ tS~.? Jil...l> ) ;S-I...I> JoU '..r...)l.i..

:~ T<.S'" ..:..-~ ~ E ~ "ht..... jl .')"'>1 tSl.f..!i.? iO~ 0.>1.) E

(\V-r)

I. = 1£0·1.J tJ ~ )

rv CUI - V-f
~..dU ~ tSl..I....:..-1 d •• ..r..t.:..o> ~ ~ tSl).) I";';.f )_,....;t; (..).)~. tS~~ ~

;lj uL>1...:..~ .)1...l:..1)J>J'~ ).)L,., P ::.jw 4.A.;).6" .A...~)i;.).) I; tS.)\.. • """ 1,-"",1>

dS3 .dS2 .es, 4:1JI.jf..liljfi.JT 'F-"J 4S' ..L:5<.S"'~~I;~~ ~ .,l.,p.J..f...li;b

.(~~4S'" ~I tS~ fE3 IE2. lEd ~~u-" ~Ijl ,dS3(1 +E3) ,dS2(1+Ez) ,dS1(1+E1) ~

27 • dilatation



:jl..:......I..;..)~ dV ,-pI.. ~)J .1.(dV) _;dU d-I..t.~

A(dV) = (dSI)(dS1)(dSd (I +£.) {I + E2J (1 +1:,,) -(<1.\'1 )(dS1)(dYll

= (dV) (E, +E; +-E,,)

4 §"~ ~ (.SI.I. J-1..t.L:...1A/'·j jl j'J~ ~ r (.Sl.t.w)" o-'~ ~

e Eo A~:) E, + f.'~+EJ := EI• + En + £:13 = Eft, (\ 1.-1")

.s- .L.?~ y ,Jrl.S'" -.:>.~ lL.;1 ,:"Ip ~ I,.b.t", ~ _;dU ..:.~I

E ilu,. di
jj= nXJ= IVU,

)a;.):J t) (...:....I.~ e'J t ~.JL.j):J x ~)" J>.6") P (..pl.. 4.A; jI.):.\..... dx lS:.l.. .:,WI

x=x(X It) .)I'r-?~i:- I) dx !.S:JL.jWI ~ '" J;' _;dU ej I (D/Dl)dx ~'Y-I.S'" ...J.._~

ds: = x(X +dX. t) - x(X. r). .("'!;b

:..:r.'..t.~
D
Of (dx) = v(X+dX, t) -vex. t) = (~'xv)dX • 1'\-1")

...J..!,~I.S'" X (,$:'1.. ul..,.a;:O... "! ~ v j~JIj' 't"x v .0-

D· -.):. ( Dr )dx .j:.J"" "':"":J ~ !.S1..t.,..u,J.st .:,I..!..i (,$JL. ~ .Y ~ )J ') (DIDt)dx (\ " - r )4.hlA..

,...:....1 x ..},,5~)" ~~ P (,$:'(.. 4.hA;..:::.s..r' veX It) .J~.s-:. r ~.Y 'IS! t....;; ~.f

.s-:.y!. ~.f) ...L!. ..u"y- Ll~ V=V(x It} ~ ~.r' .;t.I'J y!. ..;j j')1) ~ V jl.s!t....;; ~.f f'
.[...l;..!.~..r uJIA::.. c:;1.f vex It) J V{x,r)

:..:r.I..t.~
D
DI (dx) = vex + dX.I) -vex. t) = (V.v)dx,

28 .. rate of deformation
OVI OVI OXm BVl

(V .,l') dX = - dXjel = - - dXje. = - dXmtj = (v.l'}dx 4..
OXJ OXm OXJ OXm



~.

[Vv] =

:.6"(,SI",.t'''-!'.)).).).P-J(1) )bf.~.6"~blS"\\ ",:",'1' ~jl,J,.!.~~)Li=.o.)~ VV./I

v(lI + dx, t) - v(X,/) = (Vv) dx = w X dx.

Vv=D+W. crr -T')

.6"
D = (Vv) + (VV)T

2 (tr'-n

" J .)".:.~~w r. ~ JdU eJ .)_,_it' 0'~ ~ 0JlA:.. ..:...-..;

W = (Vv)-; (VV)T <0JlA:...)~~) (fY'-r')

0T (,S1~J'j..:..s..r' w 0i 0tt)')l.l. ',)"':'IS" ~W""..;.>..r: J_,_it' 01¥ ~0JlA:...)~":"'-";

,.,. - '1" ~ Jl W ~l ~ • ,....::.....~ ~ !,)1)Jl At....; lIS' ,J,.!.~IS"..:..S'..r )1 ..:...-..;

30 • rale of deformation tensor

31 • Spin tensor

) Vorticity tensor J4'-..r: .)_,_it ~.J ~ ~4.)J.)~ .b......J' 2ro=CurlV .)'.).J! J 2W ..."..;1.; *
.J~J" • .lil_,.:. Vorticity Vector ~.r. .)I.).J!



dVl !(dVI + (1)2) ! (OVI +OV3)
OXI 2 OX2 ax, 2 OX3 OXI

[D] = !(~+ OV2) dV2 !(dV2 + av~)
2 aX2 oXI aX2 2 cJX3 ox!
!(OV' +OV3) !(OV2 +OV3) OVa
2 iJx3 oXI 2 aX3 iJxz aXa

~~ .j

0 !C~V' _ avz) !(av1 .: iiV3)
2 OX2 ax. 2 sx, ax.·

[W] = _! (iJV1_ av2) 0 ! (~VI_ OV3)
2 ax! ax, 2 OX3 ax!

_!(aVl_aV3) _!(avz_ ova) o .
2 e», ax! 2 iJx3 ax,

... (rO-r')

(\"'\-1")

dx- dx = (ds)2.

D D- idx» dx) = - (ds)2Dt Dt'

:~
2dx. D(dx) = Us D(ds)

DI DI

:t..1
D(dx)
-of = (Vv) dx. ( 1:_: I) 'f 0 _ '( ~hL...)

:~I..r.~
D(ds)

dx- (Vv)dx =ds~

:~
D(ds)(dS)2n. (Vv)n = (ds)-~ Dt .

:~

I D(ds)- -- = n . (Vv)n = n • Do + n . Wn.ds Dt



n- Wn = n- w'rn (;;b_j'.J'. ~.,..-;)

= -n .Wn (.:.....10;1A;;"J~ W)

1 D Cds)
ds ---nt = n' Dn = D(nK"): (n t.SJ) ~~) (rv-1"')

,...?t;~';fJ~ ;;Ip- ~.s' -UJU"") J"b..b-IJ .I.Jj. ~ tJD(n)(It) IAJu.)~ ....

~.)J ~IJ t.S>l.;;WI ~ t.S1.J'.~~ Dn .J":'._r ~\.:.!.In ...:..p.. )Jt.SJl. ;;WI~ (,$I.J'.

~ Vdt .s' J_":-~ Y WI., _j'1 ....::,..;b;;Iy..r D33 ., D22 t.S'.r. ~t:.. ~ '~..r ~1;l1) XI

~ I-UJ "::""'J ~ (o-L!. rl.:--il dt .)l. j •j~ J~ » 0); ~ J.a..., y ~) I)4 §~lfj.s. .J~

I) .J!j ~ I,:; o-:J ~ ".:r..'.J'.~.J yW c.t::::...1,-L!. OJI>.;.; f t.St...~.Y (,$I.J'.~ T jI ;;Iy._r 'j.,.;. I.)

:"'::"';b~ly.

"''_;' .I. t) ~fll'_;' .I. ;;Ip- ~ ~ -UJ..r I) ez J el ~.)J ;;WI JJ (n12 jI) ~.,Ij J--IS" tJ 2Dll

~ _dU t) ID ~ _dU t; )_,...;t (,$~~ ~ I~ ". ~.i~ ~ J J":'..r ~\.:.!.

:~» I)":' ~ dv ~ '.); ~ ~ §~lfj.s. ~ fl,~ '-U>..r I) ~ ..b-IJ .J'.

I D(dV) (t[', nl'2 ill':1 ill',
~;o;; -----~ = DI, +Dn+D:!:I = __._+-+- =-.

dV Dr (Ix, ax~ (lx:1 (Ix,
(rA-1")

.,I.;)J :>ft" J ;; r" .J'.J_JJ- y> ~ s» ~ ......o)_,....so .oS' r->-.r.t._r ~ ,..::.....1 .J.)IA;:. D 0.J":'

._rW Jil-l> J _;s"'1-l>)...Li.o J..L!. (D o).J .J!::'l.i..)..J' ~,lf,; T JI..c..I)::. .oS'(D 'f-J t.St...)::. .I..)

..,I.;)£..s" P 4A.; jl ~ ..:........1h§~lfj.s. t.Slf,;WI

33 • Strelc:hing

34 . rate of extension

35 - Shearing

36 - rale of shear



V, := k.Jc., v. = V3 = O.

'..I.:!~ I; J.:O-r. J jS:.!. ~ t) .sloo.)~l; (~t)

J.iS ~l-o t.) J'.J .s~1...s~WI...f~ U <,-:,)

J

[
0 ~ OJ

[W]=["w)'= -~ : 0

000

.~L:.,..)jP ~ '/)11 =0 ~..:-I )'!I)'!"i ~ ~ t) 1..0J ..\.!~.s' el ~.)J .jpl r" dxl .s~l.. .JWt <,-:,)

• .:.:-1 dv=..f.'i~ll J n=(1.v'5)(e,+2e!) Q'dx=(ds)1I .jWI...;I;, ...\.!L....../)~~=(};,I;,clx! ~.r:N t;.

II> 1111=-"("'-1.-'/4)=0.



~ 4S" J.io~.,r I; i$-lfiW,,,;,,Lv.- D2=(v2/2)(ere2) J nl=(W2)(el+e2) .j:J <.)lAjbf. ...:.-1 J~
·J.;.!.4.,r J~ JI~ J;S-I~ ~IJ~)

ro.P." I.S iA! 4J ~La.o - '\ - r
ir.t.~l..ILJ:5~~T ~~I,:f..-..~~ J5?J~)~I}A'~)~~}'1

:f"!)~ •...l!~ 0); ~ ~ J f· .)14 '-:-:}j ~dv J P f' .J.a-IS" .)~ ~ tJJ~ tJT

D
Df (pdV) = 0,

:~
O(dV) + dV!2.E. = o.

P Of DI

:f"!)JT IS" ..:.-~ ~ .(T A_ Y') 4ht.... jI o.)Li;:...1 ~

iJv; +!!.E = 0 (..;JIn-r)
Pax, Dt .

d. Dp
P IVV+-=ODt '

:~~~~~

(yr\-f)

!!.P. = ~ + v.£.e = iJp + V• V pDt iJt 1 ax; at .

•:>_':'i,S" ~L.:. f T ~.J:!. ..ht.... .:"Iy ~ "~y. "'~.r.- ~~ "hI- ,(T \ - Y') "".)t....

.~~ J.:1 ....l!~1S" H_f.-41.i r'lj d~ ~ ~ .1y...r' (T \ - 'l"Hbt....r+"J -r'b. ,.:.•ll... ~

.~ TIS")) iJvj/ax;=O U).J"P~ ir. ->~ "ht.... J ~I }- ·.)14 ->.)L. s:.:...

38 . Particle

40· density

41 . equation of conservation of mass

42 . equation of continuity
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51 - single-valued continuous field displacement
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53 - multiple-valued function

54 - restriction

55 - crossing line
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f..::.......IJ!~t; ~Ij

...::.......I.~ • .)IJp=kxz u.>p ~ J'.. ~t; ~Ij JI:--- ~ J~ '.s.l.,A; ~ i ~ p - 'I" A - 'I"



·~~ r.f":' (.S~ oI,hl.... (.St..,.,;;1(.S1.,t,I) ..:....&..r ~I~ j~ ~ , V3=O ~ "-':-Y ~

:.J.t.~ )ii )l I) .I..) ..:....&..r ~I~ - T 1\ - 'I"

v = C ~/)el'
p = p (I) :~ ~~4 ~ u;~ y jl ,JA:-- ~fl ~~ I)Jt4 (~I)

.~~ Xl c;t ~ '~~4- ~~ I.) Jt4 (,-:,,)

"':->.f. JI:--- Jt4 6.J...?~"_ 1~4 JLoj c:Y If;J Jt4I~U;~j ~)l ~ ~4-
~'...L:S'" ,-~.e_ 'Lo'. 1S".r-N ~I.))

:~ t..,.,;;II) (.S;lfjL.. ~I_':' '.I..) ~)' C!:.)j ~T6 .J...? IS"'}J - 'f' -T

[

X I + X 2 XI X 2 ]

[E] = XI XZ+X3 X3 .
Xz X3 XI+X3

~\.::....I )tf'jt... ,j-j~~I~ ~ 4 _);l::.o

:~I ~..i.; alb .t..) ,j-j)' 01..1:- - f f - T

·~4.s* EiJ'=O (.SlAw Y' ~ J

~.....s1S"L...:i) t; LS;lfjt... u~~L... 101...1.:-- 0!,1~T (._;JI)

~ ~)"tz.. -lilj~ 01..1:- ,.;..16 ~~ 0l!i .,j-j)' Jt-,-:- LS~ JI}::.;I LSI.f.t,}"); ~ (,,-:-,)

.~L·~ ,_ '1..1...0.1.) .r-NI.) _



:..::.....10""; o')b ..Id ~IJ)":")~ ~ J.'.?~t..Wy - 'f~-,.

I ~
E" = - !(Xl• X3). En = E33 = - - !(Xt• X3).

a a

En = EI3 = E23 = O.

.....;~.)a> ~~ !(Xz ,X3) ,Jj 01~ 0,)y. )t!'jl,.. ~I.J. 6..I:A') &)l.:.i

~ - ~I>l.il_;;....I..:..~ otf::..,,) ,),) I) ~~ ~t..w". •~0 ~ ~ ~ I:.i jI o')lA;...l ~ - 'f' - ,.

:~)JT ..::.....,)~ -.J';.j ..:..)~

;'r,. ill',. I"~,i!f, (11",. I",,~
C/r = ...- + t',. -- + -_.-- + (".--- - -- .

;'( ,)r ,. ,1.p . (I:' r

;Ir", ck. r", ill"", tll"o!> r,.l·.
(I =-'-+['.---+---+1'.--+-,. ill 'c)r r i!tl, . iJ: ,

ill'. ill'. 1'.. ill'. ill'.
II, = -~ + t'r ---" + ._ .....:.+ I'. -' .. al ar r il,,. . iI:

..::..~ o~,)),) '..I (~.? )_,_;t) E ~t..W".. I) 0 '-:" ~ ~I:.i )1 0,)1.1;...1 ~ - fV - Y'

:~~.J';.j U)~ ~ (..I.::....Ao 0~..;::iU ISt..W". Aw Uz.u~.u. 6v.,1 ~ ~ y~) 1S1>l.i1_;;....1

. all,.
1:.,.. =--,

ilr
. Iall.~ II,.E := - --+ ._-.... r ilth r '

J

E", = ~ (011" + ~illl,)._ nz r Ath

o~~ ..I,) I) (~ ..;::iU t_J .)_'_;I;) D lSlP.w _,. ,~o '-! ~ ~ jl 0,)1.1;...1 ~ - f 1\ -.,

.J';..) ..::..)_,.... ~ (~L..r ~..r'" ISLAW_" AI-; VI 'v~, v , 6I.f-I~ ~ y ~h>I~'_,:...I..::..L,.,.;:;...
ilt·,.

D =--
rr ilr'

I tll·... r,
D"'d> = -_.- +-.

r cl¢ r
at'

D =-'.." a::. '

I (drr ilL")Drz=- -+-2 il::. ilr



\ \ .
w" = w•• = w" = o.

w. =! (ih-, _ at'~)=-w
r> 2 nz iJr U'

w . = ~(cJv. _! ill") = -W ..
... 2 iJz , (ltjJ ."

..b...y ~ ~~ )i; )~I.)~ J:-il~ ~~ ,(r ,qhz) c.s1~1_,;....1..:...L.....:,;...o~.) .)~ - () • - '(

..r,; ...::......1 o~ .)J..b..o, z=z •• ¢=¢.+d¢, '¢=¢' cr=rv+dr z=z+dz • r=,. ~) ~ v

(Pvr)('·il¢)(dz) ..:....)~ ~ ~~U'"J~f.'~ J>b ~ r=,.. ~J J!» jl'i..r. 'JT .;..,..;~

c.slJ.)J.rJ1> J~..r.~ Lt.1 ~ ~ y ~.(~b JlyU'"h::. 0y:- J c.s1..t...sf!L!.. ..:...I):~)::."':'U'"0,)1::.

c.s1~1_,::....1":"'~ '~::')') I.) if. c.s~ ·,blM ,..l:.~ ~ J>I::. rft ~Ijl C) ~.t.1f.~~ if.

:~.)J T ..::.......)~ J'_j ..:....)~ ~

ilfJ I il I d a- + -- (rpr',) + -~ (pl' .. ) + - (pt',) = O.
ill r ar r iJ¢ az

ilp-- + (~{J) • v + p ( tr D) = O.
ill

'~~.s" trD =Dji I)T .)::.~

.~ c.1_;";""1 i.)~ I.) () 0 - T' ~ ,u::.t.....'fA_ T' J 'fV '--:-'JH.....~l:; jl d ...;....1~



~ ..)J~ ,~.f P .):> I.) 01,;.... -':; ~ ~ ..:.Sr: ~~ ~.i i;.r" .JJ ..,t-; .):>

~.f )..i.I<.S""".)J. "-! 'J..o.i J-I):> . .J,.;";\S' ~ ~ J..:.S.r- ~ ~.s" ._S-Lt_,~ ~')\..-:,./'

.II ~ J' ,d .• .s-...::.....Io~ <ci f-~ ~I ,.)5".),,1> <u .~jI:> J',\S' 'r ~J>I~):> Lt_,.r.i0..1.:.5

.):>'»b ~IAJ.r.i 'J-IJ!~ . ..1:..!~1.S" ~I J_j 1.::.,1» J ~I J-L; ~_y..lfJ§.l.,..s- ...::.....1._S-4J§.l.,.
\

LSL..t._,.r.i ..J,.;";..s-" ..}.f-A ~ r,S1A_,.r.i J '~ LSI,..._,.r.i r~ <y..» jI .).>I~ ~\.a. s .r.i

t"'.r. ~ ~ _, o~ J ~I;:....I_'~I ,~;~~) 0;,( .. r> I.S"\...; ~.s- ~ ._S-\.a._'~,~ .

.):>~~J.r.i~.f~ ~1.S"d> j .;,l;";I.S":>)_, (.u.....I.9~ ):>.)~~d .•I:.)_':>.I.)jI?

~ ~.i ..)J~ J - 'f - 'f ~.):> '_:"~y- T _;.;; ):>J! ~~ <y.._,1 .II 'C:-- ~ jI....b...i; ~

)1 ~~),. ~§ ..;.::;j..<>t.JI.~ ~ ,~j ~ ':>~I.S" 0.)~ ,4i;..)T .):> c:-- .;t.;_;1

•...::.....I.)~ (~~I.S" ~"jS" 01,;.... -':; ~ ~~~.J. c..>~L.A;

1 - body forces

2 - stress vector

3 - Cauchy's stress principle



\\y

.pJ'~J'. - ,- f
~ ";1<4S' ..J..? ....? ) I) S .;:hi f I.SI~ .J.:~ )i..i )~ I) , _"f ~ ) 0...L.!. .~I) jl...!..i ~

~ J:> ~ I) r ~ o.I-l...L.!.~-.r II ;,yo&- ~ )b..r.I.SI);, J ).)K «s" P I.$)~I J _»-b 4A;

~.ud).:>1...!..i II b-y ~):><4S').o.f)) II .:>~.j»;,~~ ..J5oJ"~l~

~h.~ ~';.J-P ~ I) / ~ .(~);, / ~)..:._.I 0...L.!. c!_IJ n )1...1;..1) _t.,_:> ~ J (...:.....1

.I. .j....::..!... _ M ~ §..:-L.. r..SJJ 0»)) _IlF r..SJ..d ~ T..r.,5 ~ J:> .J.:~)i..i J1l :>1";1

s 4A

F:
Fa ~F

F.

F,

..?J llF/M ...:..,_, ...b-"':" J.J-P ~ ,.'I ~ 1.$') P 4A;) I.)(J ~ II ))._;.:; Jb..r.

:~ .r-s-oJ" ~f"' M ~()
. 6.F

t, = hrnA-A .
.1A·-I).:..l (\-f)

;"..r. ~ .JJ':! I...I·,·,JI~, ~ j_,;G ~ .:>y. o.f _,h; p .)ljT o.?--:, .:>Iy ~ I ~ j'1

J' J .t.'.1. ')..l.A.o)i..i jl oS''':''''':'l:> ~I_,> ~ jw, i.SJ) ,4A;._)w, J> t." (/I ~ I jl).r"

:~ .~LoJ" (>y.,f' d:> ,- f .u:>t.-..L)....:JI>.... ~

tn=c-tn·



· AJ't=hmAS'
.H-U~

I:.S1)b,O""_;' d~ 0t.) J LJ15:.. _"')J ._r; )J..r.'r-s-.r .)~ J'..) ..:;.,).,- ~ I) _r. _,)._r; J...oI,Jl>.

JW » J P ..r.LJ"'L... ..:5'_;..::...~ ~ !..SIJb <IS'") d ...!..S~ ifW !..SJJ 6"_;..::...)..lA.. ~

~..r.)_JJ- J ~CJl>.,j_,b ~ ~)b..r. n 'pI ,.J.._) ..:;.,)~~ ~ . ...._;.~.s" ()));I} ..:,I ._j»

(=I(x.',n).

:~ .-=-1 ~ ~» ..1 .., ~IJ.:r..1 6)1.) ~I"....j\.!.; ,~ ...r>--. ))
((x.l.n) = T{X,t)D,

._r; ;i.)..r.''':;'')''-.xl)~.~ ~..r.)~ ~ ;i.)..r. II J...._;.L.}.~ ~ T <IS'" .J.:.5 ...? j

:)~if OJ!) ..1..) ~IJ ..:;.,JJ-P ~ (-=-1 .o'p;I) II .j~..:....p.- Y' <IS'" !..SId. )) ~ i..5J)

.J.)~J')_,...;Li ~~

.jT LJ'" y) )I..?v.. I.SJ) P .Ja..i; J o..L7. ~ r---> jI ~ §'~J J~ ~ 64 ...? j

I..5J_,J:, ~ )Y-..s" ~)j ~.v ~~;) ..~ J J~ • .)I..IjI.(~ I) 'I' - f .J5:.:.) ~~.o./;lj

I..5JJ";':'; )')J." ('\"- f) J ('I' - 'f) ..:;.,'1.)t,... jl ...:..;;,:£ ..aIr P ...1..i; jI,.,1.; .);y ~ ,..\>.;.) 6

:.)";'.s" dJ ..1...) ..:;., JL.&. ..:;.,Jr'" .., (...:.......1 ·~l ..:...p.)~.:; T t;l> ._j_,b .., .)~ <IS'") PAIl"",:, J

t ......, =-t e, =-Te]. (..,.iJI)

~;~ :,;1.> ._j .....!P ~ ~ >;(

"':'.,r..:,;.L; ~J' .;,L,.:; ......... ..;Iy ~.It .J~t..., JI ':":'



'"

:t"!-)~ J~ r·p ,jy{j jI '~~."s'" jl.!.; ')

IF=L., (.6.A.)+t-e, (.6.Az)+L •., (.6.A:I)+tn(~AII) =ma. (..:J)

y_'!' .......'-:' ~ J..ol> L,,-:-"b .~ J )~ r'"" J ...:..-.1 (Jt4-) ¥ (~) ..t.1_r.In r.r:-.J_p,-

;- ~ '~J)~ ojl_J_;l.s' l.S"K.... .(J._L1tlL1:t"2L1:t"3 ~ )J) ."":'l.."s'" ~§ ~~"'",
1.f..1_r.~ .)":'I.S" 6..,_:>j;- ~,~....J» u~ jI..i":.r (,-:,)·,hl... "':"-'I)....J» ,~.,:.~) j

¥ ¥ ¢.)":'cS" ....J..b. (u) 4,hl.... jI iA:;:> ',-:,l:.:. ~ J:, ~J' ~ •..b- )

1_ ••

J_"
A

B
1-.,

(~)

IjJ J. J Yo ..41,'>- ~l;;..'; ~ r" Jl...h jl .)..u. .kW "'! .. ~)IJ (,:.,j; ;,t..;.,) ~ .s;';' tJ' r .s .1.:S ..,. j ':'~,,:,

.~..4lr...Jj_,..



:~YoJ" ..:rl (..:...)~.)I.u(T' - f) J (..:...)'(y) •("":").(....AlI) ..:...~ ~\..... jI o~1A;....1 ~

T(II,e, + n.e, + n;J~:J) = n I (Te.] + nATe~) + 1I,,(Te:rl·

tS~)..Yi....s~ (l-IISJ.) ., '~~..s"'(..:...-I t!, .:,T ..r. ~~.s' lS,_"_,, ...H.)) tel ..;.;; .;I~..r.

~1)~I.f..s'" T ~~tS1..t..w.t'tSlJ.~L!..tSu,~.":"'-1 (T2J2+T3?)Ln ..r.1J.~..r.~U"""l....

...L;..!.~...r 11~.t.tS~ ,T2~

:..I.i YoJ" ~ J.('/'..i ..:....)_,....~) II J T tSu,....J.".. ~ ,t tSu,....J.t' , t=Tn "* ~I.) ~

(...All f-f)

[tJ = [T) [0].

u~_,....~'''":'').t' ob..A.,.. ~ tS)) t .;.:.; ).) J. ,~~ r_,.L.. T ~jL. fl ~...:.-.I ~IJ '(l-I..r.~

6...S" ~ ,4A; ~).).;.:.; o..:.Jl> ,~~ ..:....)~ ~ .~YoJ" ~t:- J; ...I.)I......i1 ,~) ~ ~

T21 ub.)l) v.'.1.~.JI!. .;,I_,.s-~ ...<..:.~<J" lCi=Tit~j t..il J .4.r.<J" JIS" ~ IJ ln =TTn ~b}}':'\..il Y jl..r.l. '"

"'! ~ j ~~)~ ~Jt.O; v.'.~;.:r-->' '! J •..<..:.~....... t<2 .I. J.".s- .......... ..s)) t<2 ..rt-. ..sLowy T23 J

'~J)<J" ~ jl T J)LiJ ~ .l.~.;I.):> T ..s).;.rf r"L&.

10 - normal stress

11- shearing stress



'"
jI ~jLo .I" '~~I.S" J~ ~.>~ .>_,....;t; ~ T ,jyo:- ~ .' y:,1S' ~ ')I...~ T ? ,;_"";I;

."u,'1S' ...:.....,~ - T J.,.,.j)l (T 0. '-:"') ot],t....)_ I,; T ~:, i.5~jLo •T

..;..5'J> Djl.AlI~k>.o Jel - .?;'_;U ~.)W - f - 'f

.>:J -O':.b r.'1y..,j\.!; .4§')~ ,jWI ~ .sl_r. .::.S? ojl..,\jl jL... ot],t....) ~:,I.A.;.....I~ .jl>

~ ~ ~ •...:.....1 .J)1..i:.:.. ,;_,...;t; ~ ? ,;_""';l; •.)5' ..:.Jl>

../1 ....:.....1o~ ~:,b J.W,. - 'f ~.>' 'r ~jl o~ ~ ,jWI ~ ,IjT o.f...:. )b_";

:~~ ,..l.!.~1.S'" X3 ,;.J"'-oA~ tSjI".. J ~£ A .s;?'.J".J:.i;)-O' .s,;.J"'-oA J.J> I,) IAJr. I.S'"L.; ,jL...

ss«, =1T21(4x2~X3) (11;1)+ (T21+~T2d (~2~3) (~1)
- Tn(4xI4xa) (~;2)-(TI2+~TI2) (~14x3) (~2).

Tu+AT~2

TII+AT'I

Tt,+l!r.Tf

Til
l!r.K. • A

T"

T" Ax,

Tn

'TilL" r-fp

:~ TIS' ~:, ~ .~~ ~.r l: ~ § ..s~ .}t.;. ~~ -.,ji> l:

IMA = (T21- T12) 4xl~X2~X3'



\W

J-.ool:.- ~ ",:-",L:;;.. ~(.SI~"lj '-:"'~ ~ j".Y.J" ~ .)F." '..(..!.l:-i ~ J..(..!.~ ~1;...1 J~""J~ .)WI ~ .JI>

..::......1) 0» )1 j~~ "-!J" ~4 §'~ ~ '.:.r..lf.~ '..(..!.41S" '" J."lo .),,~ )::. ~ '-:"~
J T13=T31 ~.r.:... ~~L!... ":"~I.TlZ=T21 J.lf.~ ·::'Y-s".J- J.1J.l':MA s=» ...lJ,1".,>~4 4.bt.....

(O-f)

i-r J~

t = To =-pia =-po.

f-f J~

[2 4 3]rn- 4 0 0 MPa
3 0 -)

.~~t) TI~' .",~':;;;C lN2) (~I-~!) J ~I'=( :? ) (2~,+2~:+~.I) fl(",:,,)

.s- -\.!~..s" It ~~ ...(,_)I~.t. ... 1)1) x+ 2)'+ 2:,6=(} .......... \,_;,.)I) :}~

J {tl).1.1= (J~) 'i< (d\:,d\\~\".1)I(~r,):+ld\':il .,jl)).s-..;......I (I"I).I~~ I.SI~JI.i 'c"1;;.! ~ *
....:.-I ... I~JI.i vI;;.! X.I ~,. a,l



II"

T.= C -n = (~-) (16+8+ 2) = 2.119 MPa.

T;,=e;'Te;= ~(2.2. 1)[;: ~][-:].
3 2 . 3 0 -) 0

Ti2 = 7M = 1.65 MPa.
3",2

r-f J~

[

-p+pgy 0
IT] = 0 -p+pg),

o 0
o ]o .

-p+pgy

. ~,..,..,:,I_!.; I; ~ j.:.b;' »-=-- ~.w.; 6..... 'f_'f ~ •.A.;..,;~..,.. ~~ g Jp'P ,.:,i Jl oS'
y

1l

z



. .;;......I.,h w.;..I-1 --)...r I,$J) ~ )IJ~ t)j (....;.JI)

.~~ I) x=O J Y=() OJ» loS)) OJI)J I,$Jr.:' -=.;... JS'(~)

:!"'()IJ t eTn .il (~I) :y

X-O. [8] .. [-1. 0, 0], [1]-[P-pgy.O.O]:

x-a, [u]-[+I, O. 0]. [t]-(-p+pg)"O.O);

y=O, [8]"'[ 0,-]. 0], [t]-[O,p,O];

y=b, [8)-[ 0.+1, 0], [t]-(O,-p+pgb.O]:

1=0. [8]=[ 0, 0.-1). [t)-=[O,O.P-pgy);

Z-C,.[.]-[ 0, 0.+1). [t)=[O,O.-p+pgy).

If

:L .:..-1 /.I/. J;;' JS" y""O -- J C;J) (~)

:4 .:..-1 ;.1;. J;;' j) x=O ~ J C;J)

F" = [ f 1/1-1'.1:.'" IdA ] ~, =" II' J dA - PI: f .ufA J e..

~ .J"u' ':'-J ~ <J'.f~ y=b I:i y=O )l4S.r! JI}.:;I J (cdy) 4 (dA) ..i".J...~ L ~ I) ~JJ JI}.:;I

15 • centroid



\ Y •

~'IS~-O-f
~)J Jy:- J r" .J'.l~ ')"'Ol...::...p.. .......jil-l>. T J).i::" )"'_;li ~ ~1.J'..s- ~~)l 'I' J....i jI

~L:. ".)...ol..:;..t-Q..,., ~I~ ~,~ 1+1 .I. J~ ,...:,,~ J-16'._;t-Q..,.,.( T ~)!",~~}J.J'.)

.J'..JIA.. ,J.t.:. (T 4)._'" .J'..JIA..) ~I c.S~ 'J-I.l.L.~_,.;...s" ~L:. \ v ~1 c.S~ Jly ~c.S.)~

....L:...!.~...s"'~.J..if...s" 4...l.!. ob .J..i; ~.)IoS' ._;6...i....o ...s"'-' ~ c.SJ~ c.S~ j5'"I..I.> J jil-l>

;.)Y,f 0:.:."; .J'..j "':".JY ~ .s',~ T...s"..:.........)~ T ~ 4J.)\.u jl ~I c.S~

1.1 = dct r T;; J

.)-1 c.S~ ~ ...:"",Li; ._A...a..; L ..:-.1 .1.1..1.jS'1-l> of- .I. ...F ~.)b r---I y.. J~ ,~ J..I ).)

~ ~ "'.) ~ I) ;s"1..b- jil-l> ~I ~~ ...:,,~ ~ ~Jlj.s' ~I~ ~'.J '" jit-l> J ;.s"'I..I.>

.:.';'~ .»)1, ,.J.5~

~I . ...L:...!.~..,.Lol ~~ TJ J 'f2 ,'1 J ;0,).-" T ~I"':"tp.. t!.1 J e! ,el ~.)y../ j

'6 . princip>H planes

17· principal stresses



H\

['1]- [TII~ - 0
1:1 0

:~

(V-f)

(A-f)

(\-l')

(\ •-f)

'\-f ~

..s~~ """ ..,...t..:; ,.:-, jit.l> ~ jSl..1> J~! \tiT ..s1J. .u (nJ .n! .n,) ':P)JT':-l ~ ..sl.l

JS"" J:.-i'.A.) oL.... .;t.1 ~ o~~ ;I~~ 1} It'T .;'.1 ~ ~)JT..s"":;""".) ~ .;)0 I) (II~ ,II! .•II,)

:~ 0.)':' J- (ICl~!)

d(T2,=iJ(T.2) ,. +il(T/)d ·+a(T,')d =0·
• iI til, ., Il~ ., na 0 (I)

III "II~ ona



IYY

a(T/) = 0, and a(T,2) = O.
iJn2 an3

:-l::~.r .h:.: ~ . .J..<:, -v .I.j ..:..:~ .b....._,; [kll, \,,1

(II)

(III)

.~~~ .r~~ jl y.:..... ...t:..il_,;~ Lt.dnj ~

:J.J...r":"""'H.(I) .J~k.)ljT 'y"_;';~JA ._;):;;>I'A~.,....u)} (III) .J.)L....~.r,;L

(V)

a( T ~)
--K-=)l.lla·

iJn;!
(VI)

18 - multipliEII



'~..r~L:....

:-ljr..r ~ (II) J(VI) .rv: ,(IV, ...::.,'j~k. (\ •. f) .u)t.... jI _;?,"'::"~ oI.:-'L:....L

(--.JJI)

1l1~+n}+I1/= I.

(1.0.0) (0.1.0) (0.0.1) (...:, )

.(..:.-I~ ~ J~) ..:.-1 Jil..b- T} _,I.J.A.. ,.;..~ ,,:,,!Ir..SJJ 'J..IJ.~

~ .)'_j U_J""" ~ (\ . - f) •.bk. )1J,'- ~(C) ~ ~ 1O..l.!. 0,)1" ,;"b.U I.SJ.) 7/ .r..,IA.

n=_I-e +_1_- lSI.. T'= (T.-T3)2V2 •- -v'2 "'3 ,J... 4'
(~"-f)

J

J



"'f

(IT'-f)

Y'-rJ~

T.}_ TIl+Tu±V(TII-T2%)'+4T~!
T. - 2 .

or-f)

(TlI-A)n.+ Tun. = 0,
Tun. + (T.~-A)n. = 0,

-Anl= O.

. ...L!.4 (~t) V- f ~) u=C()·\()"I+·I;n()c!.O ~.j )b.l..o 4'_;') .n)=O :~)~ ~J-' ·..ht..... jI

:~).) .J~Lv ~ jI olf .)T
n. T,,-Atan(J=-=---_
n, T,.

IT,/21, IT./21



s

n

V-f .F-

O-f Jw

TI} = -+- V(4) (1000)' = -+- 1000 .
T. - 2 - pSI.

0-1000
lan6,=-~=+I. i.e., 6.=45°

0- (-1000)
Ian 6z = - 1000 = - I. i.e., 6. = - 45°.

1000- (-1000) .
(T.)mu = 2 = 1000 pSI,

J el .._a.....~) ~I.S' ~ ""'"=' J' ~I.) ylJ.-. J ;51.1> I..p~ '7'~ ~ J~I.S' J;\J';~ 4$J) J



...lS"L..:>;II).j J~ ..::.....5'J~ .jJ";(j ~L.~ J~; ~ ~); ~..s- ...:........1J..1•..s"""LI_/,,_;.. J...oI.r?if

;~ ~ J"::'; ~ ;.' .6') fo-. '-:-"-<.. .jL..1I ..:....".-1.:-" ._;..:. ..;,,; 0,h ,_;.;;..;Lt,)b..r. ,,- f §.:.

x,

)-..
X,

'.,(X, + 4X,. xt, x,}

[ ('f' (XI + .!1XI. X2.~~ -tf, (X .. X2' X3»)

+ ('f. (XI'X! + aX2'~ -tt! (.x1,.x2 • .x3»)

+ Ct. (X., X2.X3+ a~3 -I., (X., XZ' .x3»)] ax.aXZax3 +pBax,axZax3

= (pa) (ax,) (ax2) (ax3).

:~), H~X,---O '_'p)J fu1fu2ru:3 ..r.~» J~ ~ L

~+ at" + at., + pH =pa.
ax, ex« oXa



\YV

div T+ p8 = fJa

L» - Jl:---ol~ J...I..o~ ol~ - ...::.S_,> JI.»)..:.... J:! ~ _;;..,6.... ji ~L..s' ~ ,/'1.)t.... ~I

(' v , 'f) 4,ht.... :olt ,)I ')~ --Ji:.. '"7"~ _fl.';';~.r d -._,..:,./'..::.S_,.... .:.-'l/J'..,_." ~T <V J';'; _,;.

aTo+ B = O.ex, p,
J

(.JJ1IV-T')

t.L ~ "'\.
N 't '-' • _

divT+pB = O. (~ \V-f)

"\-T' J~

TII=xl+"(x/-x,~). T,.=-2vx,x1•

T,~= x,·+v(x/-x,·). T,,,= T,,,= 0,

T", = .,(x,t+x/)

(~I.) y. ~ y ~) aT;/iD.j. jl..:.,_"I.;;...)w,,ji ";)~.) -sL>w)" o! ..:.,_"I-s)br, divT '~_"';.;Jo ,;,
20- equilibrium equations



\YA

!Lt=o+o+o=o.
iJx)

: ;=3 c.S1y'J

V-f J~

-- t'/J + pB = pa.

0.:__,N ~ J>b ); ~) ~ ,jl..l:-- J ~ 0~;1 ~ c.S1~1) ~~ ..s; )~ ~I 'r--t;..,..
·~(;r..,..

~)y ~J~ r-'-~ _,.b.; );I)~).r jlo';":' .~..T. 4 ~~4'.s. fT .sP"J)~ ~ __tl

:..:....;b ~I_,> (1- f) ~ ~.IS',jT .(,\-f~)';":'\, ~ c.Sj./' e:L ~.JI
t = Tn , (lA-f)

~;I)I- c:b- ...l>IJ..T. J.Jd );_f. 1 J)_"');'_;';; )_'_';l; T .j./'..T. ~~ ~ )~..T. II .s-
·~r...s"d J.::; <.>j.r.1 r(\ A .. 'f') 'I.bL..... • ..::.......1

21· surface tractions

22· tetrahedron



n

v-r ~

[I 2 3]
[T] = 2 4 .5 MPa

3 .5 0

[ ., -I 3]
[T] = -; 4 0 MPa

3 0-1

,~1 ~IJ 2el+2ez+e3 ~ y~JT )~.s t.S1~ (.$J) ,oUu; ~)l I)? ;I).J'. (....;JI)

.-l;SI~

[

0 1oo. , - IOOX~J
(T] = 100x, 0 0 .

-IOO.l, 0 0



\1".

[
Ill ~o - 50]

[T] = .50 0 0 M Pa
-50 0 0

.J.._~ _}..; )J I)_r.j ..? (ijy - '\- f

IT] : ["i' ~ ~,
.~4~ ~~ f3 J a •.)T )J -s:

( ..... ,,' ) ,(. " " »)J .j T ...r'';) ~Xl= • ~)J LS"'!..r' IS)) OJ}) ..? )b;, (ijy (....;JI)

.-l::o.L..; r') 1).jT ~ J OJ)"" ~b...o I) ..,Ijlo-l.!. c!_IJ (." ,_\)

. .J.._))T..:.......) ~ i~ J» I) (....;JI) ~ t/ IS)) o~)J..?ISLo.).);,.jt.....))~ JS' ~T;, (~)

~.) r~1 ,..,t;~ o..,t; OJI, _r.j U)J40 ~ _;.;; c:)j fll) J:i.J!..... - V- f

.~ T~·=o _t..,_J t.SlAw_,.)
I

:~J ~~I _r.j _;.;; (ijy lSI;, I) '\ - f .J!..... - A- f

Til = n. T~I = TI~ = (U":I

·~4U"" Tij= o.f.._J ISU,W_" rL-.;
:.J.._~ _}..; ).) ~ J )JJ., t.S1.,;'.f-" ~ 6.,_ t.S1J. ').1..) _;.;; t)y - q, - f

[

0 -(U" + ax"]
[TJ = -aX:1 0 O.

aX2 0 0

)..w;. ,..,Ijlo-l.!..,j..__"'; xl=l JXl=' ,x~~+x/= 'f 1....y.s' o.s>_,h-. IS))? )J;, (ijy (...:JI)

~.-l.!.4.s"

...l;:SI-s: I) xl=l ..s..4=-i1~ 1S)).jt..... J)~ JS' ~ T;, (,-:,,)



H"

T" = T- r;l) I.

..x.".:.oS" ~}:._..6..,_ .J'..jl_rjl._r; J...F .)...:ol":;"~ 4$' ..J...!',.)L:; ("';')

.~I..L:!. .)I_rjt ._r; J ._r; .)...:01.I-.)lA..o ~ I.SI~I,; (..;..)

L I.SJL...I.S~'Jj:.s' .)"':'oS" ~_,..; 4,j_,f J-~ ff(~J...::...:..t.) JI,;.aI::S"I...F ~ - \ \ - 'f'

.~j\.....oS"...F .)...:01($\.t,)"...... jl6.../"

~. .x. ,;I.) .)~ J .J..i; .r ).l JA:-o JI)"u,1:S"1~ ~ (._:.JI)

p ~ j' .s') '; N J M ...:."L-i.,.. 4$' ..l;..!.~ ~ )~.J'..P n J m 4$' J ,:. ._,;.) (._:.JI) - \ T- 'f

.s' ~J ~L:; (p 4A;,;') o~ ~_,..; J) ...F ($)~I ..:jl> 6... ($I..t...x.:S'oS" ~_,..; (.x..)£ oS"

23 - deviatoric stress

24 . octahedral stress plane



\I"Y

~~~..r J:.l.i; I.S~ ~ ~ (uJl) ~ ~ •..t;.!.~ n=ez J m=el _tl (,-:,,)

...A5..r..j.,_~ (J)Z..rP 4ii jl.6")I) M ~.6" ~~ I.SI.o::.ubJ. m .6"~ ...,.:.} - ,yo - 'f

•..:......1c!IJ M -.A....:»~ 1tm ,_;.:.;).)J. Jot.;. w..... j> I.SJ) ,_;.:.;)l J. .6" -l:A.) JL:.;

.Jai;jI o,.lj)Z n J m ~ I.S~}J J. ~.;b...Q...., I.S))? I.S~;I,) J. tn s tm ~ ...,.:.) - \ 'f - 'f

.,) Y. ........I_r n J m J.') ~ tk ,~L tn J tm Jot.;. ~ ~ )b J. k _tl..s' "":"l JL!.; ...t;.!.~ P

~..w..)J.!L..; I) -I>1)._r; )_,.....;\J ~ ...t.:.i1.i~.J'_j ~jL. J,) If. - ,~- 'f

[
100 200 40] [40 100 60]
200 0 -30. 100 100 0
40 - 30 - 50 60 0 20

_tl . T)=30Mpa J T2=-lOMpa ,T1;;; lOMpa jl,.ljl U)~ T ~ )_,...;I.; uLo'I..,)[A.. - \ '\ - 'f

[T] =[TO~l ~ ~] x 10 MPa
2 T~

[300 0 0]
[T] = 0 -200 0 kPa

o 0 400

,..:......1c!IJ 2el+2e2+el ~),).:,T ,)~.6" <.SI~ <.SJJ.r- J. ~)~ (uJl)..:......1 '-:"_,.J.h..

.;SlJ.> .f-J. ..F (~) )

,;. J. '~4..r ._r.J. ..F ~ ~ I.}- ..r.!- l.SLt.w.".. ~ ',JT )J .6" ..;.:; jI ..21> ~ - \ A - 'f

I~ Tij=O .J.-..l <.SLt.Wy rl..l s TI2='l'ZI=T ~ ...,.:.} '.)_"';'..s" dOll...



~...:.Jl> _r-k) ,~~ ~I~ ~)'!'"J ~ ..L>IJ.f. f~ ~ ..5~)Jd .floS" ~~ JL!.i - ~ • - 'f

.~ .?'-' ? ).,._;l; .J)\.i; (,..t.:, ~ ~j:;l-AG ~_;5J1 \.S~ (.$...lA~

~ XI =, (.$J)";':;;1J.f. J ,...t.:.~ _;.- ~ ..5J.r.! ~ J~W-)~ ._r; t)f -s ..5..;» ~ ~~I) 1'12

.JY OJ!) t=( 1 +x2)el + (5-x2)e2 ...:..).,.."

...:.......1~t; g ,..,T )~ oS",..t.:,L U=-ge, ~ (.$J.r.! )b.f. oS"..J..? ./ ) - n -'f

J.._~ _,k; ):> I) ..1-) ,_;.;; ).,._;t;

..l:k; L..;;1 I) J~lA; ...:..'J ,L.... T ..s- (.$I~ ~ -v ~~ T:lJ ulJ....;)~

J_)'_;";; (.$~....Jy ~T .~ (.$I.A.J.r.! ~l:i- _;:.- n -"f

~.-l:.SIS" L..;I) I) jJ lA; ...:..'JJL....

.~ _;If.; .I.) ? c::j"; ..sl.f. I) Y" - 'f ~ - Y'f -"f

2x. -x~
X, - 3x"

o
0]o .
X,

25 . body moments



\l"f

\·..:..,....1..:,s- ,-,",,6- ..:..It> .xl J~ J~t..; 0 ':J ~i.JU (...:JI)

-6'~~..) r- 0..>1";'./' ~ ¢~(XI ,X!) tt; ./1 ('-:"')

a!fjJ OlfjJ
T .. = -." T, .. = ---,.. ax,' . ilX,dX!

.))'_ ...lA1_'»}.J. JJt..;,~ o..>J.r.i ,-:",~.)J '.? C:)Y .xl ~ ~ T

,r:;;;r. ~ _j ~ ..... .h,... y .s' I) o..>JL.~ .)WI ~ (r,¢,l.) L)1.,.;'_,:....10~)~ - 'I' '\ - f

.~~ _,b.; )~ ,~...I...!. O)_j...l:>....o z~z.+dz ,z~z. ,¢=¢.+d¢ .¢=¢. ,r=r.+dr

y



:.0;;... i_S1.L_.6_.:..i t...ll-loI....< "-..:.JI.:.-...j.--, 1<:'· .-..:s::.;-I...;....... A"t;J:::: "t""::-" _..r. IS'" u- ) ..r' " y V--.r-A' . _ 4,).J--'

r;:
ojt.,t; 10L-. J..oI s ,[( \ '\ - f) ~bt....1 ~ d'? ojl.,t;1 v...1.",,1,[ ('f , - T') ••ht....) rr.- lS~ J..oI

..r?'-' .0;;... J:::: ~ ~ lSl.I. ... .1..:IJ.>;,I-' ..s"W ·i,,!I.~b_,I} ....Jlh.. '.>Y I) 1(0- f) ...).,1....1 d?

• .J...:.i Q;I..!.IIS"'"'\:>. d.•~ ~•.1..:1) t.1~'.>~ ';,1-'.1. O)":)os. ,.,;:_..I

.)lS ,0,;1) lSl.t..>~.1.1.1. .>' ..,..,6- d.•~ J-S'IJ ~y lSl.I. U~JI.... .I.' ,JI> ~ ~

~ ..,;:_..10,,!.i.:..,":",T~ ,,)"jj J-S'IJ •..1.>1) l.S;1if;~ ~'_r.,,::,-;.s- ~I.o~.>.) 4.J.~ 4.J. . ...I..:..!~..r'

4.J. ',)Yo .AA1_p. ~ 'lS_,Iif.>~ uJLi;;.. ~I_"':' ~ ~ J-S'I) ;,I-"~ d .. ~ !..i1J. 0J":)os.

~ jl)~ w-i> ~,)L ~ ,~j,), o-l.!. J~I ",,15::. ~ ,~L I.S~-"..if,)~ 1oS1J.,JI!.. .::I~

.s- .)T JI>.J~..s" 01.:>1;,; ~~ -" ..:.JI> ~ ~ ~I ,jI~ ~ ,d .. .>0,) jl ~) ..:t.1...::,j) .AAI_';"

~15" lS)l;j) _t;L!.; 06' ,)jb '),r.J.::......5....:..;> ~ J ~b LS~ ~,~ 1oS_,t.if,)~ jl Jlj

~ ~~ ~~I)l;j) .s-)JTo~1 d ...~,~ ;,I-I.)J •.J..!,~..s"~~I)l;jJ.jlu.J!.i.:..

~ ~,.) ~..b.....y ,.)To~1 o.)\.. ~ .,)b~I""')} wUa... «s» ,.)(..w'" J..l.t I.) ~IJ..l.t~



,,.'\

..il o.)lA:...I~ o~ LlT .(.):z> ~~I..Lel,.. lSl.,t. ..x~~ .J~~ ~.)S'"~) ~~..r~.i ~~- t.F

.~..r.w1.6.. I) i..S..Le~ ~ ~4.) J ~t:....1 yL. jl.s>.1. 4J..~~ .J.)~

i..S1.,t..r--=-~I.S" .J..ol,.. ~Iy..?--;6.... <.J""1_,> jl ..rL-! ) ~ of Y ~ I.A...:.....) ~ ).) 4~ J..! )~

.~~.r "-:"'}j .. ~ J.J..o ~~t...jT ..:..l:,.ri.l. ~ -5' .fA~ lS~l..jT .?.1. 4J_,1.;....xl

A F~...::.-L. ~ ~)~ i..S1~1_,:;...1.,;_".; ~ 'r-:)~JI::>I ;~ -5' ~ jl ~ ._,;. }

J_,l,. ~Ijl J u.;/l.S";lj..rs ~ ~t:....I';"J~"') P i..S.).Y"-" lS)~ ~ 4~ .J6. 'r-:~
J>.:.)J 4J_,l,. ~ .,t.1.,t.J~...r.!S' i..SJ~ Jb_""; jI 'I.i_""; ~ '~~.r !.S_,!~jl..Lill J» !.SJ) /).1

(.)~..r o..til_,> ,,":-,\;; 0j~ 015") 0.1 J:.>":""-; ~I..L::,.I;.) 40;1) )~ 'pI . ...:....1O~ d~ LlL.:.; \ - 0

LlL.:.; .)_,> jl of~;I ..:.J6. ~ ,.,;_,....;J " 'f'..r j~ I~~OA ..lz.>.~.) T '~I.S" ":;"':'b.,t. ,

)~ J ~~I.S" OABC .r:-' jI J¥ ~~ 4-:/ _;":'b.l. <.J"'7' s A jl ?)jI, lS)(' Jw.1 .~bl.S"

~~~I):;;),j:::-' ,C jl ')~.)~ Jw.I .')Jb .)y>:-J OC ..~b J» ~'jl" ~ -5' ~~I.S"

.. ..:..;.... d .. -5'~~1.S" d U))'-4 J..I).) '~~..s' (4,;j~ .}:Ijl,,":-,L:; ~ ~t...I) OA _r-1.; ~

•...:....1 .~ (i..S;\5".).r') ~ !.S)\5"

p
p

8



H'V

_r.; J ~~ ~b ~ ~I)a.).$' ..Ai".:.......u>1» <.SI~s~~L. J l",~jL..•.)S'".)_,.l. ~':".,P.-

~~I ~ I.) l,,> L..::.-.I':"l"? J...I..oI.)IJ. I",).:i.) 0!}Olt... jl ~ Llly ~~I }.:i.).$'~.:"T jl

I.)I~_""; ./16' ~~ .......)::.L~ oj~ ~::'_'> ~t... ~ ~ ...:..>t... r-"I,,> ~ J JJ..I.oo..t.)a>

..\AI_'> ::.p.-J Jj. ~ J JJ} ~ i.S-b-IJ ~ Lly o~ ";JIA::.. t.S;I.it.)~ t.Slf>-J ..:;..;..;

.::.;I..Ai.)a> ~ ~I}a.) I.)J.) 1.))' ~~ ,I.);I.it.)~ tJ 6' .u tit .:"I.,.ss" J.)..;r..1jI.~b

I i.S...tojl..Ai1 Jj. J ~~ ~ da- ~ ~I) ,-~ ~.)l LJj. ~Ijl - .)~ .)b_"';

~ r.S~./'> J) ~_,..;J~I jl j.Q:.-o.$' ~ r.S1~_,f~ OJ\..}:i.) ~l..i J.:..ojt; L J~ ./'> ~ . ..l.!~......

f.1_r..)::.,~ lY ......o..l:-li.? .$'1.) ~.:"T J) J.I jl ..u~ (Jy .......}jU .A_L.jT r~1 J-j

~) (o.u OJb .:"L!.i ,. - 0 ._)5:..:. .).) .$' ..;.)~ ~) c,,:./j,lll -l>1) J_,1. ~ ~ r.S.)~ .;.;..?,
AS"OA .b-~.l";'i$' \1L~~_"';.)~I~~IJ.$' p~~L..iT C\:;;'J~'r=L-;.s"

.::.";' o-l:-'li (~)'I JJ..I.o~) &~JJ..I.o .::.y. .al_,> ~l\.. '-:"'.._,j ~

E r = (TIE".

r.S1f.AS" ..::.-.I._r......:t~ ..:t-1...L!.~.r 207Gpn(30.J(/'psi) lJ-l> ::.~,.,;..sl./. E}' "';::...J.&.;I...LA..

J-.; I) 667.200N(150000Ibs) .)~ -s: 3213"'''~(5in~) c_1A.. da-..-:-L.. ~ ...;::.~j ~ ~

~..:......IJ.IJ.I,.))~ ...;.;..?,.J5.s"

= 667.200/(32.3 x 10-4) 10-3
Ea . 207 x 109 ~ •

~_)a; ..;r..1J.~ •..:......14.F ~I) ..:..IP ~)'I ~li ;l ~../' •...:J.)."r ;U:a.::;1~ ~_,f ,jt...

'~J.""" .)1)~ ":"1;; ~ _doj ...A:- j ...;1J. I.)4 F~~~...;.;..?



\1"11

p
C7=-A

III
·~'-7

\"-o~

--------------~o~------------~----------~~

)~ ~IS" .:r.-)~ '·:_;!YIS")~~I)I L ,...,..1> ~I_"; ~ '~y. d _,b.i ~ )J.l..o ";I_,:....I ~ ~./I

-=-:--; .s-~~.,.. )~ •(...;_.ID.dld ..l.r..&.5'")..t..!.~ ~ ~ .;.;.? t:" .s-~,,:. ._,P) . ..1j '- .) J..L. •_,b.i

•...;_.I e / Y' ;:,'lj .s IJ.

.s-"';_'I)~ J,lj .r-'-I~:J.?J;6J I) Il;:,La .......w ~ )I.~ .~J. 6:;..;_,..; ~ ~ 0.,5""

- ~ ~ -=-:--; - ..;~ ~ ~ ~IJ ..:.......1J.-.. .J."....Iy, ~.~ ~ J E; ~ ')1 J."..v;

'l_,...,... ....._;~IS" l J_,.{;L->l;::>.,,> ~ ')1...,..1.,,> "! ~ dA .s-:,"':'._r d...:.Jl> J..I.).!> •...l;...!.~

6J,.U. loS::>'l_,;J)J ~ '"'-:'.r. _r.1a; .:r--' ..jJ):- .)t..:;.. L... ~ L (.5.:.1JA .b..._,; , (.5.!>_t;L-t. ~,-""I_p.

2 . anisotropic

3 .. isotropic



;.; ;J~ J-~J-o ~ jl 4S"..:;......I.§.-,~ ~ ~ ':/1~I'p- ~IJ ,:,lS:.I /. tJ";N.

~l;; jl ~l> ~6... ..,..,1.,>;l ",;_r.:;N ..fl 'r---lilS" ' .:J-.t; I; .,t.. • ...:Jl> .;r.1;J .~W .;::!U

...:......1~.:J-.d...s- r-"f ,..I...!.~~I..l.i >y:- J - ....;J;;.,. .J:,Li.;;l Lt...;"..; ~IJ. - ~L.jT

~ • ._J> j .;r.1...l.iL.1S"~~ ;JJ..o~ .;::!U J~ ;l ;JJ..o ~ ~ 4 ~ .s- ..I...!.vi j ~

·..l.!.4 .)}:;t........ J,:J.-.).,> ~')I ~Iy. ~ ~ ~ tJt...s- ~I r::.;- ..,;t..j

~ ":;"""I.:f-.. •..:.)l> ~)J •..:......I.J!~.:,,6...1jj ~ ')1d..~ ~•.J.._l ~ ..:..~l..jT

...:Jl> .~~..w ...~ - P ..:....;..I~;L!.i.::.-.; - >.J.:.t........ J,:J.- .>L. 4 ~ ~ ~ .;::N

...;_,!.jl..l.ill; ...JJI~ J. ~ .;::!U .e J 0.)));L!.i ..1' ~ ~I; .~\.:..o..s'..r:U ~t..ji ~,).)

.J!j ..:...,).,,- ~ k '~JJJ..o J ,~T IS" ..:.......)~ .)0>- ~I,) ~ ,~')I 0>1.. ...;IJ.'r:?IS"

~= zs: . :Jr IS" .j..,_"tU• e
·..I...!.41S"138Gpa(20xI0

6
pvi) J.IJ. J')j ~IJ. k ...;1";""; I.I.i... ~

~~JJ.I> ~ dz- 4 ($I..;I_,::.....I~ ."u,.)IS"..:......> ~I,) ,_;.J.._.) ~')I ~l!.~ ~l..jT

• jl..l.il ~ J 0.)~ I ~ J_,l. .> _,! IS" JIJ ";I_,::.....I)Y'" >1...1;.01 » M, ~ Jt.... ._J> j'" ;,).r tt..;

~ J.a> ~I) ~ • ~ ')1 d .. ~ ...;IJ. *.~ "u,1y. (M, 01..... JI..sI )01> ~) 0 ~Jlj

:~ IS" ~..rU ..:..J>"'" 0.1- ~ I) I' ..r-J'. JJJ..o .~ T IS" ~.) ~ o..l...!. JI..sI ,:.,1.....J 0 ~ ~JIj

...I...!.41S"(~ ~ .r:~I ,:,t.....) Ip=1lrA/2 ,,:,T J') .s-

..:-1 76Gpa(J 1 xl(/'psi) J'.IJ'.') ') j LSIJ.It )..u.. ~".w ~

4 - inhomogeneous

5 - homogeneous

6 - bulk modulus



\f·

..)j'A ,)pt........ J:a> ~':II d .• ..s'J. - ~ ~L._;T ._ 1.!..'-..5 ~ - ..:..JlA:....::..:~)~

o.)\.. ~ ~.f 1oS'J. ..::..:1: .)'..w ~ ~ J ..r?- ~ .,.\;IJ.i:--.o~~ J..' ~T ~ ~b~ ).9- ...L.!i

.-.::.....1_;~ .);.,.. J:a> ~':II

• .)_Y. ~ ,..:.;.f..s" ojl.,.\;' I; ~ ~ ~ ~) 0,»)) loS)""} ~ ~') (-..Al')

• ..::....:,I.,.\; loS;' (-..All) ~ ~ oI.bl) ) • J.".} JLJ.I f"j 0,-:"

'~;..s" ~ jI)I..,.lS" o..L.!i ~IJ..s~..dV 'O»)))~ ~I,)J. ~ (y)

.".lj')_Y. 4 §)~ ,..L.!i o..u,~ ..:..~t..)T ),) ~ ...r..~..dV (..;..)

.,r::!U "-:-,,t:.. lS~ ~ I) ._;.:;,'J...)~ ...bt..... 1oS~ J.,..) lSI;, I) (..;..) I; (._;JI) ..:..~ ~I

J..IJ.~ .,);!..I.i 1oS;1~)L JLJ.I f_.J 'O.)_Y. 4 §~.r-:"J ,..:.Jl> J..I),) ..)jt...._r ~ ~ ~

T = T(E). (\ -0)

~ otf ,) ,..L.!.~.)a> ~I; 'J..1 J. OJ'}..&. .f1 ...L.!.L..s"T(O)=O L E )..lA.. 6:; ~I; ~ T(I<:) ~

:"':"';'b ~I~ loS'...:...!Y j5:;

Til = Cul1EI1 + CI1IZE12 +... +Cu33E33

T33= CuuEII +C331IElt +... +C333."E~

:...::..;._,; .;1.f\,S'" ":")~..:t-~ I,) J,,; 04ht..... o4i

(T' -~)



\f'\

.)_,_.;li 101-1 "";..r ~W A ~ ~I .)_,_.;t oJl~ ~ ~ 101-1., y. .aly.. .)~ ~.r .)_,_.;t ~

~ I.) .)~Lo..o.l; J",. ..!....~~I..u~.k....j o..l.Z ~,b ~t...; ~~ ..r'1_';" ~..:.....I

(.$'-"1.:.:-- (.$1.1. ~ .)~ ~ Cijkr (.$,-"Wy ~ ;)r...s" ~ ~ ,;"T jl .d.•I.Pj:;L..-l; .J.;$'IS"

.......Iy.. ~ ,..l.Z~ ~ ~ .ll . ..c.::......t: UJ\A:... (..l.Z o~, ,1\_ T JI!...l' Q ",_tJI.A) ~

"Y. .al_';" (~_,.. jI JA:--~) ~I; Cijkl olf,:,T .~~.:,,~ ~)' O»)./" I.SI.I. ~~

.~b r--"I_';")lS'Jr' ~ r41 ~ .h.U 'J..IjI ~

Jj ~ht.... q, IjJ ,..:.....1 ':')4::' T 45* r-'-~ IS" _,b .).) I) ..;Jl> J.aA; L. J ..:.....1 .»lA::. E )_'_';Ii

.T22 ,T33 .T12 ,Tn' T2.') ,_;.:.;JA:-- w_,. ~ Q ..w~..r J:.I.4; 4,bt.... ... ~ [(T - c) U~.)t....]

(.$1.1.'J..I.l.l:.: . ..Ijjt....1S" .by_" (Ell '£22 .E3~ '£I~ ,ED .£~) ...?.?J.i;- w_,. ~ ~ I) (Til

....... I_,;.. ~ Y i.S1.I. - "L.. ~~ r ...jI ~ ~ L. .,) p~t; ~ ~ ~I .M~ ~ ~

.~)I..Ij .r.-I:=>I - JT ~~

~F~~~'Y,~~-r-t:J
~ji J'~'~ ~ ~ y ':'J..lJ I).:"T ~~ ....rt_,;....s- .)~...s" d ,_t.;Lo..o.l.Sld. ~

. ~ I ~u".jt.... ulji jI i.S)~ .,~..r •.;.;ty. .)".>:.;~~ do... ..L.Zli )}.I..J:>_r....:r..' ~ ..s"~ .,,,_;

~ - I.SI~')I... J:1.t.sl.b- '":'~} oJJ..lJ- ,p~ .)I~ ~ jly...s" ,.) ~JJT J ,~j _,):&;

....,.: I ". ...-!: - .II"!! .....:::

~ ~IJ .)J"\:) j~ ~ ~ C;jI.:I ~,~ '11 )_'_';I; I.S~...J _,..~15'.:.: 1 ·..l.Z4' ~~,J!I ~I

.r~.) ..:,.,)~ ~ ·..w~'}4 (..:,.,t.-.;,;..... .st.),,_. ~

C,il,,=Ci.iU

B . elasticity tensor



).,_;t" ~ I ..l>IJ).,_;t" .JI!.. .:,Iy ~.J~,_r":>'l:..:. 'J _t;~ )_,_;t" .:,Iy ~ •..J..!,~ r!1.i <..>l:-o

<..>lA. )_,...it oS".:.......1e:-P1J . .:.......1.)~ ..; )lS"'J <..>l:-o /' \.SI.I. ()ij .) T !.SlAw yl.l..j •.:.......1 J _t.;,--
J y,_r W::A»l » .llijk/~()i;f)jk' lJijk/~()iKf}il • Aij/;/~()lhl :...t:..:.L,_rJ_l.;t-.. j_;)~ 4.? _,.

JIJ~~J_,; )_,...it" ""'"jlJa>~; ~ ":;")r" ~ J_':'!.S" I))~ 4.?_,. ).,_;t" /' .oS"Jb.)'L!..i

~"il).,_;t" JP'--Ja> ~"ild. ~ !.SIJ. ,..:tIJ.~ .(~,_r)i.;.j.r-.)I ..:;.,~ljI)

(Y' -0)

AUlclEkl = 8u8k1E", = 3uE/rIt = 8ue.

BUlclEkl = B",BJlEkl = Eu.

T = Ael + 2,#.LE,

Tu =}.(Ell +E22 + E33) +21LE22.

T33 =}. (Ell +E22 +E33) +2p.E33'

(...;If 1-0)

(~"\-O)

(y 1-0)

9 isotropic tensor

A",,=1. A,,,"=O. A'~lI=O. :.s.J...;S~j*
8,10, = I. B,t," = I. 8'tt, = o.
H,IO' = I. H,.,. = O. H"., = I.



TIl = 2#1-E13.

TS3 = 2#1-E13·

(u'\-o)

(u '\-0)

(C'\-o)

}t J A o~\... ~I: J~ '~~-s'" ~ ..!..<:":=--~I.M~ r..!..~ 1oS1.I...:r..~~ ..:..~~t.... (0- 0) ..:..~~t....

,...:.....1~ )_,_;t ,r-k; I' J A ~ • ..l..!.L.,r ~ 0"'~ r:ii 0_,::-·~ Y-s'" ci-W ' ''" 'J I.S~I: .jl.f" ~

,-;-,,1.:.. ..:..~t..} jl...l:~ '" 'J 1oS~~ ;.)\.i. .~~ ~)I) ~ o)\.. ~ 1oSI.I.'~ ...l>IJ.I. JJ! ~

.)~ r-"I_';".# .r-:. 4)~ J-I):>i~ .Jj~.:r-N

[
30 50 20)

[E) ... 10-' 50 -40 0
20 0 30

.p = 79.2Gptl( 11.5x 1(f'psi) J ). =1 J 9.2Gpo(l7.3 x Uf'p.l·i) ~.~ J', ~":J,; .~I...:,.:'

Til = lpEIl + k = 1.67 X 10-2 GPa,
Tu = 2pE22 +k = 1.83 X 10-2 GPa,
Tu = 2J.tEu + k = 1.67 X 10-2 GPa,
Tu = T21 = 2pE12 = 7.92 x IO-zGPa,
Tu = TJI = 2J.tEIl = 3.17 x IO-JGPa,
Tn = Tu = O.

(\ )

11 . Lame's Constants



T. = 2,...Ez+>'(E.+Et+E.).

T, = 2,...E3+>.(E,+E.+Ea).

"'-~J~

:~)I~ (.,.. J ~ ,...;.JI v, ~) ,,;..'ht.... t:> 4 (...;.JI):tY

Tu = (2,... + 3>.)Ekk = (2,... +3A)t'.

:r:5;,$"...r ~ .T_J ,,;..)'"" ~ I) (,-:,~-~) .,bt.... Jl>- (~)

1 >. I AT"I;
E'" 2,...T- 2,...,,1= 2,...T 2,.._(2,...+ 3'\) I.

~ I.) ..:.;':J~t-..Li.1 •..v.~1.S'"...:....~ ~ ..;.; _f utA 4.iJ)" ~ .I. I) .;.:; t,St..-,o\.<iJ y ('\_b) "ht-..

:..v.~..s" ~ ..s' ,~_,...;cr ~ ,j1j'1.S" ('I" - b) JI!..

1:? uniaxial tension



y~JJ-'-' 'J el ..::....p.. ~ ~, .r'~ ~"...,L;~IS" (\ - 0 ~ J) o..,L; ~ j J P .f!L.ji

.... )":'IS" J.~ (...:.J', V-o) ~)IA.. •...:J6- <./-1 J) . ...;:........1TII~O J ("'-~IS")i;

_1[ A ]_ A+fL
Ell - 2p. Til - 3" + 2p. Til - p.(3A + 2fL) Til'

A "Ea:, = E22 = - 2p.(3). + 2p.) Til = - 2(A+ fL) Ell'

E'2 = EI3·= E23 = O.

. ,(..., \ ... ..) •• c: • I .-,., • ,(} • . L 1.;.... Til • .
'~J) ""::"::7.; 1-" ...r>". ..,---._r.. ....) .) J ..........~ '-:-' . .r: ......E '-:-'

(~ 11

(A-c)

('\-6)

t.)I.i;.:....I.).)y...r".J.:.t.o;.) ':l~ ~ ~ ~ '; (V - I)) ~hlA.., (CI. - I)) J (A_ 0) w':l.)L... jl d.A.;:.....,~

1 . :..::.....:.i r-""_";" ,.).;/ IS" )'J
Ell = -E [TlI- «r; + T;J:I) J.

).

14 . Young's modulus



c.S1.I.~ T c.S" Jl ~ -6'~b »1> ~ ..I.:L 1..1.,)..li .)?" -' (' 0 - 0) .u.)i- ;.) 0.)1..~~ ..... Q~ f"

1).J'_j ~ ~I; (~- 0) -' (A - O),_:, ~::.lA.. j1). ,.j..i> ~. ~ ;.).~ J..i=-o 'l ~~ 0::.1..

(U-O)

~ ~ c.S~.w y..rLw 'j T ).) ~ ..:.......1_sJ6- ~ _);l::.. -'.) _':'u' -:.At' 0 •.)l-..r;!'~ rJl..:J6-

V -0 ).u.)i-. T,!~T21=O ,-:-,\>';;1 ~./ ~ ~ ...li_':',r..j..i>.c.S.,w.r.?.r'L:&. jI~ ~:r.

:~j1, (..liI"':;;'I, )} t:! s 1:1 ,_:,~ .)::.I~I

tSf'2 _
2E,~ = IL·

)_':'.r ~..lily. j! ";..1. JJ .....1£ V ~ ~1: '.:tl..l.~

• ..::..)6- .:t 1).) . .)_':',r ...;,...__",;T=al ~ .)_,....it 4 J ..:.......1' '.5:.jl.:.....'_'.J...I.:-' ~ ,._;.;; r'p..::..)6-

30-e = 2p. +3). . :..a.)"r (,-:-, V - (j) .u.)lA..

c.S::'~ ~ ~_,.....; v;_,- ~ K ~ JJ-I.-o.~ .;l";1 (\-0) J.i-..).).s (,$.)_,.b ~

k =.!!.. = 2l-L +3).
e 3

(\r -0)

...hlA.. . .J.:.5..r ..;dU ~ ~I c.S~t (\ Y - (j) J (\ , - (j) • (4, - (j) , (A - (j) ,_:,)'llA.. jI 0.)\A:;..... I ~

rj~ ~t: Jl ~ ,~ ~ ~I l .•J.)~ o.)t.. -.!...~ ~ j (,$I..t. .s ..all$" .)L;.; (....:.JI (j - (j)

15 . simple shear

16 . hydrostatic stress



\ Of\'

A J JI 4 V J E)' ") >-" 4!' J,;';oS" .o.!.ItS' ...,..rL...1 ~ .J~ ~I '~J!)l$"' t_.,; ~ ~ J ..:......1

" -~ JJ~ ...lAl~ .it.!.; ..rL...1 ..s~ ~ J!I) ~~ ")1 ~ ..s~~ , - ~ JJ~.~

Basic Pair
,'A,P. E ... II

A A
IIEt

(1+,,) (I-2v)

p. IL
_&_
2(1 + ,,)

It. A+tp. Er
3(1-2 ..)

E ..
~(3A+2~) e,

A+p.
A

v 2(A + p.)
II

r-e Jl!o

A 211;= 1-2v'

1 k '",~.?..ul_'> \... - ... .)r'~ _~ ,- ....00 ~1.:r.1/,l;.~. 2 ' " E, . , .

:~":'..s' .;1; ';").r" .:,~~I'-'- .b-IJ ~ ~ t.W1 ,,? ..s)~1 ~L.- ~ ..sl/, (",:,,)

~=ff = (';:") Til'

~ , 0"'- 'l~
.$") ..:-I • ..l.:.i • ..ul.!... .....1J,.1}".r .~- 0;1... ~;) ,..:-1 'y'~1,; rS"'; .)L. ..r--. ,e- .1.).) I V'" "2 J' I

,.:....1 V= ~ .)r'~ '-:'"'-~;.>'Jl; .b- Ii! (,,.:. _r:... ..}-!Ijl ~ .~l:.-IJ)-I:-' )\,!j



..,
""'"3
".)

J

"_5!

J

+-I I 8

+-I I 8



«r..oa, = pBr + a .'.1
.\;

:r'-~.?CI~I.J'..j

(l "-0)

.::JI> ._?,_~j J~ ~)J4A '~J;.I" oS"",;~.r-.?:. '~.r J;,\;..j I)..!....~ §""::"'~.r-.::JI> ~

~.r'_"';)'';'';'4~.)_;~~.::JI>~yx, .fl.~)_,!.~ *.~leIJ~~~

.~~ -lo-IJ jI h §" J~ ml;loX) .)!S:. ~ .)~~I.f i.S~.wy)..ti.o.s- .:,r..1J x;""X; ~

x~= x~+u~.

J

aTij = aT;; ax, + iJTjj oX! + aT;; ax;)
ax, aXI aXI ax! ax, aX:1 aXI

= aT;; (I + ~lIl) + aT;; a/(~ + aT;; aUa .
ax, aXI ax~ ax, ax:, aXI

:4.0L.:.. . L 4.0. )Y" .

.~ oJ" ..r'.I .~ r c'U-N ~ J I.)natural state.r:J- .;..lL>. ~(



P = P(I(I- E~·d.

r~1 4 fi' ..::...ts'_,> ..J'. ~\:... ...::., ~ ~L.... .~. ~ » .-.:......1~ ...:J\:... )~ J~ po 'JT )~ -5'

:-':""":'b ~I_,> I) 6..;- 'JI

(If-~)

(I i-O)

~~.:f--. o-l.!. o~b ..;5 j'" ~T -5'~.?~I_,> ..r)..J'. (\ 'f_ 0) ",hL.... )~ Tij J IIi .:).'I>;lj ~

J ,.,ljjl:' ~.)",...;5 j'"..b:... 1.51..t.j:J ~)f I.5J) ~ ..::...1)1'>y J-~ .)15:..1..;5 j'" ./I.~

~C' 0i,- ~~rjI~(..)Ik)f.f"!) ~~r _,k. J:.i )1<'»f ~I_":' ./I,~~"':")~ ~

",:"Iy.- IIi .s-~I 1.51..t.oIS" .)T (o~ J..t.:...!.~ ~ )ld-l: ~1"....rL..;)~ a)f "+ J..w~.}~

~ . ..J.:L..; t...;;1 I) r_,k. (..)j_,.. ~I_":' ..J.:~ ,...l..!.L ..L.



0-0 JI!.o

T - A · +., e _. «III, ;1/11),. - (',,,; -p. -.; - AC"" + P. ax; -t (IX, jI :.»

«. dill' ((I~/I, iI'".)---= ~-() +u. ----+---- -(IX, (IX; ,; (lX;ilX, sx.s«,

I'll' ik
ilX f>,,= ilX'

t ,

:J~

if'lI, ile _ iI"u i
I"'-M, =p"B,+(.Io.+p) ilX,+P. «xs«; " A-O)

~
e = illI, = ~+ all" + au",

<lX, ax, «x, -fiX"

BF) J BP) ~ c.>J~ 01~ J::' 4 .:f.-.. L)tS:. .r.:}U .jI.A:-o J> 1...121 J It,llJ 4S* ~ ./ )

·~4 .J:,J'.r ,? c.>ltil~ tpl J T,-r J _);\;;..

.If .)T

J



'bY

~ );t:.:.."':"""1 "r; .:;I~ T;Pl +Tpl .0...:......1~IJ n i -c ) J n I) - I)) ..:.;~ ~IA.. ':;~y. .)a:>- jI

~ t.SJ~ .:;1-l::-":"':":;'~..;..5?..!S:: ~ U/II+IIP! 'J-I./.~ .U/II+llP .:;IS:.. ~ .:;I~

t.SJ ~ -s: ~__":'..,r ..;. ) ~I .O~ d.) ..J!..... ~ .)::. ~ ...:.....1 J-I J...>I J-I t.SlA,~./.)15' jI ~ ....:......1

I).:;T .:_,If"...r 0)""'" ,~l:-i .:;.).J' )O;,_j~ ~\i.)T ;1.11 ~ ._,IP) 1):1 ~ u)..I.i .)y.J ~

.~J)I ~ ($J~ .jJ~ ~ JI j.> ./. u-:;"" J .»)JT ...:.....::.~ .,;t.S'\ ..l~

~4:l~)'f ~411!.c ~j. - V-o
, • _J., ~ •. . ._i)/

(_- ~.r':" .r.S c_r -

:J..:.~ P pl)J'..j-:"s_"..

(I)

":"'LL...j .o))../'" ,..:S_".. J-I).) .~~I.S'" ~ 1.S'"'.f.:-' Clyljl'~4"...r. u..J.....~ ~t.....;.o
t.Sjly .)_,.......,•..::..S_".. J...tS...r 1?I.jT ~ -:.Jl> Jy f ~ § ...:..1::.L I.) 0::.L... '\ &t......

19· priciple of superpostion

20 • plane irrotatioal wave

21 - harmonic



~ U'.$"'~ ~bl '.JT~ oS'..;.....,I-? .r" J ~y:,...r -ti-L..:. T T jl,; .:» f'.JIp- ~ CL \j..I..r.~

C_Y )\.!:jl ~ tS)i.,. ."'::"I);"'::"lS"'.r-oS'~.)T jI . ..::......I"::"s.r-JL... J~ e, ..:...p..)~ l t:_y J.,,1

,..;.....,1.).,,1 t:» ~ , J-11.iJ ,..l.!.~1S"

'~~lS")j.$"')..r..))yl)(..::......I~~ ~ ~ )~§-..:..S.r-~ ..s")Cy.;r.IJL...

:jI.,l;1 ...::..)~ (' ) o\hL.. .)~ ~..l.!. .~b II; ~ _);L:.:.. ..?..?tSt.w y

En = E (2;) cos 2; (Xl -eLI),

EZ2 = E:J3 = En = E13 = Eza =O.

Til = (A+21L) En.

122 = AElI•

133 = AEIl•

T'2 = T'3 = T23 = O.

r1~11, __ iiTu
(I" iifF - ilX

J

22 - phase velocity

23 - disturbance



: ~ T..r ..::-~ ~ cJ ..ili..:..s..r' 'J.'.I.~

C'I. = ~A~)~~J.L. (\'\_~)

.I..~ ~~I ~_,h; ~)J" Cy..::.5? ~(\ '\ - ()) ·.blA.. .h...f ~~~I) C1 ~ -s:>~..r o~.) 'J..I.I.~

..r>..f: )_,...;t I.SlAWy • ..:S?..;.' 1..>1.1.o\S"'~ ~T ..i'."::-'

~L.,i '); ~ ..?) '~~u" ...:.>W ~ '~..r->? .r.'- cy ,:If.'' "" 1.iJ •..::-1 ~ o)_,...-.

1.iJ • [e=E,,=f,(2:t/l)m~(2;T/I)(X,-CJt) t.L.;1j ..L~..r ..rdU &w).,1 ~j} oJT ~ •.;.5..r

~~I)~ CL jlJ..:..s..r"~»y~eYI-SI_r.o\S"'>~..r0~.)(\'-(»)..J.)lA..jl

ey ~ ,ll-'N /' ~ jI j...>b.) ";~I ti r ...;.I.I.~'I. cy J» ~"';)..:.....I o~t... vP'_p.

~,l ~) Jol.!.;..;1 jS:.:. ~ J)~ (~ I-S~ y J_,J:. ~ J I-S~ ~ ~ ..r>..f: _yj

",blA.. ..il)~~J1f...s- J,lL., ~.~» '>~.s' _r.;.;.....itt ~.r' .1.
'
.1. ~.r' ~ ,(~..s'" ~

L.;;lf tl;r 1..>1_r.1)jj •.blA.. (..:.....I.\=X,±CrJ .jT )' o\S"')1I,=R.I'} -s ''':'..r .~, J,'- ~
CL ~.r' ~) ~ ~ .)J~ LJ..? ~.rU [(.I') ":").J"A "" .)I_,:;.~ _;~~I, J..'.I.~ ..J5...s"

Jol.!.;..;I"';_,f r ~-e'yl ~)...b.4.J_L. 1..»2 ej ...itt ..::...&...r' L~~ ..:..)~ ~ .,J;~...s" _r.:::...

25 • irrolalional walle

26 • dilatational walle



'\-0 Jw

lIZ - II, = 0

,.
•

",(0,1) = bsin",t :("!.;I' ,.;"IS:. ~ ..sJ_,..l.r L;;I..s'.I. (...;..II)

•. (~) Q (2."r,) b.-aim I t+e e» I 1= SID",'.

fJ =0, a =- b, 1= 2"r,
(II

'" = -bsin!! (X,-r,t) .. r,.

27 - forcinG frequency



T" = (2~+~)i.:f.. Tal = T~I ""0.

-dsin(&lt= (2~+~)27[acos2; CI.t+ Ihin2; CI.t].

- d (') 21f('a = O. IJ = 2~ + ~ 21f . (oJ =T

~~~~}Q("':-')

:..I:A )i; )~I) .1..) ..:..5?

U, = 0, u~= £ sin 2r (X, - ('1'1). 11;1 = O. (II)

v .» ~)~.~ c__,.b.. C'" L ~l: _;.I )I.~ &l..A (Y ..::~~)I ~ ~ J.,I

2B - amplitude

29 - transverse wave



\bV

1 (211') 211'El~ = 2 f -,- COS-,- (Xl - ('7,t) ,
J

:)1 .A,;I ..:...)~ .,_;.;; ...>~W _,..J

T« = T~2 = T3,. = Tl3 = T~a= 0

J

:~ T...s"..::.......~ ~ CT ..it; ~ ..r'~ ...>J,;}jI )a;'_:' ~ J'..::.5? o1.J.,t,...)~ T'j J II; .j.)b)} ~

('r = fi:.. (tr -0)VP"u
.:.r.."~":'...s" -.:>U 1" ... ~ r" Cy" .,)'¥' ~•..::.......1~ ~)~ f t:L.;1 •..::.5? J-I)~.ol..:- .j T _;J

~).) olyJ.)~ ~ .}bl.l" ~,~ ~ Cl,..'jI.)J~ ~ ~ C".. ").)y, C';..r ~~)

. ..:.-1 (.} ".:.;... ~t;

('I. = ~)"+2fL.
('r ,...

~ = V2 (1- 1/) =: ~(] +_1_) .
('r I- 2v I- 2v

30 . equivolummal wave

31 . shear walle



\bA

V-OJt:o

U, =11;1=0

.~

:~.)1~ .1I~(O,I)=(bsin(J)') jl .~l..i:..l ~ (...;.JI)

J

Ut =-bsin~ (X,-Crt).
("r

(1=0, fJ= -dcr, (= 21'("r
$LW W '

J

U~=U,=O.

32 - wave guide



dill U = au, + au. +~ = 0 + 0 + 0 = o.ax, ax, iJX~ .:;~(...::J'):.r

k E 2fTII and Cd .. IIc' = 2fTc/l

II, = Q cO'SpX, cos (IIX,-Cd/).

(I/,=IIZ=() : oS" ;.;S ~ i) .J;,";'o,S"

T'I c TI, = IJ. ~ = ajd[-cospXlsin (lX,-fII/».

Tu = Tit = IJ. :;: = aJolP(- sinpX t cos (kX,-...,)),

(.J;,"';..r \"";.)1),,> ~),,> JJ'.,b1,... p).::.5~ r,J- .hL....)).,;.:.; ;Sl..~y ':;)1) ;'} ~

lit =I!!lwl_pt .. (.!!)'_pt,
,.,. (""

[(/)" ]"1c= C1' ~ + J ,

..K ,(J)=2Tlc/1 • k=a/l .:Jr,

t = ±Te. = ± (T'le, + Tile. + T"e,) = ± Tate~= O.

T:It 1x'k~~=:;: lJ,Pa sinph cos (kX, - Cdl) = 0 " I l;,'.J!,J! '

sinph =0.

" .. 0.1.2 •....

[( ''')" ]111c= C1' Zh + I .

33 wave number

34 - mode



\'\.

~~rc."..~.;...s.rjl?J:.r...s"lJ~J'~C .;...s.r~'~r-'c."....s"":-101 ~'~,:,,,!I

P=O . C=Cr:..;:..; J<"S" )lk.:.;1 .s : /.>L...> ..s"J..;5 ~ j .(.A.,;~<"S" CT

r-0 J.<.:.

35 - longitudinal wave

36 - transverse wave

37 - argument

38 - plane of polarization



1'\0..:..1.) ~..rP.r (...t' ~ (...;JI)lSi.l.~').j\..!,; - ..!...~y)lJ, ~ <:I..t'l jl- Xi ";"~"":'->.1.

0..:..1.) 4..rP.r C..t' ~ (,-:,,).e"l ~).) D_r.;:.... J X1X2 ~).) ~J...!. ~ .l, C..t' J_,J.. J '£1

o..:..b~ .) _,1. (...t' ~ ('-;') .e~2 ~ ).) o.r:.. J XIX2 ~).) ~J...!. ~.L! C..t' J_,J.. J '£2

eH,= sin tr,e, -cos a,e.. X' e., = X, sin a, -X, cos a,. (..;.]1'
e" = :t tcos a,e, + sin o,e" •.

u.=cosa,} . 2" .. 't $ln-, (X. Sin «,-X.coso.-crI-"l,).
II, = sm It.. •
II. "" O.

e..... sin «.e, +cos Itafl. X • e.. = X. sin a, +X. co~ CI••

e., = :t (cos a.e. - sin a.e.).

II, = cos a,} . 2" (. X ). f,sm-l X,slna,+ .cola.-£'r1-.".,
II, =-Slno,. ,
11.=0.

39 - amplitude



\'lY

t., = sin a.t. + cosa,e.. X' e.. = XI sin a, + XI COSQ'3'

I) X2:2: • ...r=.~(.5L.:>.i~.o":"""1 ~)'I ~~. ~I) j_r X2=O ~.O _ 0 ~)~

.~y:.l$' ~ jJ'.k....", ..r:1; ~ (Y ~ .(,J-~ -s:~..xl ~ ~)) ·.J.:5'if J\A..!.I

Reflected
longitudinal

Incident
Transverse

Reflected
Transverse

~ )~ I) a] ~I; "-!,J!j ~ ._;"I; ~ J) 0';"";' ~ '/1 CY J",1 ~ ~I; ..rP f C"" ~

j-<> .ll. ~)~,~)I )'J. ,-.:_..I ~ljT j_r ~': X~=() ~..P." .(~ I) 0-0 ~).J.J_~

,..J,;_,..!..s" ;I>"" ~\; C-" (.5J) -.? J oS' .J.:5'CS" ~~II) <f"t5:....;Ic:::_lyll.,))_,1 j_r \..x'J.~ .-.:_..I

J..rP f'_;;"_ ,(~ I) 0 - 0 ~) r-?~ I) ..r~1 C,.. J~ '..r:G ~ f Cy (.5J)./1

Cy J. oJ':# J_,1 Cy .j~.?~ <..:...k. .~.?..ul_p. JLj ~\; ~)~ JJ/, ,J_,1 ~~

- .)S' -:.Jb.- J> - ? JJ-'-: j_r .1_;:,,4-'T jI ~. ~ c:- L • oS' -.:_..I J-I.';"";' ~ ~ f

:(,;"..;..J.~I_p..~I~JL; J._) (l";"::-'I)J.o '-'J_,1~) ~y:. L,:.;I..J,;ly~

:~» " 0 - 0 JI,;,.. r:,.l:; )1 .,;"..;.~Cy 0\..... L- .jtS:.. ~ i.S~W y .._:,~ IIi ..J..::S' ../ )

U I = {cos a I}' {COS at}. {Sin a 3} .. E:lsm<!>.+ . E'tsmrPt+ E'Jsm <1>3'
Ut= Sinai -sma2 COSQ3
U:1= 0,

(1)



"'I = ~~(XI sina.-Xtcosal -Crt-1}I)'

"'t = ~: (XI sin a2 +X2 cos a2 - Crt-1}2)'

"'3 = ~: (XI sina3+X2 COS£t3-C,.t-1}3)'

(n

,,-:~r.r~ 1=1) .b_r. . ...::......III=.t:~ .o.(X~=())~ljT j.rL.~"';JJ

Te2 = O•

..b _,..;.o~_,.!....r ~~J ../JL... ,,-:.~ XJ ~ .0;....)" III Jllzjll,=() .oJ-' _"..!5"' r .:,_,;t; jI nl..i..:..,..1 ~

:jI ..lil"::'" J~ .j~ ..dJ I.S~W Y ":-"'"..r. '.r~ ~.b? p .~r.r L,.;) )~'J__,> )> ~ T32=O

(Jill + iJu2 = 0
ilX2 iJX,

(A. + 2/L) ilut + A. all, = O.
ilX2 ax.

:~ T.s" ..:....~ ('I' wJI) J (\ uJl) c:~~~ jl 'rj'J u.r.f J._.-;1~J rt.:..;1~

(I ":-')
E. ( .. , t) A.. + Et (cos" . 2) A..-, Sin-a, - cos ct. COS '1" -, cos-o, - Sin at COS '1'2. .,

+ E/~(sin 2a;l) cos cP;1 = 0,
:I

COS 1/>. = cos "'2 = COS1/>:1

1'1 =fj>3±2p;rc=¢3±2qn ,X!=O )J • ...:.."!.I..r.l: . ..lir .._:,~(T ,,:,,) J (\ ,-:,,)..::...~ J~ jI.o u.)_,1 ~

:~ .~L ..... ~ JI~' q J p •.)T)J.o
27T. ) 211' (X . ')T. (XISlnctl-Cl.f-1}, =-, ,Smat-Cl.f-1}2 (y)

I 2



21T (X . ')= -I ' Sin O'a-C,.t-7)3 •
3

7)~ = 7): =+ pl2 and "1; = 7):,=+ ql3 .s-
: j'1.s-.)r L...;) .J;ly._r .jt...j I J X, )..lG.. _,. \oS1./. (..,) ·"hl.....

(\ ..:;,)

(f ..:;,)

J

nt, = 'I'
(~I 1",\-(3)

(~f,\-I)

(y fi-(l)

(..:;,1"'\-0)

(~n-O)

n sin 0';) = sin a,.

~h _r.1.; J..rt>:...;1 "':.JI; J...:...-I _r.:!; ~ f ;:_y J_,1 ,jL...o. ...;1).) , • ..t..:, ~..J> .r Cy ~

~p...y ..r..~ ~ ~IJ ..s' ...::.......1..;., JLC.:.. _r'~1 "'!_,Ij _r.; J Cy J.,k ...;1).) J _,1. Cy ~l;

.....;.~._r f , "~ ~.rD"

41 - refraction index



\'6

n sin 4al

_ cos22al - n2 sin 2al sin 2a3
Et - cos22al + n2 sin 2a, sin 2aJ EI'

.jL.:.;»1> .:l"';'._r J> fr ..;.1; ~ )~ H ~~ ~ ~.r c)'" ..rtS:....;1 oIL.. .~; ..x~

...lS~ :l~1 J_,1...J_,.. ~ .~_,.; ~ •.;..1; ~.r. ~~ .~I; ~.r cy fl ~ r-:jl...._r

CJ" ~ ,J_,_.. o~ ~ J _,1 cy J'. ~j~ .~_,.; ~ .~I; J _,1 Cy ~ fl ~

.:l..f ..u,1_"';" ~~I _r.; .;..1; ~ )~ .o~ ~ ..r".r

...u.ly...; ~y:- s ~~ ~ J _,1 Cy ~ .~~y. a,> / ~tf'oJ 1.~~ {.(t >11 fl 'r-:)b ..,.tS:....;1

o...l.il_"';".}I~ ~Jlj,ai=sin-ln ~Jlj.~ oUl_,> ~~I...;;o~ ~L Clyl'A J •...:.....zl~

.~ Oy:-j ..xl.~..r:-~ __.h; J~ I) XI=' s Xt=() ,,;:.,~ 0\.: ~J~ J -.:...:4"u' j)) ~

~)I~ ;I~ ~ (j~~ J:,~;I)) •..:....:c-)~~~.i..f:.; jI.;.5".r- ~ ~"::"""'I.:,5.....

,..l:..!.L (~;I.jJ~ ~ J:,~)).) 'Jljl) o~~.i

r-?..r j~ T ..xl'_;' } L .(f \:.5\, ..cy~) "::"""'1.}I..;;I,)_y>:- J .jtS:...I.:r-;-' '.if'),).;..I)~

42 . polarized

43 . incidence

44- optical snell's law

45 . refraction

46 - standing wave



'"

u, = (A CosAX.+B sin AX.) (Ccosc,.At+Dsinc"At) •

• ...:....-1 ~ . .f ~ <.51_p,~ J _,.b .r1A;;I j} J f \ 3") t.S1A..J _,J ~ §T Jot...;;1

~.)JT "':""-0 ~ J_j j~ ~ J.l:-> ..r'> ) ~ Jly..r I) ~~ JoL.;) -lo

u~= li2(X1, t). Ii. = U3 = O.

:..LL.; L..;;I I.) ..I..j .J)\.... ~~.j~ ~ jl..l::-' • ..:JI> J.I).)

a COS wI = "I(0. t) = AC cos ('LAf +AD sin C,.At.

47· mode

48 - thickness stretch

49 - organ pipes

50 - slender rods

51 - thickness shear



\W

(
(1)1 . fill)0- ",((,/)= acos-+BCsJn- COS wi.
CL CI.

BC =-aco,!!!i
cI.

sin!!X,
[

w ("]u,(X,,1) = a cos-X,-___!;_j,__ cos wi.
. (",. lan~1

CL

nm;w=--r' 11- 1;2,3 ....

\r -e Jw.

u.= (AcosAX,+BsinAX,) (Ccosc,M+Dsinc,M).

Til] = IA- ~XUtJ = f3 cos wI
x.-o V J "'.-0

~ cos wi = ABC cos CrAI+ A BD sin CrA',
I'

;..= ~. D =0, andBC = l!£.r..
('T wI'

(
wi {JeT. wi)"t(/,') = 0= AC cos-+-sm- cos wi.

CT fIIJ.!. CT

. ·'1 \;,'.J!~ ,



Ur(X,.I)..: I!£r(sin~ X,-tan"" cos!!. Xl) COSwI.
wp.~., ~f' ~f'

(~I
I,an-:;::; 'X

c,.

J

117r(··,.

w='2/' 11= 1._1.~ •...

;1"";> r-)l 'l.,> IS!~I oy>:"J'_;' r-)l - alyJl &•.&-- ~- LSI~I~I ~~I ~ ~

~ '.r:-LSJ..r! J...:..-I ~;I ~_,ff jlLS)~'~.r.i6:- c:b- ...::......I.o.f)} a LSl~
x.

'\-oj.C

,,)T .r.i6:- ~ j} J ~ J_,1 jI J.i.:.-- ,...kA; /' )l'_;':'; ..:..J\.:.. ~ lJ;...s" ;11.:.;1,~ J ~ )_,1 ~

c:b- i.SJ) 1.u.; .;_,;j.f )i;)l ~...::......1 JLS::. ,~;.>6:- ./"p .._r;..:J\.:.. '~l -:..)~ ~ "...t..:.~

:)...\.il ..:..)~ ? LS~...oJ_,. ~ -::..;.f ~ JI_,;-...,.. 'i.S)J"

...:..-I.;_,L J>- ~ ,~ J..I ~ III ~I.,> 0~ ,Jt..

.J y:....,.. I_.;,;I ali;1aJ<;·=O JlL.i ..:..~ It.... ...,..1..; (I)

:..r.i6:- c:b- LSJ) .>~..r L..; ;I -.s! ~ loy>:"J LS;) 'LSj J" 1. _;. .s- ...:..-1C:"'" J (Il)

n = Oel + n2tt +n;lt3

J.....~~J J)I)ll.r. ,JJ~,jT-J~ oS' ..:-ll,plji ';W;I ~1.S~lS"j~)OL..., (I) .t!~w.:t.':..f':'; *
:~~",. ~Il .;.,T

.J..ol~ t) buckling J-\..S oS' l~.s';'} ,()<O ..;.J~)l *



J

.~~._r' L.D;I j} ~ ;1 j,.r- '.J-I.I.~

;__,.b ~ 'lS;lfj'- ~I.r- ...c.:.~._r' ~~ j} J-i.? lSlt,.....J_,. •._r; i"SLt,w_,. ';')J~ ~~ ~ ~ (Ill)

J a
E33=-£ [T3:1-,,(T~~+TII)] =-"E-'

y r

E,t = E'3 = E~3 = 0,

:..1..!L._r' (r 0 - ~ )

UI=(;JXIt U2=-(Z.)X~. U3=-(~)X3' (n-O)

P=uA

£Tl-[i in
55 - centroid of the area

.Zp=Zc :'-!L!,..;;- '-! J YP=(fyaclA)lp= <!ydA)1A =Yc .It.ji ,..i,.!~ P )1 J.u;. J.;L:.; (Yl"zp) .11*



\Yo

:jI...;;__,I";:")~ _;.s'1-l>..r-J'.? J )y:,.r,»)J ~ ~..::....~ ISJ) oS'

(TJnoax = ~ . (1"0-0).
.)y:,o,f' ~)J 'J)L..o,f' fO ~Jlj ~ c1-" ...p~ ~ \:oS' ,_;I....A...,., 0»))

(T'Y -I) 4.bt......J ('1"\ - 0) .,J~l.u jI.~~ 61 JT J_,1 ~I)I J I ~ ~JI J_,1oS' ~ ..,...)

PI
.l/=AE,· (1"'\- 0)

:Jy:,.r ~Jb..t.j ..:..)W:. ~ 61 J_,1.Aljl,~~ ~f ~)J Ja> J.,k d ..fl'~
IlPd

!l.d = - AE
r

. (rV-O)

'~~..r.J-!S' ~ ~ 6.,_ ..s1J'. ,)lk:.;1 J)y ~~ ~ ......~I ~..L.:.A..lj\..!..i .~..::....":#

~TJ'. ~ J 'r_,.k.~ ~I ~;I t)j ~IJ ~ ,:;y:,.r ~~ I.SI~..?J c!IJ)J

",6- ..!..': ,):>:1';:' ~ ~ oS' ..;:_..IJ-I .:;r.r eJa.. ~ )_,1 ~ oS'JI.f- ...;:_..Ir_,k. J.r!

.}.li .rJ1) -FL..<.SIJ'. (~J)JTo,f''';:_''J ~ ~~L..? ,_)IJ'. .j_,51 ~.s' ~.jT _.r.:h;) ~'.J'

::;_,.!05' J~ ./..j ":"))'J' ~ I) v .j~ J ..:...;_.J-I .k.... j J'.f- \.1.1 ,-:-,'.r.- . ..;:_..I JL.s.'

'J'y ..:r..~~ eL.jw ..sJ) "':"JL,;.;...,_)L.o.-,~L,~...!-~ & jI ~ J'. OJ» <.SL.o.J.;r.:i..ft

).P U,)_r.:i Jl.&1 "-::>\.; jl ~15"')-li ~ oS'~ jI..s..~ G.d ~ t)j J:; ..;:..1;' olf JT

.J~ )J~ ~ TJ'. J J~ ~ TJ'. .;1), ,c:jj J) .s' ,} J, _r. ~ ".Y. ~t.p- .J~ lol)' (~~

.~\:

57 - Saint· Venant principle _



\V\

~ ~..w. i.Slf:...-i <..)1.1.Jil-l> I) d....J-!S' jI j..:>1> e--~~.I •.j~J...::...:....J.pl jI o)1A;....1~

.~)~ ~ ~ .r jl .!.f;;1J~ jI rl£ _,.i.SJ) J.r.! oWl.l. ->S" ,} .1_r. ~ 'r.I~..s" ~ _}'i ~

n·-oJ~
.~~I j~)~ P <.5)>",-, ..sJ';' h-j (2.54cm)lin t_LA..: j (O.(J/m)2ft J,lo ~ ,.s~'J'; ~ 6.,_

.~~ ,...:~ p=J()()()() 'b( 44·48 KN) /11)..r /: J _;>;-J- ?I~ ._;~ '}~.r

Ey = 30 X 10' psi (2()1 GPa), V = 0.3

I' 10.000 .
(T.)m •• = A = -rr- = 3180 pSI. (21.93 MPa).

3180 .(T.)m•• = -2- = 1590 pSI. (10.96 MPa).

Al -= __!j__ = (I0.0(0) (2 x 12) = 2 54 X 10-" (64 5 )
.. AEy rr(30 x 10') . m.. j.tm.

- lid = "I' d = (0.3) (IO.OOO) (2) = 0 636 10-·" (1 61 )£A .(30x 10") (7t) . x In.. j.tm.

P=P,-P,. (...:.!I)

I' -p
1', = I + (EllEy')' p. = 1+ (Er'/£ ..') .



Wy

3P -P
P.=-..-, P'=""4

IF:
Pl--1L.. ...:.I1;.-: __ P -.Jt-- r,

I'.....---------; I

v-o~

)'..>..o~I~'~~-"_!'

4$'\~~)i;)~ ') (l J). J (/ tL.,.;, ,,-:))_'-I..> ~ F L 1..S1~1.f_"1~ ~ ~ ~

;"..... .(~ 1;"-0 ~) ~r.s'" o~ !f:;1-,~ ;h ..:.Jb.... ~)J _, M, .)~ 1..S~L......b....._,;

Xt
I
1M,

)I,



\V'I"

c..S1~~..:..5.r- .)a; ,..:..5? Ct..1.~~ Xl )Y'"-' JJ""' ~ r'_;';'.r. ~ - .s.4=iI..s~t....

"_:'..o. •...1> .r....r'"'~~ ~...:;..Jl.i;:... ~ ..s1~Jlj ~ ,.._(_, ./' 'oJ T )~ ~ ..,,:......1~~ o~ c..St.~ jl

J> ~ ~ ~ ''"'~ ~ ._,.;,)-:.~I ')J~ &~.~...!....~ ._s1J. ~"':"""I,:,i .r._L...;,~ 11-1

:r.s-..s" ~\:.... J!j"':")J- ~ I) _);l:;;... JIS:.. .r-:}U .JI..l.::-' .~~I~0~ () LI) ...!....~ §"._;.;..r. ~Jlj

u = (Be.) x R = (Bel) X (Xle. +X2~+X:Je3) = 6(X~e~-X;Je2)

de
T,~= T« = - P.X3 dX ••

(~Ir.-~)

- JLX3 (:;~2)= O.

+p.X2 (:;~2)= o.

de 8'dX. E = constant.



\Vf

• _.of(' .......t-. 1 •. -. l..l..o.l, l:.L;:.. - L .r-. )oJ""''') - . .J'" ..r--

'r-)~ I; n;(l/(/)(r~~!+.\·l"'~):._".s. ~ )b.l..!...~ \.. (~I) '-0 ~) ~~ ~ ISJ)

:~ ...:........1..t.1.I. ~~ c:I- ISJ)..,..J- )1 '.J.I.I.~

1[ 0[tJ = [TJ [nJ = a T21

T31

:r-:).) ('F. - 0)..;.. )I~t.... jl...2~~ ~

t =.J!:. (-X2X3(J' +X2X38') e] = O.a

. ...l.!.~..s";1 .:u-'!.,r.-il.:- e:k-- .~..s" u:'.~1 .s1_e.;L... Ly ~ ~.s-..:I-I L ._;il.,;).) '..:r-I.I.~

n

\-Op

:~ -.:,_.1.f.1.f.~;I" ~).) I) x=el ~ )b.f. L.. xl;l ~J ISJ)

t = Tel = T21e2 + Ta,e;J'

R, = f r.uu =0,

R~ = f T2ldA = -/.I'(l' J X:.tdA = O.

s, = J T~ldA = 1J.8' f X~dA = 0,



M1=M;J=O.

1/I=lla4/2 .if. a tt..,;, ~ I.SID.,ib lSI_;. J..:..-I ~ ~ ~L.. ~..r' .f!1.;L.../1 •• .:"T .):> ~

x,

T"

•.:..~I./.~.~_';I.S" .pO'11" o~ ~jl_,.. )JI:..!!' ~ ~ ~ ~~ ..1_,14.1'-'1=0 ~ J I.SJ.J'J..d ~ T_;.
~

·1.)J._) J_,1..b-IJ./. ~ J..:..-I MI==MI ~ .)JI:..!!'~ .0)",:,) jI rl.u ......I.SJ.) J..d ~ T.,i

:..l5.....~~I

6' = M,
/LIp·

~ jll) ~ _;.JJ...t.. ~I_,; IS" ~ ..:..-1.:" T p~,~ o~l> .;~ \ - ~ ~ )~ ~.; ~.:"t- .,j!.iJ

.~)JT ..::......~~ D~t.. ~ ~l..jT

. ._.~
:L ..::......1 _;.I.I. M, ~ )J~ ~ _;.._;.;;J_,...;I;

0
M,X, M,X2--- +--

I" I"
[T] =

M,X3
0 0 (ff-6)-4

+MIX2 0 0
II'

r.,t.... - .?......r=.p.; ./1- U)..IJ ~ .o~hI.SlkJ..,r:i ~ t:;y .~IS" I.SI~..?J ~IJ)~

_;.I_;.M, )Jd-..!S""j\i ~ ~ lS~I)~ 15).) - '~hI.SlA>J..d~ T_;...jjJ t r.s-.r"'_';' j ...:..-I



,o-~ J~

:~~I-.- ~ ..,bl,....yL- ~rjl..s"'\;';")~~I;_;""I...s~~(...;,JI):';"

>..3_). (%tr(Xl+X31) = O.

:jI..liI';")~ .loA; r)~._,.lI1 /-~u.. '0!IJ!~

>..=0 J >"=±~V(Xl+X31)=±MI'"" ,.

:~..:...,..IA~.;,';I.lO. J J~iJ" ~I, ,r=a ,j_,. ...sJ) ,?I..b- ...s~,- J..r.l.'_;'::' as»

(T.)....x~(T.)_x=~:. 0"\"-0)

:~ oUl_":' '/"J )I.lO. ~.bl.... (XI,O.a) ";j_,..J.La;)~ ).=M/I/I" ";""1 )I.lO. ..sIr. (~)

Mia M,a
--I-n'--I-n.= O.~ ,.

59 - helix



\VV

'"-0 JI!.o

(..;II)

M,

(y)

.H, = (__IL_) '\1,. ,\I, =, ( _.!.!._-) M,.
I, -+- /., I, + I,



\VA

:;';I.l-j .;..,),..., ., ~ oS' ~~.s' )~

T,e~' T" = ~1Af:"," = ~I-'l:", = --lAX" (j~;'

- 7' -., E -., f- .- x-f!!!...T", -_. ,,- -I' '" - -IA -II - IA ',)X,'

J

iJ"IJ iJ't}
lAX, :--X .. = I''''V,~_d r" dl ~

,I'll i,'/I
~' :! ---- = --

'ilX,' il/!-

11(0. fl = 0,

rlt}
:--X to, I) = 0,
rl ,

M,



:~':'o,S' .~b J'_j ':")r" ~ ("1'_ll) ')~L...';:; .)J-a; .;1/ 'r-)I oS' .;)jI "!

M,X.
t=Te)- TI~'=Te"

~ ",1..1.:-'v-I.r.~ ..:...!b J.\I_";' ~J>:"J _ •• I,,,,~~ ~~ ~ is)) _ t:1 ~)~.rk- <.Sl.>;I,~l.:....)}o ~

;,.)...o.r.t- .vIp' ~ .....~

;1 jJ~.s."~ & !.f)~ J.., _;. ('":" A_ 00) d......JtS:... r..;N .JI~ '.)JJ..o..rJ- &lA.. (,$1.;.

c...,b-'I.S)..r' J.., _;. J.,'I.SL.<.;l i5'..r. .s-~I; ~I_";- jL..:.; .(~ I) , A _ 0 Jt..) ~.?,u,1_";"; L.<.;I I.)

,,,,,I,. ..l;..tl_";"; .}~ da- 'c:bl.i..
J ,~~ r: 0 ..!..":- ~ ~JI) •)",,1 ~ •(..1;. ~ .r .j T .)~ .s-~ _.;.) I.)~tS:... r..;N .)1..1:0-

~ .J~o..S" ~~ U,::;¢(X!, X~) ~ ,~IJ J.I.J)~ J~J:r.; 1.S)y- ~.)l ~lS:....r:::!o'
. _ 1 . LS:..; <1.0 ~I • ~ ". 1..1..0• .__... ..1;..) I.J • _ ,..., ~..., _

60· warp



v,·

~L ¢ t[; )..r <.5); .s- <..S;_,1 ~ • t={) ,_,:.-.:,~L ~ )I.j)...u '..s:'~ ~.s- rUb)~ l..

:-ISL.; ~ I) .I.) .k_r.

(.)1.1."(f V - 0) .J~i..M' ..tSof L.;;I I) J)t...; .J~\.... ·1) .;..I.s-..::...,..I~I_' 'r?of J>) ~~ 1);1

:r-?..r j\i.T - f) .J)\.... 6:...S' ~ - t5~).r ~_tU L .t5)/,.k _r. ,f')J_

X ~ X z
I(X~. X::) = a~ + b:~ = I.

:~Y..r dJ 0)>-",";'...u .~~ ~ )~..r.

(~) h~X + ('_tld> \ ~ v = uX X (h~- ~)-x ~. v 1 {( .v, <I ~:I (f.
,(I ~. it"':1

61 • boundary . value problem



...hlA.. .)~ )-lA.. ~'pb )) L . ..1.." _'::'oS' LP) (f 1\ - 0) J (f V - 0) ",hlA.. J~ ~ ,...:.-.1 ..:...,~ A oJ_,.-::-

:..v.T..s" "':'-'J ~ .u,.J'..r' I.S~ • (f"'\ - 0)

R, = R~ = Ra = Mt = M:j = 0,

MI =J (XtT;1I - X:IT11) dA = (1~tf.~2[a2 J XldA + b2 J XldA r
-~{ ~/ +b1/ ]
- a2 + b2 a t2 J:l .

8,=(a2+b2)M
rra3b3jL t-

a..L:.S 4.i/,.. )Jt:.:.f ~ ~ ~ (X,::::(}) .r~J .$..~I-J I.SJ.) ~J~ ~T./. .~L.. ..>;_,1 ~

[T] = -2M,X3

rrab:'
2M,Xt

rru:1b

o o

o -2M,X:, 2M,X 2

n ab" 7Tu3b

o o



\AY

" (2M,)' [X,., X"']A' '-A_ - -=-+-'- =0.1fah (,' h'

A_=O J

. _ 2M, ~X.' x"z
(T.) ....,= (T.)mH'--b -, +-b"nu II

~ :~)~ (X~=(). X.1=IJ) 3)).)_"...... (.5lf:i' )~ J

(T,)_, = (!~)G),
...ci'~ J\..i;' 4 §)_,-.. ..;~')~ '?;j? J"':""'" ~ ..,:s-'...l> I.S~ ~ '~'_T.L

~ ~_,....... )'.~ .).,1} - I.S;_'-" ~ ~ ;~- .))t:.:J'~ J.d -..:,,1 (.5J; ~ ...:......1(.5,,,,,=,,,__d

.r.-lf:i' )JI:...!'t.1A; ~ - __d 6..,_)1 ~ ~ - ..d..!..<"_ ..S"~~ .~,:.~ ~;.)..;-> .)~I ~

..J:.. 6..,_ ..S"~.;!~P ).l '.)..rJ1>. \.. ·~4oS' __,...Jl,;.. ~ •• L-._r.....> » ~.)':'oS' d._).;! ~ ;I}

·.J..,!.4 ~b- J-o> ~ ,«.S;~I ~ c:L ~«.SI.,;I_,:...I

~.)':'~'-:-'t:;..;:;, LS;_,b XI ;_"........a.)~.Jl!; I)':">'~ ~~~«.SI""=,, \ T' -~ ~

.~~ ~ ...:......1;) ~ 0Y:-J 4)"l;;;.. Xl=1 J X,=O J .l.)~ c_JaA.. ~ .flr)1

r-?~ I) ~ ~ ..:..JI> 6..,_ ~4'~ It:1LS1..r..~ ~ ~I J.> ~ ..?~(.51_T.

',r.-) (.5).) .)J~ (.5.)jJ- ~ LS~JI c;jy s 'J' .)J~ ~~ ~ 6..,_ 4 ~4 _);L:.. ~



1\11oWy.u ~ ~ j') ~~ M/.=-MII J MI/;:M=I:~+Al,e., ...r-> .s\p,.))d J.)L.... .u'..r-.4.::i1

(.,)1.1. .~~I_..? ~ j".Y...r?...:.J1> jI,:P..f ..!....<:.SL .(-.::...,_.I ~ •.)Jd .ulr.- •..L..!.~.s"~

cp-x. (,-----I_----,I 'f. x,
'. I

1 ve.; = Ey TIl. EZ2 = E33 =- Ey Til.

E12 = E13 = E23 = O.

&))I').;1) ~ .,)~ 1S"').1'.~.? ($;lfjt....~~ I~).?jl&.Tr...P..:.J1> '))Y')')'/ j ~ ~&).r.

:~ TIS" ...:-.) ~ (,. '\ -,. ~bl.u) ($;lfjl_.. ..:...":J,)t.... ),) ~.?

i}2TIl = 0
i}Xl •

~~ J!j ~ ~~ ~l; ~ Til 4S" ,)_,:.~ La_,! ~lAj ($lf:; 'IY-' J

Ttl = a+,6X2+')IX3 •

.~ 1S"').1'. I; ~j~ ($Lt.) 1~ -l::-",) .j~1 ~~)b )~I.)) I) r...P .:f.- C!:ji ~ 6 J~

~ ,X1=1 1.S!4-:i1 ~ J ~J.) ...L..!.~IS" }I.JJ~ ~~ ~ 45'.::......1 C:"""J LA)I_..P..:..)I> _r.li;

*.a,).s"J.;} ~ T.1'. .~) ~ 4S" t = Tel = Tuelt !""!.)b~)I



M1=O.

M1 = J X:1TlldA = ex J XadA + /3 J X2XadA +y J X/dA

= /31:!:!+ "'1122,

Ma=- J X2TlldA =-0' J XzdA-/3 J XldA-"'I J X2X~dA

=- /3/:1:1 - "'111:1>

(.SJ;.~ &-- ~ ~L......r.,21 '-:"_,.AL.t:.. J I+!-. 123.133 .122 .~ ~ ~L....A .s
,.I..!.~<.S"•.I..!.t~b J,,; ;~ .s~ .)T ...AJ~ ~ P J .1.1.1.'J_,.j ~ T.I. ,Xl =0 ~ J

- .:"T }I J ~;jf <.S"~ ~ ~ .?_.1' jl R:;;;:R1el J_,.j ~ T.I..Jj..:.. ";JollN)ol.s ~ ~ y

.1a..Y ,4.l:o .J'16 ~ ~ y 'r'--"<.S"CC""O.xl.l.~ '.)1+ i".1. J-»I ~ Jly<.S" I) - d ....J-!5'
)Jt$ ~ ,J.~~ I;.)T Jlj..r •.I..!.l:-iJ:1.:.. ~JZ f .r ~6ol~ (.S)jf)~ ('s)yo-> (.SJ.J1

,ol",w (ol,).i!'~ &-- ~ ~ f.J' j16) JolIN I,$;yo-> I,$J_,.j ~ J..r->

I.))_,J.. XJ J Xz (.Sl.&;_,-. 6 r?'..r ~) '~~"::"""ol jll).;,L.. ~.s JT 0J~ JI>

j,,,.Ia> .)I.J,:..o1;.) ~) ,.t;_":'..r J:1.:.. ~ ~ ~L.... .)....1 (.S1A)yo->.J'.6,.t;Io...l.!. ,-:,,\;':;1

:ol_"':'.r ul.).J'.,.) ~'; ~ .1,$1 ...a_,:....1 ~ <,SI.J'.._r; Ci).f ,-:.JI> .xl ;>,133=0 6 (.$,)y, ~ (J;IZ

,~ Tij:;;;:O ~.) l,$iA....J". J

.)~..r ._,.;} ~ J.)L.. (.SI.J'.'..r-> c.Slti!-. il._r.~ .f..:- ~ ~ J_"'I~ ~ c.S1.J'.

T - M2X M;IX
II - -,- :1--1 2

22 33

Ell = IME:!. X3•
%2 Y



0'..1.:- t (r-:=-' .;.Ja... .J"'I11-' jt 1..1,;){fjL.,lf.!.i'? 0...P.') ~ _,..J LS_,/JI~t ;,li..r I) .;.,':Ilt... ..1-1

:J)-, T "::""J ~ I) .J'.) 1)15:...r.:!"

11:1 = - ')EM/~ [XI~ - v(X/ - X/)] - a~XI +alX:! + a,;.
... JI' 22

,.. Ie'" ~ , e..· _"~ .s!~~~ IS"'" ..:..Jb-)~ a6 las ,a4 ~» '~~..r ..s..,!"JIrl LS~t: t.aj ~

~ 1...l:::.....A015:.. ~ 0~J'.f 0).a: .• >~ ~ ~Ij LS~ a, .a~lal ,J:.:S'.sA..,j.,__"'; 'J ~
~ j'] aj=O r.s-IS" ~ j •..:..J*" (.SI./. ..A:.5if ..,j.,__"'; I) ~ ~ ..;.;. ft' ~ .)S' ..:.Jb- )::.

lfj~ ~ .~I./.~ .[.J...!,~u-" i~)l (Vu)~=o -' 11'=0 ~ t. j~ ~ )'b ./ j .;r..,.s- ~

M., I,M:!,
III = E /" XIX;,. II:! = --E I X:!.\;I}

" 22 r '~'I

M2 [X 2 (X:l X 'J)]
11;1 =- 2£ / I -" :! - :&" •

I' 2~

(Of-O)

I~.J'. J_JJ-':"15:.. ~.s- 4..r ~~ ,~~ _,.b;» I) XI= ~t; ~ d- ~
:>~.r .~b J!) ~1.).1a....j'

~ X2 .)_,...... J_,... 1'..1,;1.. ~~ da- ~ ~ ~ '~4.r X3 jl ~ ~t 141 .ol.:-.:"T jl

( I:".: I.), 'f - 0 ~) .J.>ft'..s" J!j ~Jlj .jl,.t;I

j.i; .))I) (X2=X3=O) ~I.);I} Xl )~ )I..wl .)) ~ ~ LS"::'I.. 015:...,r.:!U '~'.i.'J~

:~~

63 . translation



.d j:> ...;u_ _rU L.S1.1.~ I(~ _,.;.IS" G.Jj I_p. ..;.:;-); ~ ..r> .)Y""-" ~I) L.S.) L. ~ WI .xl 0tS:.. ..r.::.Z

.JY." ~ ~ ~ Y '.)J.)..s" .lIS"~

J.).r-..I.,_r; ~..::...k ~ ..,.......IJ ~ ..;.r..1. ..l:.iI...IS".}~..r> JY""-"..I..)~'~ ~';"b...i..,..

...:.......I..,.Jt.;..~

Neutral Fiber

1-1u,

KI ---+-----.

,o-o~

15cm

20 em

64 • neutral axis



IAV

T M.t
11- In XI

'1' M.,){.;
• , JC ~1II11:\ = sc J

. _ (7000) (10-') _ 6
( 7" )".... - 10-4 - - 7 X 10 Pa,

( T, 1m., = 3.5 X 10' Pa

hl = 0.563 X 10-' rn', h2 = 10-' m'

. M.,X" A(, 2)
1" = '-t"2 - '3:, x, = (7X3 -- 1 .4XI X 101 Pa

:4..:....1 ,J!I,J!.:>T)I.I.Ao ,~,:.<.S" ~IJ X3=10'1m J Xz=-7.5 .10'2m » JS"I~ 4S~,.s-,r;

r.. = 16.3 MPa.

I.SI~ ..;; y- .!I

~.J":"J ~~ .J".:i'U c.S.).J-" W.Y' ~ ~ 45' ~~ c.S1~~ ~ ,<.SI~I_,:...t~ ~ ~ ~ .II

~.)~ ~ 45' ~~.r d.t! ~T ,~~ <.S.).J-" ~ ~ ~IJ c.SI~_;" rt:t' J ~~ <:.!-I....

:("'!.)b ,~~ ~I_,::...I)J'-" ~),;I;.:.. e3 ~ ~.J...? ,/) .~)b;lj <.SI~ ..;;f~1..
U.=III(X •• X:!). /I~=II~(X •• X~). 11:.=0 .

. :..\.:..!.~IOS" ..;; f ~ .J'.f <.Slt.w y ~j.~~ If't>:.. ~ W!'



.~ X3 t\; J ';'~if ob TJ3;;;v(T,,+T22) u.)~ ~ £33;;;0 ~

.....~ J~l-;u':ll~ •...l.t.~ _,l2; )l - ~ ($~J,r.i ,-:,I:? .):l - I.) ...,s:.;1;:...,1 _;.;; .:,1-':-0 I.!..~

aTJJ
-=0.aX3

~ ~IYif •..::.J-*, \.S1.,r. ·J~if W,;I Cy,PJ ~ ir' J;,l-; .u)~ ,..::-.1 T3};;;1'33(X1,XZ) oJ~

..." 1G
~ t.S1~_,5'" ~ .~;, J:.Lo.; ~ ~ 'J:l jll) u)I;,~ ;,1...J.Aj ¢(Xl ,Xl)' ..\.Sf-I';';; t\;OO .).J""

a2</> a2</> (O'\-O)
I'll = ax/' 1'12 = - aX

j
iJX

2
'

L,.;) .)lS"ly...)_,.b ~ J~l-;u)l;,~ 4);'~ ..:..GI oJly,_,../JL. ~ '($)1:=>1 1>(X) ,Xl) \.S1.,r.

(.S I~ ~.f' ($I.,r. .r:-:? ..r).,r. I) ($ J lfjL. ..:..)I) t..... ~ L ,..::-.1 .._r; "":-""'".,r. ~ .:, ~ . ...ti _,:. if

:jI...::........I..:..)~~ ;,~..r' W) Cy,PJ ~ ~ l.S1.J;,~ ~

.s'~~if)J ,";j .J::.L....)J ~T .:pb,;l} J ¢ ~.J'. - 6"yo .JYli 6..S ~- ~ ~ ~I.-.. ~

:J.SW,;I I.) .J':.j ,J.:-.;IAJ .uJI.... ~~ 1>

(Ov-O)

65 - Airy stress function



~ ,>y. ...lA'_'> ~ ~~IJ> ~ •.J.5t...o;l;l (OV- 0) ~>l.u 6 lP(XI4X2) ~ 'd-'.I.~

(»JI of :.~ J ~ ~ _;.;..? J ..r; ,jI.J.:.o ~ 6) ......~» I.SI~ ...l:.::' .J" ";16 J-I if ~

[
0 0 0 ]

[T) = 0 0 0 .
o 0 G(X,.X,)

1:. .' (' \' VIE_,,=-£ ",'.,,~ '" -"e·-'.
E;",=~ (;(X,.X,),-.

it"G---=1)ax," .

iI"G _
ilX,: - O.

it'G _ = 0
c1X,ilX, .

.J:.":'"r 1.;;1 J~t..; .;.~~t..:. 4~ ..sJ":' ",:"I:'-)~ oS' ~I ~IJ .G(X1,X2)=aXt+PX2+y .J!'.t.~

I~ G l..j.". c.SJ) ~ ..sl..}1 '..\.:.!4 (XJ=±(b/2) ,X2=±(h/2) .X1=J"X1=O .l....; •..I.! >J..I.>..o)

,~~ I)t-4 ,.A,;..!4 )I")J~ X.1=±(b/2) "sj.". c__,l.... /1 C.-;,) J.J.i5

(I)'-I) I .,bL..o jl (,..:..lll :J..-

TII=fjX" Tn=O. T..".= G(X,.X,)= "PX a-

7'" = Tla = T", = O.



~ I) ~ .:..)1> ,,)!I .f1...:.....1 ~ _;.:.;..:..l6.. ~ (Xl) Xl '"-;->.1. ~) G(Xl'XZ)=v/1Xl ~

:~ T~ ':""'J ~ .~ ~ (._jJI) ~ .:..)1>

[T] =[~f~H
Jots' J> ~ 'J.1 ~ ..J..::S ~.i .~ X3=±(b/2) (,$)) ~;I ~ (,$j\:i (01~~I(,$I..I. -s:

.~~~ - e3 ~ (,$jly 0t.... (,$1I.)~.1. ~ - ..,.Jl,;.. .;-> (,$1.1.

[Til Til 0]
[T] = ~J2 ~22 ~ ,

"~ (,$1.1.Jots' J:o- ~ (,$I~ _;.:.; -::.JI> -.5'J.I loSl.I..~y.l.S" • .J,;Iy.. ("SI~ ~.:..ll>

("Sla.wy J.I ./1 .~~ x, ~~I) TII ,T12 ,Tll Q..::-I r;':l .)S".)_,l. ~ ,~~ ~)'I ...L..

Xl )X. jl ~ t" Tll+T II -.5'..:.....1J.-.. ~\..j ~ ,_;.:.;-::.Jl> olS'" 0T ,~~ X, jl JA=- ,_;.:.;
. [~I) ('I' '\" - (l ) s (,. ,. - 0 ) ("SLtJl!..] .JY

66 • plane stress



'.N..~)Oi)~ I) rjJ=ax1xl + {3X.X2 ~ ~t

~..:,.....I ..it.-. ~ ~Ii ..J!I '-!,i (...All)

Til ~ 6aXIX •• T. = O. ('":")
Til" -fl- laX.'. TN"" 6vaXIX"

p

..;r-I/.4 ,;.:.~ ~ }I .)J-'-! X2= ±(h/2) ~~ e;1- Q~i I.rl)~ \..1

Jh"
P=-4a.

t = -Tel = (fJ + 3aX ?)e.,

-p=f:If dA+Jcrf XjdA.

=fM +3al.



:~)b.{3 )1......,f!J..._~ ~ .T ;bh)/12 J A ;bh -s

P = a (~Mr'- b:') = (bi') a.

:jl J;1";")~ ~ .(3;-3p/2bh J a;2p/bh3 'J.I/.~

_12P _ PX,X.
Ttl - bh' X,X~ - I •

3P P
T,• =2A-UX;.

:rub X1;1 )r <.SJ) •.A.!~I.S" 3P/24 .I.
'
/. J •• 1.:;1,jLi;1 X2=O )) .;5"1..1> .r..t.'_;::' X1=O -.i.,.. I..>J)

t = (9x.)e,+G~_~ Xl) ez-

..J.; i¥~,-.Al"'.:r-'P J..:.-I pl .t.'r. - ._r...,;..jL..o jl ~I,.; - 1..>~yJ''_;::' L)'G ,,jj "bl.... o4l_,.. ~

·.A.!41.S" X1=O )'; ,..r/.,_;::, 1..>.,..;- c:;jj

Oft') c.SJ) I) c.S~~ c.Sa)1 oS'~' ij'l.~ T ~.) ~ ~.».;.;f..:..Jb.. ~ oS' ,_;t.1c.S1_r.

,_;t.1.fI.J.;;:._o, t=±T3)e3=±6vaXLX2e3 ~.» .Lob)1 ,_;t.,.~~"':';'1:> X3=±b/2 c.S.)l;S"

0'~ ~ c.,...' J..-. I.) ,).p~ ~tf' 0 T ,J,;r~ ~~))"......c.SLobJjo!~ .h....j 'c.S)l;S" 0r.J

)10J~ 'c.S)l;S" 0Y':") ,_;t.1.f1. ~> c.S_p jI.>~ 1;W - c.,...1 o..!f)). b ..?J - '-!_,> ~_,a; ~

>r,r ~>j ~).) ~..:.Ji> ~'..r!):J r.F..:..Jb.. oS'.)i> LJL:.; JlylS" otf' LJT • ..A.:,.!.~,_rJ.....

J- ~b ,_}> f oS' c.,...1 ..?J (,$I_r. \:r..' J (..l.o T c.,....) ~ oS' ~ LJT i.Y.\k.. aw_,..~ , T33=O

...... . . '" ~: W .).) _r. ~ a ~ ..;Pf.s.. t..:..o.l) '~~.s" >_,--.:l......t. » _r.~ ~ ).) _r. .s-~.) .:"L:.; , - ()

)) .1.'.1. I) r-:.I. 0J~ J )b~.I. (,$~..w y ,d...(,$~ ~ ~ jl o.)L.i;.....1~ otf' LJT .~~ .)):it-...

.(~.)

67 - nu II vector

68 . isotropic



.[ ~ I; (\ - 'f) 4tb!....] ..:......1b-IJ ;."._;I;

..t.~~ .;;.fJ ~ ~I..;..~ .~PL..",li~ ~~Id.~ LS1..t.-5' ..1._:A.).,)L.:.; - T'-~

...li' . - L·. e.'£'".r'oS'"' ~ r-'- •

JJ..l.t •..w~A=119.2Gpa(17.3xlcfpsi) l,t=79.2Gpa(1l.5.1cfPsi) "'"~ o~~ .11 - 'f - ~

" ~.~~ I; ~ JJ..l.t J .,:,_,..,.Iy' '-:"'..ri> .6:;~

o~~ ,~, o..l.!. 0'1,> v=O,34 .,).r'Iy' "-:-:~ J Ey=J03Gpa(J5 xlcfPsi) ,&~JJ..l.t - () - 0

.~~ jj I) ~ JJ..l.t .~I~ I)!t J A ,,"'1

•..lilo~0.l1.)1-l=76Gpa(11 dcfPsi) ,_; ..t.JJ..Lt J Ey=193Gpn(28xl((>Psi) ~~JJ..l.t - '\-0

:)1 ..l.!.~ ..;J)~ uil..:>L.. ,"ij ~ )1 LSI4Ai )~ .;;.f olA.w y ./1 _ V - ()

Ell = 36 X ]0-8, E22 = 40 X 10-8, E33 = 25 x lO-e,

EI2 = 12x ]0-., E23 = 0, EI3 = 30 x 10-1,

A=119.2Gpa(17,3.1(fPsi) • It = 79.2Gp(1(1I.5xJ(fPsi) :~I~ I) ~ LSU..w".

:..1._:A.) r~1 ..1:..) ..;; .f (.51A.w Y LS1..t.I) V - 0 ~ - 1\ - 0

E]. = 100x )0-', E22 =- 50 x 10-1• E33 = 200 x )0-••

[
100 42 6J

[T] = 42 - 2 0 MPa
6 0 15

l:."',,=207Gpa(30.J('{>Psi) .;t=79.2Gp(/(1l.5xlff'I'si) .v=o..3 .~~ I)..;;f LStA.~Y

..:.JI> ~ (.51)1, - f.ill Jj .)'lj .)1- _"::"";';L.. ~ ~ J"J:> ~ ~ ~ -5' ~ ./) (,-:,,)

69 . bulk modulus



·.J..S

[6 2 0]
[1]= 2 -3 0 MPa

o 0 0

~.f' ~ J) ~ ,":"""'I4;).f)} ~ jlJ.:...- J..I.;:?I;...:...:..; 0 em t.1,...!. ~ -sl~.f'.o ~ ..») (,-:,,)
.~ L..; .) li:,....10. - 0 -..L.. ..!S:::::....,'~II -si.r: ~ )I ~.)Yo .al,,> ) ~

(.._jJI)'O~),jl.!.,;(I'= ~ .'f_O Jt....)f._~I,;~I;d.~-sI.J!- "-0

IL = Ey/3, A = 00, k = 00,

..:.......1o-l.!. ~Jb f._j...:5.r) f(a ,b)=ab tt; - \ Y - 0

XI = XI+ HX,+X2),

X2 = X% + k(X,-X2),

al(x" x.) al(x)' X2)

ax, = iJX1

af(:£" :£2) af(x" x 2)
OX2 = aX!

.~> r~1 t{a ,b)=aZ+b2 lSl.J! I) J.:j.oJ!.... - \ T'-O

..:.......1.-l.!. o)b f._j jtS:.. .;:.iU ,j1J.:...-- \ 'f - 0



k = 10-4 •

.J..:? ~I..-. ./ n~.0/ 'f '\ •.l~).1. J"....Iy, ~_,..; ($'.t. I) CI. / c- ~ ,V - I)
\"

f .jL.j J x, ')'...l:-' J.;';" ~ ~IJ.h.d 4S' .;.,_~ _);.;)~ I) 1.5)l:=>' J~ ~ .:"I...l:-' ~ - 'A-O

§..-. d.r- ~ \j ...ISLD).;.,_~ IJ~IA.J ":"~JI.-... ~ ,.:,lS:...dU J.~ 4S' .t:5~I..-. ,~~

.(_;..., ~ ";J~ 4) ~~

.J.:5 ._,;.) JlS:.. .dU J1...l:-' ";'.I.I.).l..j '-'~ . .;.,_~ _);.; JJ ').;.>..:S...:- ~I ~ ~ - \ '\ - I)
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~pli ..0-..:.....1 o..t.:. ~ J ~.,:...,..~L:.:. ,)a,;. o~ J~ ~..;;~ J~ ,:,Iy ~ 'J~ )1

uJ\A;.. ~lf:::.Jy)l o.s"-:-'J~ ~ '~u)l~ jl <.»~ ~~ ):').)IS" ~j

J..L.e ~ ~ jl:i '~j <.>I_r.'<'> r-A <.>4J~ ~ ,.;..)l~ jI ~ _r. 'J~ __,A ~ • ..t.:.~..,..

~ j..oJ)~ ''';;~~ J~]I j..,..~ J.l.o ~.~ (..;;~~ J~) _rl..1S" J j..,..~

.~.f ..\Alp.)j ~ '.)y

\u~~ '-"\
jl <.>I~ ,:,Iy ~ ~J I) JI::-- ~ (..t.:. ~ J:i <.>lfjl.fl.)~.)::. 6) ~I::-- rJtA.o _.r...2

.)::.ti ,(,:,~..:..JI> ~0")..:.....1 ~ ~ ..:.5? ):.6 I.$'"~ 6r--?""''''';'''_f' JTo~1 :.Iy

~ }~ _.r.,..:....1 ~ ~ ..:.5r: ):.J~ ..?J '~:. u.)~ ~ ...L!.f:.i ~ _.r.,,? ~ J-.; ~

..ri"':" ~ ,,:,T J:.IA.. J ,..:.....1 ~I ~ <.>I~ __,A '0!I_r.~ . ..t.:.~I.$"',:,T _.r.::'~'~ ~ <'>J)

01y ~ .T..1j_r.1_.r.,0).,J .t..)lA... ~ 6 ::''':'1.$'" ~ '0!1 jI ....t.:.~1.$"' ~ )_,...;t ..il o.}.J ;I::.J. ~

..,..W ~ ::..;I..1j ::'.JI':".J ~ J. ._;.;;~ If.:; ~ ,..1j.)Z' I.$"' ~ ~ jl6 ~b..A.,. ..,...W <'>J.) ,~

~ ~ ..::.5? .):.J~ ~ <.>'_.r.,~:. u.)~ ~ ...1j_r.1_r.~ <.>::.~ <.>~

T=-pI. (1oJiII\ - ')

<.>I~j.o ~ ~ ~

(~ '-'\)

1- Iluids

J 01 0~ .[ (V) oIhlo..,\,. ~ Y ~1 (AI - A2) 01' D2"'0 ~., <S' .;.-::. ~ Tnz=AlD2 ,To! =A1DI )I .Y

',\1:,\2 t.ll,~ .,., ...,b 02



j..~U,_rIJ 'j..~,_rIJ vY~ -" - ,
- ~ T 'lfi I J~ ~ -li),) I) ~t,;. d,.1- o~ J ~ ,.Ji; - ,),,:.~ o-lily. H JI:-./~""'_' ~ ~T

~ ,~b;.. d,.1()l"w JT.~I ~ .-lit..~ ~~.dU I)J~ ,t..)l..!i;1 ~J ~...:.-; 'jJl),)

~~.i I)J~ -!filoj ~W )l (1)1 0); _".J~ ~r?~u.__,; JI:---I)·or J..~1i f'1.J JI:---"

..t.~Ii~I.J JI:--- ~ ~I.J. ~ ...Li~ ~~ J~ - ._;;;..:.JI>

Dp =0
, Dt .

(r - '\)

Dp (Jv~. 0
-+p-=
DI (JXt,

(r' - "\)

L

div y = O. (IoJiII'" - '\)

,.Ji;) ~~ "':">I~ J~ ~ ~I)b ,s.l..Ai P )1 ~ C-:i d,.1..c...j!:-i'..t.~1i f'1.J JI:--- ~

iJlp ~ ,I) I jl ,~~ j} "':">I~ Jt4 ./1 .(~ ~ ~ "':">I~~ ~ ~ 6:..; ~ T

.,)_';'~.'I~ ,p= ~t ~~)lI)T (.$1"y'~"~J~"

01P~~I (...l;.).,r..r.:;iU )l..!i ~ (,$14>~ J.1i _"";~!fiT Jt4~) )~~1."..,r-1; (,$.'11.,.

..rf.)l 6".'I~ o.aL!.. I)ly~ J.'IL... ~ ~I .J,;..r.t..r ;lj ..r".)f. l.).J"..t.~ ~I.J ..:..~I:--

).'1 JI> _".~ ....:...t.f )a; )l..t.~li~lj ..:..)_,....~ I) I.". J.I..~ f'1.J 01P~~~I) <-:-,T~.,.

)l.i..~ J~ t,j Jl ~Ip ~ IJ.I..~~lj J J..~~f'I.J J~ ~~II)T JJI..w '(,$P..:.tWIk.

...Li.;/~ )&;

3- Incompressible fluid



iJp
aXj = pBj

Vp=pB.

)i; Jl..:.e~ lS_"""!J lSlyJ-I)X3 )J>'-'''::''';'' ~ J"";~ rft .l>IJ J. ~jJ lSla~_;' B;./t

:..u';1S" (~- '\) .;.,~~t...~ lS)_,1. "! ,B3=g JB,=Bz=O ~},) ,~~

(...;1"- ')

iJp =0.
iJx~

iJp
-=pg.
iJx:J

t l""; C~I ~~IJ (6- '\) ...bt... (. = J{;..dU tj) ..,.;~~~..:..S' .r..:.J1> .»,J~./I

(y'-')

.(...1..:..... t v, T JI:..) l • _J.;~~ ......~~.__•. J _,...,.... J"

ilp =0.
a.f,

~=O.
<lXt

ilp = PI( = cunslanl.
,lK"

p = P~.f,+p,,·



y,.

r,'\J~

j
g

\-'\JQ

ap
pa=--.a.f,

o=_ie..+pg•a.f.

(i)

(ii)

(iii)

(i) ~JIN)I ,.;:....1X3)1JO:- P !(ii))1

P = -pO.f, +lex,,) (iv)

af' dl~=-=Pli·<Ix" ax"
(iv) J (iii) .::..'1JIN jl J

p = +p ax, + pgx. + c.

ax'=iix,

tan (J =- dx 3 = ~.
dx, g

:~

J



n\

• ..I::!I.:! I; J~ J;1..!.i c::jj ,..:.J~ "j!1 cSl)! .lj'vi') ~U ISlA~ ~ .;;Iyo.s" I; r. ,t.\A:;;1 ..:s"JiI cSI+'J\A:; 1S1j.

~ ·~4 '141S"'~!J .)jWXJ;.,,- ~ vi'):.r

ap =0.ax,
iJp =0.
iJxz

iJp =res-
iJx~

(i)

(ii)

(iii)

dp-=-pg.
dXa

(iv)

p=pR6. (v)

~= gdp ~.. - RfJ x,.

(vi)

(vii)

.- . Jt.w f -,~~ -
·t 1.!.S::...b... - (. ~ 4l-. )~ d.:-.:; Jt-I.!.S::. .,,1 •.• ~~ :,-;".... _ .Y uY'-' . ~ . ~ f _ _.....J. IJ"'" "".To

~I; J.:J ;,,_;t .,)~I ~ 'JI:- ~ ~ jJ- d ..r ';'Jo"I~~ ;~ '.)~..r ~I)I ~pl-A
:~ 6.5..A:; • . .)r- - ~J

4- equation of &tate



ny

(V-"\)

~ J~..?J;S' r.;1~f ~ ~~IS' ~.r-JU J)'~ ~lf>-)(~)J fj ~"::...hT'y .J!.)lA..;S'

.0..::......1~.)..\&. P J '~~IS' )..- .J!.)LQ..IY-',(~ ~ ~ t) ~) c....1 ~ ~ d .r:

.~ If>) (j.,1 ~ ~'J c:.~J ~ '0 Tj.1A..

.,j.;_~ .J!j U)_"'" ~ 4,),j":'1S' a~~ .. ~~ u"i~" .0,) JT.~I ~I."..]1 ~I~ 'JI-.

:r-S'u--

i:.) ),,_;I; ~lAw,;.. ~ ~IJ ~)~ ~ t 0t..j..;A):' T'y .J!:'lA..,~.)t.. 4.a; ~ ~IJ.- ,

.~..J.....) ~~ ~ r!t' ~~IJ u,)Y. 0t..j I.)T ).)

.c....1 .)~t-. JI:-- _ 'f

~~ JI:-- ~ olJ. '(""!,)~J. J~l.......A.)a:o.. 6.::-"iI:.I.".. ~ j,~;I));S' ~I~..il ~ ~

~ .~TU-- c....) ~ T'ij ~ 0'..JU--J4&' (.).,:.u-- ~t.;,:. ~ ~ a~ JI:-- 01P- ~;S')

:(""!)b d:Dn+D22+ D33=D u.

(A-'\)

:jlc....1

(\-"\)

~

(..;sf \ - '\)

(~'-'\)

5· Viscous sness tensor



(y\_')

(v\_')

(~\_'J

k:\-')

jl.6'c,S.)_,J:. ~.~' ~ c.~'~.}i 'IY..' J >r..s" d"'.)l.:i" J,j ,,:...~>"'-J') P c,S,)~

~ ~ c,SJJ c,SJl.:i c,S>_"'; .;:.; J5" .AI. '" ,p ..:.....:;_;....n, ,J3J '~',)J+o!.o Jj ..:.~>t....

c,SJl.:i c,S>_".; .;:.; .k... .f.o .I.'J. ~ .)_,J:.~ '" J (.li_,;._;....~ ~ c,SlAo\AJ j.o .6' IX I .J..) ...:....,
~ c,SJJ c,S>_".; ",r.; J5"P ,(I,j.p- .» ••,:."1,) D~·=O ./1 ~I .(~ I.) ~ ~) T KKl3,...:....,

..s-...:....I rj~ 0.; ~I ~b >~ ~ ~ 'JL:.--~)ai c,S'_';">J.K..s".:.r..- ~ ~ jl.6'...:....1 c,S1~
/

.~ ~.r-!U tJ";"f rtf" ~ ~IJ c."';J~ .o~ITij jl ~ -Pd~. J >_t;L...a .)_~...;I;

J

J

6- pressure

7- coelficienl of viscosity



nf

..l.a:r.J" ~ ~ tJ ~I.)J~ t,S~,_r. ~ l- fo 0 .::.....1 ~L;; ~t (;.+~) 'IJ.I.I.~
'.,. ~ ~

..:;.,.).¥'~ ,$t,Sl,_r. ~ ~l:o .~~..,. ~t:.:. A~ J~ "'-:"..,.;",Ipo ~ J lj(.....,.

f-,\ JI4

(.1 =.0). jl (...AlI):rr

(- Til) -p = -2(0.982) (-1) = ] .96 mPa.

(y)

= -J.96mPa

T 2 D (ilV. ilt>3)'3= P. U=p. -+- =0.ilxa ilx.

8- coefficient of bulk viscosity



.' .• ..t.;...-. JL-

.6=0 ~l..j..s-L..; )) '~.I..~t; ~Ij J~ ~ lSI./.

:)_"':'..s- J~ ~ lSI./.0!.)~ 4l.)t.... '0!'./.~

nr-"\)

c.>~ ~ ~'J 'c.";'J ~ J .::.y. ...LR.I_,;- lS)·:'; c.>;:,~ ~ ~I:-o c.>Lv c.>')::.p=.7ih ).:';J

J (..lS~.;:dU 0l..j ~ 'O);~ J~ ~ ~ ~ y) ~ ~l:;:'JAj c.>t..~~ J~~

..)_,..:.._.At ~l:;:, ~l...1 lSt..~ jI ~ ~Ip ~ ~~

(\ f-,,\)

(or in)T.) = -pil,.; + Ii -.' +~ .
il.\i oX,

~
(..;II , 0-"\)

dt.,
T~2 = -p+21i-',ax~

(y' 0-"\)

(u 10-'\)

(
ilV' dV:I)

T,:, = Ii -d' +-;-,
X:t oX,

(":dO-"\)

9- Incompressible



YI'\

(~\0-"\)

:..r-:.

p [~; +' (VV)v] = pB - Vp+ JL div (Vv). (~ \'\-"\)

"-')~ •...I.i~1.S'" ~l;..!. ../..--4~r'lj~.J'i J~ (.$IJ. <.!)_,:..I- .l..Jli..:..S? u~~t... Jlp. ~ '~I

~~ .ht....h...._; r)~ ~ht... ....I.i).) >y.) P J V3, V2, VI J~ tt)~ ,J_Ji <l.bt...

:~ '~~.s' 0:;Ah 6.;;;; 0

(~, lV-"\)



nv

div v = O.

~~~~~

(y W-,\)

0-'\ JI!c

T33 = - p.

'..l:..!~.s" Z J , rp ~ r..:,,~ .):J.:.s. .r: ~1A44l _;..A l.; l', -' Vq>J I·r oS' ,s1<t,;1_,::...1..:,,1...:;... s>

:"'::"";'b..aly.- 1.)..J!j ~ ~f-~I,;~I_; ,_s:; ~ JI:-- ..s1J! 6""_,::...I - ..J!JI,; ..btu

(":-''A-,\)



1 c ] al'~ or,
-- (rvr) +--+- = O.r cr r iJqJ il~

1S';)"l ~ f_r, - V - "\
JJf-!.o f.!.;t~ j, _;'~I.#~) ~LS'" J~"J I· (I~ ~f.h j, _;,,~ j~ ~ tSJJ

J:>~ .f' ,_""..;~)'~LS'" ..::.5? &-- ~T ~ ,~ &-- ~ JJ6:--- J~ ~~ ~ ,(~,

tS'.I. ....;J;:,o... ":'~\..jT ~ ~ ,~~ ~ j,_;..(~I.)- &-- tSJJ J~..:..s. f" ,~~()P-
~) ...lS'.ri j 'J tS)f ~ 'J~ 45' IS"~ ..?- '~"..I:-- J ..:.I;'~ -')l.1S'"' ~ ~~ jl tSJ~

..:.~~ jl ..s>.I. <.S'.I. ...i> J ~,~~ d~ ~ ,-:-",L:.. jp. Jj j, _r. '(4 tSJ) •~..:..Jt..

_!, _r. (:>Jb Jr.J 'i'"'-~.}'J;W L..o ~T jl <.Sjo~ .:.r...)~ ":'~Jlu '+iT<.S1J..6'")~~~

.~Io.w ..:.1;1J.!_\..jT J.a...,~ ~jJ~

,,;~, fIJI'JI~"Li'JI~"'J~'~» 'ul!p,-» -A-"\
"I!.P.' .w. (I)

Jb.l.":"f~ )HiJ"t... .k;.,_;'I,Ju;.J" JJ 45' ~,~~ (t ~\..jJ.»)' I..J~ ~ ~

LSJ) ()~ft' j,)a> 'o.s'.~ )_,1. ~ .J)~;I} 4A; ()T JJ tSl~ J_,1. ~ 45' ~11.St.Ji ..:..s..r'

r.SJ,).6'" ~jl) ":'-l.oot_P' ~()JJ~I) ,,/")JY ~ l.S)bJ.~~.Y ~~ 'J~ ~~

~ I.SJ) 0[;"§ .k;. ~ 'iJ"tS::...iI 0); .J" .~ T IS" ~J ~ (.~ .~~ • ..JZ5'~ ..:.1;; '()T

:J)JT ~) ~.)!j ":'J~4... v (x, t) ..:..s..r' ~I",=," jl iJ'~1S"

"0 •.w •.)b 4A; ~ jl 45' '..L!~ to ()\..j .).) ~~ft' .k;. ~_;:...I,)~ ~hlu x = xes) ~ vi'}

10· Nonslip

". Streamline

12· Exposure



...• ..c..- JL..

I
dJl.
d.,. =. v(x. I,,)

x(O) = X".
(r.-'\)

'\ - '\ JI:.o

r =~
I 1+" V, =- x" 1':1 = O.

...I.iS"I~ I~)jf..r' (at J a2 J a3 )...JaA; jl .s'to ,jl,.j)~ I; ,j~r..J..;.

dx2 Xl
:("01) -ds = -1- jl:~

.10If'dXI I f"->=-- ds
AI XI I + III II ..

sIn X, -In U, = -I- ,+/11

:~

:r'.J1.)I '!z = ~ jll,,!l.!..;J;- "!

J'.!"'O.w. (0)

, ..1!"""" ..b> jI (.$)b .)';~ (.$I.)';.;)_,:. IS'" J.. JI::-- ~;; J:...,~ I$' .:.....1 (.$.r--" ,If r.:- Ju. ~

~ ,~~;..J.;bJ ~ .r-s-IlIi1::..I- o.x:5~ ..:..1;; (.$1.)';- ..:..~jI;~ .r-~;.Y jI 1$'.:..... I rj'i

':""':1 ~.J!.j ..:..;_,... ~ v(x, t) ~.r' .)I..l:-o jI.)I~4.S'" I; ,..:...,..1 X .):1 to .)loj);I I$' OJ; ~.r.-"

(

dX
dr = v(X, I)

X(Io) = X. (t'1 - '\)



yy.

Y-'\ J~

• 1 dx; - X '1 I , I,·~.)~'dt - 2.) '~"'_')Y''''

.J1~~Li'.Jl"'!ku~.r.- (IIi)

..cS:'.;;.;:iU Jl..j~i.$..e.- ~ ,~\: ~ts:.. ~ y6:,)~ .£~y:.<fd' ~;I~ ~e,;l.$~

J~.r. ~'p ~..:.......I r+" .;.1 ~ ~.Y .J6.. ~ ~.~~.u.I~ )~~liJ~f. ,u.)r" .;.1 ..r}- )~

~ Jl..j~ ,.»~6.. )~_ • .J...:. a~b ',); ~)I- a..r}- J ,u}.~~p '''-:-'1:.:. '~.r' ,)...I:~
~ ~- ~

(Dt )...1:4 J~f. 6:, .)~.lS""J' ..J...:.~ ~IJ i.$~ tp ~ ~) ,_?:.::. U.)~ ~ .J..:S".sW

:,1...1.... .k... ij •.J...:.a~b )1..L1, :,1, "!" .JI!. JI L;:. ~ •...::.........:~ 1< ~6.. )~ ~ 1..1, ) r' d=O
..... J ......... .r- .;-... .r+; IS"" Dt X· ixe

V, = Xl. V~ = -Xt. V;j =0

aVt avz iJV2 iJV2 ( )a.,=-+v,-+Vt-+V3~a =O+O+(-X2) -) +O=X2'. at ax, aX2 X:l

a~= O.

15· Steady



YY\

IV,Jl,:,M, l'fiJI u~~ (i")

,I "~JJ ~ 'J1.,.... ~IA~ ~ J') JI:-- ~IJl 'iJT J:' 06'c....1 ~ J~ Ll~ft ~ 'rlJ T .J~ft

~ .r' J') ~.,,-. u-i~ft ~ ...lijJU"" - lfiT ~ &J~ j,fo..o LlJ~ - JJ~ ~t..~ ~ ~IJ~ !.SJJ

JJ.J... c_1A.. ~..J_,! ~ J:' ''-:"'T 06' .,sJ1> (.SI_J..(.:;:.....1 ~t _t..._.) ~~ 06'..,..~) .»),),)ft J.r-~

~) NR ~ LlJ~ ?IJ~./I 06'~l:J.:o .oJ_'!J')..:5:.; J 6'j~ !.SlA~J '...\AI..!.. ~ ..u.f.!.J ,~~"", .J~.r.-

JP J ,.o.)_'!)d d ,.o.)_,!J,).k..._,::.~.r' V ~ NR = ~d ~IJ ~ ,c....1 J~ ..u.f.!.J')..I; Ll'~

JH&J6'j~ (.SlA~J (n ••4.)j) ~~ ~)..w.. j'_;.S"( JI:-- ~~ J Ji4,u
'~L.jT ~'J') ..c...,)U"" ~..J ~ JY-" ~jlJ" .»# J ...l.:.i1..1S"~~ •.)Jy..;.:;:......)..J~ .r".r'

~~ ~ 0~.r; ,..tJ~J ,)..1; ~ Ijl ~ 01..jJ'o '~IS" ,,_. ~.r' ~ ,.).)1..; ~~I ti .I"

Lll:--J') J ~ &J !.St..6'J ,!.SI~ _,. J') 06'IJ.-It; .l_,; ..... v-L-. ~ §'~[;~I ~ ~Io~ I)

J.l ..l~1S" o~li .;~, '.J~ft J') JI:-- ~'J; ~li J -c... ~ t"~o~~ J-' ...li_,.!.1S"~ ,-:",T

~ '~~IS" ~li (.:;:.....1.;. ~ J~ft 'LlT jl il) 06') ..ll~J .)..1; !.S~~ .A>- • .oJ _,l ).) .J~.r.- ..::.J6-

. ...L..J. \ • •••• l; ..li1j'U"" '~4 .A>-~t 'JI:-- ~ ..P .;..1)1~ ~ J ~l.jT ~

,,~oIJl)!.S~ 'JJ ~'j' 'ro::jl...U"" ,)J..b..t rl) !.S~~.r.- ~ I),)~ wl1.. .~ L.S~):'

. ..li_r..... ,(...u~) .)~ ..Ji;) .J~.r.- !.SJI~~ J. t>6- L.SlA?I)~ jI ~~ o:'J..b..t ):.trJ

.i..~li~lj ~~J~ ~ ~1;1iSlei~P." jf ~lfIt!c -\-1
~..::..J,s' I)~r.--~I

o~ .J~ft ~ jr , .J~ft ~ ).) _}-t> _,t.=..t 0~·.)1.f -=...:...; - )~~ ~~ 0~ft

~t ~.r' L.l.,,> ~).) tS~.) J ~t ~,$') ~~~~ .)1..l:.a14";;1 j)J P ~ J..~lif'li

..lY-IS" ~l:. \ \..:.J ~ ~ .)~.r.- .JI~ ~ ,(..o.s" ..::..S'..r- I'll

16· Laminar

..,. 111' hulm.l1

HI l am ilia!!



yyy

~ I) ,,:'~')~.)b.:"l.!.i ,)I,f...,..' v (d) = "n J~'(0) = 0 loS).,. ~I_';' J 6':,:...1- .t..JIi ••:,'::hLu jl

(r-s'...,.. ~I.ifli~ri ,:,Ip

(rr - '\)

x,

VII

J 1oS)1_,...:;..;.; ;I~.)J.)~J~IS' ~).) '.I---4~f'lj o~ J~ ~jl ';I~~~~ ':'~f.

•.),,:....,.. ~l;,.!." ~ ""J-'~cJ~..r'!" ,:,Ip~'..:...:.l&'~ J"k ~
do- ~_,...Yo ':'~r. ~IJ. ..:..&. J'" .:"I..l.:-o ''';''))''<p W!I ).) • .J.,.!,~ Xl J~ft ~ .s- J.iS' v-i' )

:jl ..:.-1..;..)~

x,

20- Plane poiseuille lIow



0!_"; Jt#~) .)1.) .)~ ,jl_,; IS'" c vt-b) = v( +h) = 0 t.S).,r' ~t~ J o.!S"_,;:..-I. J!.JIi ":."'~.),,,,")I

J f =~I! 6h~~ ;I-ifIJ
I

V(X2) = -::. (2~)(b2 -X22). (rf-'\)

).) 'c.s.).Y- J)l.i; ~J )I~~ ,~~ ~I ~~?- o~IS"D..ljI"p-.J.,... Yo- flJo Ll~.r. ~T

:~I J!.) ~ ~ LlT ~.r' Ll'~ '0!';'~ .)J.J..o 4i1_,;:..-1~

•..cS"IS" L,.;;I v(r) ~ t.S1;,1.) ~ ~ .J~",," ,o.:.s..r' LJI~ 0!1..s' ~I ~IJ

~+ ()V2 + ill':t = 0
dXt dX~ dX:t

( '.' •. : I) f - , ~) j'"!)I.) ,.:.5.r .J.)t....I.SU;I c.s1J.

(i)

dP0= ---pg cos e.
dX2

(ii)

(iii)

X,

g



H'F

.s: ( iJp ) = 0ox, aX~ .

.s: (OP) = 0
ax ~ ilx, .

:~)l 't.>""/J:-i1,Al 4:i .r ~ ~

:~)l (i) ~lt... .)I ,~T .J'. 0J'j.;,

I (ap )- --PK sin(}
/J. ax,

:~)l 'r-"l.r..ki f3 ~ I)

(iv)



YU

!!!.(r dv) = {3.
rdr dr

T e I e::~ .r ~J ~ 'J~ IS~ JI_r=;1 ~
{3r2

r = 4+ bIn r+c

!)T..L:.tjl:i ~1_;:...1•.hp.)J ~jiJ~ j,~. b=O-~ ,~~ -'::i-t '!)~"" ~t;.)J"",!~ V iJ.1':

6~1

dr= - ;J2
r=O

J

{3 = !(~-pg sin 0) .
JI. (Jxl

c::j,j ,!)I;JJ jl J..-~ IS.,...... ~ ~ ~ ,~ c!- .)J ~ .J'" 6 ~I !)T ~ JJ .-hl...

:(r = 0 .)J) ~~I .J!I.J!~.J'" jS'1~ .J":'~

- _11!!:.
Vmax - 16'

;;- I J vd'''--Il!E.-!z:·.. - (lTd2j4) II :t'I - 32 - 2 max.



~~,,:,.t~li~fj u~~ jl t.:.J,r~ ~~p,-_ U

Xl ,~ ....t.!~p~ JJiJ_ '.):::'.~ ~ ':J ~Iy JPI JJlI ,':J~ ~ '.1 J~ J ~~ ~ ..t:5~)

x,

J.)JJ ~l:x2=-b2 JJJ '~If ._r")yX2=-b2 Jx2=+b1 ~J..b...t!;I.Slfj.)J 0=! I.)~~ J~ .)I~~

.l":'If"";' j _;-LJ~?-..:..p...)J.)1..!j l)~JI..t...lS1f..::.S' ?VO..:..&..r" ~ J'p- ~ J~2=+b2

:..t:5~ j .i) u.)'y ~ I.) )t~ ~)t .)J ..:..&. .r' r:::Ji
VI(l)=V(I)(X~). V/I)=V;/])=O.

:rub I.!S'_,;....I_ .i..J!; ..::..':J~l.... jl .J":'I.S"" L,.o)1 ~ ~ u ':J~l.... loS' ~I c:P1J

, \ ~ ':J 1.S1.i

(i)

(ii)

(iii)



nv

(iV)

(v)

(vi)

J v(2)=Ah+B2 ,(vi) (j(iv) U~Jt.... jl.pfl)=·P.gx2+C. J ,v(l)=Ah+Bt ,(iii) t(i) ~blA..jl

=r-.)b J ,v(2)=0 ,x=.b2 J~ ,..::....-1 ~t:' ..2~,j.)J ,jr. .p(2)=·P;P2+C2

(..,all)

(y)

:~ •T(l )e2 =T(2)e2 r-).) '"r:J <.)t..J.,_.;t ""':-'-J.

T\~)= T\f, TW = TW. J n~)= n~J·



(v)

~ ...:-; c...~ ~=o)) ~.r' J:iJ.J! ~ IS'~10T lSI:...~ ,J,.r- ~IIS' .J.iS'~.i
~1)=-p(I)+211 DIU=-pW

22 ,-1 22

J

j,.r-' T32(2)=O J T32(1)=O ~y:" .C1 = C2 =- Po J,Jt.)1S'" X2=O .)) TZ:}l)=T12(2) ~ IS).~

.)_y:.IS'"~;I c:..~J ....T3i1)=T32(2)

:.J:TIS'" ~) .... ,(..;.. t ....:JI) ..;..~)I.u jl

A - fJ.2VO
1- (fJ.2bl + fJ.1b2) ,

A - fJ.1 A _ fJ.IVO
2 - 11-2 I - (fJ.1b2 + fJ.2bl) ,

J

(~f" A-,\)

J

(y" 1.-'\)

~,r 4,)~.P." - ..!I

J.._,k .,;I_,:...I J~ ~ .i.~~rS'lj..r'.J'} JI:--- ~ jl t.S~J~ (,,!'.I,,!'1~) il;T J ).J:~ 0~f.

,\ ~~ w4.~ .)I~ ~ (~l: r.S1~Jlj ~.r' ~ [A(iI_,:...1J~./- ~ ~ 01)J) jl"';\;) .)Y-~

.:.__':'.,r ~I.;.:.

21- Coune flow



· :r---.r.f~ )ii ;~-~I~I_,;...I..:...~ ;~ -..J!) ~ ~ I; ~ r tJ1..l:-o'tJ~"1)!1 ~IJ.

Vr = 0, V. = v(r), Vz = O.

.J5~~.;I (~v(r) ~I~~.f tJ)~)I; ~~ 4l~t....'~r ;)I..l:-o~I~':'-I~I)

.[ (\ ,,_ ') 4lJla..1

,(~ '" ~ ~I) (,$~ ~ ,~) tJ~,. ,)1))) iJ;tiJ ,-:,~I ~) ~ (,$lao)..r,:i '-:'~;J

:[ (,-:, \ A_ 'Hbl....1 ("'!;b d..",.. 4l)t....0:"JJ)1

..::.....I..:...;~.r~ ~~ ~IJ.~ ...I,;,;)~~) I) Jj ~bla..v= ~ Jv=r ~l":'~ ..:..~I J)l". ~
:jl

Bv=Ar+-.
r

:~ TIS'" ':'-J ~B s A (,$~t: ~ oJ T jI)

B _ ,.2,/(01- fit)
- r/-r.% .



YI".

Vr = V, = 0 J

jJI:;.$' ,( O. =0 s ~=O~) O2=0 J Q. =0 _,fI<lS' '_"'!',r I~'Y 4, - , 4),t... jl ~,t.. ~ J

:jl..;......1 uJ~ '0~.r.- ~ tSl..I. jl;.i 'JY J}o ..I>-IJ..I.

(r· -"\)

wl,..,~ JI».) J), ~ ~,)ji wl!.P."-i:

:~~)i.;)' IJ.t.j )~~l; J tS~J' ,tSjly 0~f.

(r1-'\)

:jl..;......1

(rr - "\)

(...Allrr - '\)

{3= {fi. (Yrr-"\)

L' = a cos (WI + E). :jl..;......1 u J~ x2=o )' J'='" ~.r' ,(~I ""1" - '\) 4),\..u jl

J' <IS' ...Lcb~U"".:J\.:.; Ij ~4';$. ,I..wl 4 ~~ ~ n~.r' .JI~ (,-:-, J~'"'' - '\) ~~ 'J..'..I.~



Y1"\ __'.~J~

_,a 4..:..o1~~ I; ~ y;IA d ......:,t;l...._,; s ...:..-Io~ ~.,..b"..oX2=() .J;.,.1..... j s <d .f)) X22:0 ~I.i

~ .j_,.}-6" ...lA~<f JL!..; I) ~ Cy J_,1 ~ ~.r Cy ~ 'J._I . .J.:S<.S" ~~I(IJ ;_'J.,.. ._,..;ts"")

J_,1 ~ ojy> p ~IS"")...:..-I ~\5'" ~)) ~ .r: ~.s-tSl.o..:..l~L _,;; jt; ~.r' ~ -'J>b...J»

..:..JL.... ~ ~ .~~ _dL- -6" ~_,..!.<.S" o~~ 'J._I..r.~ _~_,..!.<.S" ~ (e 2;r= 5~5 ~ ~ Cy

.~ _,..!.<.S" ~J...I;..,o(i:I .l;_,s- 4..:..o1~~ t;.r' ,jL.._,;J'- )~)J;J jl ~ §

X2

•

plate

a cos (Wr+ E)

V-'\~

o.;~ ~ loS'.; o~r~f .;lS"ti - , • - "\
tSlP.)~..r. 1-y- .~il.:--il)\5'" C).A-f ~ 4 §'~lti,s. ~ ~ ~ ~I_,. ~

",:-t-..I.) (..Lt.~U'" J:! ~ .r.:}U d? J".>\.O- p -6") d? J'- )~.);tSJ) '~(.$JJ:! J";';;

,
[(t.,· v)XJ+dZ,.Z2,.r. - (t.," V).r •. Z2.Z.] dX2 dx,

(i)

..:.....I.:;..)~ J .A.!~.,.. (t_et.:U:thJ)·v .I.'.l.t-el ~J~)lS' t; J(te1.:U:tu3)·v .l.l.r.tel .J....._,;)lS' t; ,YI"

(-te1.:U:tu3)·v:';1



:~...u.I_';" (i) 0;1.&. ,t .v=Te1.v.e. =v.e .•Tel =v.T'l 01":. el I I I 1 I I •L~~l(VjTu)] sv, (ii)

1St...)bJ. J....._,; o.J...!,r~1 ;IS" ,~I.!.. ;_,J.. ~ . ...u..)1S"01..!.; I) ~ ~1...Ja!.) dV=dx1dxtLx3 4S'

:jl ~ u;~~.) ~J J.) ISJ;'~

L~~2(VjT'2)] dV J [a~3 (ViT'3)] dV.

!.SJ; o~r~1 ) IS"tJ jS'(pBdV.v=pBjvjdV) ~ ISJ.,.! .b..._,; '~r~I;1S" rJ rl.....i.il ~

(iii)

D», d(;i
P=t'j-D pdV+T'j~dV.

( uX,

~ 4S' .J...!,~IS"0); ~ !.S;JI ..r.d'J tJ A L..; (Y'tJ - '\) >lobI.......:.-1; 0> ).) ~ ~

«r- '\)

(1"0-,)

D D [I J) o», I/). .
-(KE):- -«(idV)L'iV, =-2 ("dV)v'-/J +-2:;'-V [(pdV)v;jDI /)1 2 ((

I D», I l t», I /)(1IdV)='2 (pdV)v, Dr +2(/~V)V'[)l+2v,v, Of

n»,= (1IdV) 1;, -1-'
)(



..
~n·~JI;--

D dV'p= - (KE) + h-' dV.DI )OXj

J ~ ,;::;Ai ~,. u...l,.!.r~1 ;1)~ ..:.....1.j-j 1..L:.A.).A.l...i ,·,btu ..::-1; ,_:,;. ;.) r Jl ~

:l .; ......!_. .'~1•T..=-plJ ..+T' .. t. .l .; _. t;l I~ •
.;... . v- I) I) I)..r UF V--

av· ilv ilv
Tu-' dV= -p-' dV+ T;j-' dV.

aXi OX; aXj

ikj , ilL', ( at'i aVj) ilvjT..-=T··-=p. -+- -
I) dXj ') aXj ax, ox; a Xj

= 2J.l.Dii(Djj+ Wjj) = 2J.l.D,jDij

Tf('\-rv)

~.i ~J~ ,;lS"jl ~ 1,)!1."::-I~.Jdri (.$1_0 ~t..j...l.'J.I.'~ ...l.IJ .I.u...l,.!.r~I))' I,)!I

~ (.$\P.r (.$'.I..IrW) l_':'tf <:.!.~I.;,L.j ~ ,..t.;;S'"tf.Jdri -.;h .;,L.j ~.1. ~ Djj ~ 0!.1~

J.u~O 'd.I..t.~.l_":'..s' ~~ ":"}.r~ ;I),~T~ ~..::-,.?) Al...i J("::-'~'~

ov.TfJ-;-=:.:-p~+.\~2+cJ>lnc == -p~+cJ>.
uXJ

•..:.....1J..~rS'lj JI:-- ~ (.$I..t.'_:'~I c:}; 4lI=.t(Dll +D2'2+D3:i+4lIiDC ~

: ..L.-S"I - Jt.... ~J.. .r '.JI - -

(T'\_ '\)

D ..W ..=O :.·~l ..L;..W.=-w. JD ..=D .. :._.ll'1) I) ..,-.,... I) )1 I~ )1 ..,~.

2~ Dissipationfunction



VI = h.. v:;= O. V3 = O.

~ .c~ ,,:,' 4iJ) ._I..>b J~ ~I ,~~ )_,,!..r' J..w ":')I_,...... ~ )L.S" ,.:,1 .:...-....; cs: I) ~_,..;

k=1~~"""~)'JJ=2x1O-5 1~ (0.958 ml'a.s)n
y

DI2=~(sec)-I. :).,;-1 ,;,.)~,~ dU t;J_,...;IJ;"".d- "-"I;. 4Z':'~:J>

¢Inc = 4J.Lm. = p.k· = 2 X 10-J~~~ / sec. (0.958 X 10-3 :r:(sec) (,. A_ '\) ~bl..,. jll.:t-~~

~U.r! ~ f-;.r! J))}..J~ .l.......,;; ,.c~~1 ":").r 1,,:,1 ';1 ~..:..j./. ~~ _.. J'> '.:t-~~

..c4U'"2.5xl0-8 B.T.U (O.9S8xIO·3

6) .,t;.~ ~L..... ..l>IJ )1 ~ .l..t> ~~ t) .,jjU '~I_;I..lA.. 6 ...I..!~ 1.S),>..r. q .J..:? d>j

...:...)_,...,~I.) ..,WI J:....;I.A_.) ~ ~',Q._..,.JL;.. "':")..r- J~ ~ .(..:.......I...;)? ~~ ~,.;:,..p.--~

:l""; ~t-. 'h'l.S" J'..).
...:.._,I..r- '01.::..:,..;..s-)..,~._,..aJL;.. t_) ,('\- ') ~4 §"~'+i4.S! ~~~~I_'" 4"

{ (-q.e.).x. +dxl'-Xz,~}dxtu'3 4 ..:.......1..r.I.I. (~~I.S" \)~ el .)~ 4 ~ J .)1..1;:..1).> &)Wt J.>b ~

(q.e.).x.+dxl'-Xz,.x3}~F3· 4 .)Y-I.S" At. - t..)1;.. c,S_"" ~ - -e1 l~ 4 ~J ll..l:..ol.).) J

:.)Y-lS"a.)b J'..) ";".)~ ..b...._,; ,ql =q.e. ~ '~J s» ~ I.S.)J.)J &)~ft ~t,o. tJ 'd-IJ.~

- [q. (Xl + dXI,'X2. Xa) - q. (Xl> X2 • .\'3) ]dX2dxa,



q,(.II,. x, + dx,. x,)

q,(x,.x,,/(,,)

q, (x, + dx,• Xa. /(.)

x,

[a ( a8) a ( a9) a ( all)]- - K- +- 1(- +- 1(-
fIJI:, ilx, aXa ax. ilx, ax. .



a ~8 iI~1I !!!_ _r+ ,+ ., - o.
ilx, ilx., ax:,·

~jjf 4J.)w> - , r-,
~;j' u J..? ~) .~~)i.i ;)1 tJl..j;) , x ~y.)) dV ~ J:-;',A) ~I; ~'o.)~

.)~ cjP J-.)I ~I)ol..1:a..:-jl- o.)~ J>-I)~ ";i?".)~ C) Q '~~;)I KE ,~b

(":""'1~)J.)J ~6... tJI_,;P ~) o.)~ ~,.) ~ ~1A,.r.i J ~ ~IAJ.r.i .b... _,; '~r~I

4$'.xS",r.)~ ~j)I ~~ (..P~ ')J;Ii ,.J.._) ~~j)I '-:"~.)) ~ ..J..:..!,~

gt(U+KE)=P+Q. ("_'\)

:r--:-b , , - , ~ jI (' , - , ) ...bl.... J \ •- , ~ jl (T, - , Hht.... jl

D i)v;
P =- (KE) + T·-dV JDI tJ i)Xj

CJqj
Q=--dV,

aXj

p Du = To iJVi_ i)q~

DI dXj i)Xj

,,a) C.) (..:.....11..) 0,.;, T .)) 4$') q=-kV8 "'..;j JiG ..I.~~I..lA JI;) If:; '..;}?" J~.r. .II

crr-'\)

(fr' - '\)

cO .b..._,; 'r.r. ~'J..I. ";J;) 1.5;)1 4$' ~ '/).11'y-~(';~Ij ~,.; JI:- ~ ~I..I.

:)":',r ("T -') ~bt.... .tt.;,T (...:.....1rf. ~IJ..I. ~ ~ ..:..),c 4$') ).,:..)1)

(\"f - '\)



y,"v

.~I ~) ~IaJJi ~>jl.~.)~1

-J~ ~~)~ ~>j'- o~,)~I~).J"" ,'til J') ~,)Jb ,)~J~)..1A:io ..s!r:-i".

,..:..JI> iJ-IJ) ~ ~14.p J~ ,laj.,r" J!_)' jl d}.J"" ~'..lII.it ~t; ~).J"" ~ ~Iio.)

:)r..r .)t... ,;!j ~J~ ~ (T., -') <Il.)~
DO at(J
Dr = a axjilx/ (f~-,\)

:.:-' rS'~ )1-'t4..:.J~ (!;Jj.r. ...,.~'l "'.>t...:~

iJ'B a', a29
~+-t +zr = O.
"x ay "z

\o-'\~

.~~I.S" J._.LO; .J'_J ~ ~ J,; "'.>t... •.!I-..)!' _.).s-
d"'
dy' = O.

dfJ =c.
dy

6=C.y+C •. J

26· I hCfmal diHllSiliity



C ~ fi,,-8,
I d'

C.~8"

!.tiJJ ~J)#} _i.)l.i,. ,.J.i_":'~j' ~jl '!.tiJ" ~J)O J!..)l.i,. ~ IS"tfa~~IJ.) ~ ¥ ~j'

~I.u ~L... J') 4S'..:.....1 ~I ~ J #} = ((}"a.~l)'~ J:' ,.J.i_":'1S" ~t- J..IS" J_,1. ~

J (}J!..)l.i,. P j> ~ ~ §.- ~I 'JS"~~ J:' (iJ"'~ 'i ~~~.)lu ~) )""'!~ ~~ ..;ir
•..t.;..!.~ )fjt... ~ ~~ ~ I;:. ,~I...; ~ j' _s.r rt.; jl - .blA; t)w. )) IJ(}~),JJ- u~

, '-'\ J~

V, ~ ky, II. '" O. v, = O.

y

" I I.;...~';! ,



J

:~i)16"

p.kt (6 - 6 ILk'd)6=--yt+ -"-'+- y+6,.20( d 20(

'rV";'>;;: J',)j. - \,..- ,

W ~t .).,,_;Ii L.f (Vv) ..:.,.p.r.' ~~.)I.J' ~.)li;..~~ ~ 6" ~~I.I'"').) ,. J..i ~~I..". ~

..:.-1 W )b.J. ~ J.)lA.., Wx=wxx ~~ ~T ;1 ,W ;_,...ili LJ~Y.LJ.)li;..,)~ '~_":'I.I'",j..__J'"

c.S'?]1 ~ ~T (.St~JIj ..:.,.p.r' ;b.J. 'w )b.J. ,dv=(D+W)dx=Ddx+Wdx=Ddx+wxdx

~ .J••u!S'" lJL.:.; I) ($.)(.. ~ ~ ~ ~.) j ~ ~I.T. ..:..)J~ .).),~ ~ .?-j'!; 0'~I

~I.!.i .J!.).)') I..6") ..1.!~1.I'" D ..,LollS!..;.J- lSl~Jlj ..:.,.p; ').).J. <J..16"~I JT (JJ )1A.) ~~
:(1"'=".)1.1'"

D =:. :~'~4D ~ ).)Jt ~I..j)~ lS.)(.. JWI ~dx O'.l:?~ j

J~ .~I dx J)' tis 6"

D D (dx) J (D ) 1 [D ]Dtn = Dr ds = ds Dtdx - ds'l. Dr (ds) dx.

:r-).) ,(T T -,.) .l,hlA..J (T • - n~.)""]I 1..1

DDt(dx) = (Vv)dx = (D+W)dx

ID
ds DI ids) = n' On. :(T V- ,.) 4blA.. jl J

V· Vorticity vector



D-n = (0+ W)n- (no Dn)nDl . (fV-,\)

n •On = A. :6~.)_,!, ~

:l~~ (fV -') ~ll.o..J
D-n= Wn=wXnDI . (fA-,\)

:~ J'" tJl~ ~ J.

w = !(av:l _ iJl'2) e, +! (at" _ ali:l\ e2 +J (av1_ aVI) e
J
. (f\- '\)

2 aX2 OX3 2 aX:1 ax,} 2 aXI iJX2

.._:p..,__,..; .1..) ..:;...)~ ~ ~ • ~ r: .J1~.r.·,(f" -') ~bl.o..c....IJ U J:. ;l + "':-!...,..- u..i> ~

:l~~

(~.-'\)

.l"':'~ ~W";>.JI:" .)rit tJl~ ~2W .)_,...;t

:jl .,ljt..:..o)~ ~ ..;.;15', ~lA~J.o ,~L.:. (.5)Z,L..; ..:..oJ~ ~

(..;II ~ \ - '\)

~~~~J

(,:-,~\-'\)~:= curlv.

(or-'\)

'T' - '\ JI4

V, = Iu,. v, = t·" = o~



J

,= -Ice), :~

~'<'>L;".. ~";:'-'.;...."js. ,uy'xr2- ~ J.::'~ {=~!2} <.>1,,!Jlj.:.sf )::'J. 0' ::.":'o,s* '~l

....:..-.I.:.sl,.., <.>1A.~p ~ .)::.J.>.J': '1,_'_.:x3 ~ .j _,.b jl.fl 0'...:..-.1

U'-'\ JUo

y v,

d ddr (n'.) = dr (Ar'+B) = 2Ar,
J~

~I = 2A = {l,r; - n,T,'
r./ - TI2



j=3 ,i=2 _tl

(.)1.j4 J (.)I~li .)~,~_,.,. 4,)1~ ~ ~ _);l:.::... (J.>-? .)_,_ili '4,)T J~IA..~)J.>-?;b..l. _tl

'~_":'I,S" d'A ~ r:r.J- _,iL.j 'j4 i,)T;~ J ~li 4,)1 J~ 'i,)~? ,...L.!o~..;U 'i,)t..j jl

..t,) ~hlA...b....j' ,ell ..il ~ _,.,.(.)lAw _;..my' (.)~..I; tl; ~ cIl(xl' X2 ;Kj ,I) .J.:5 ,_,;j
::>_,,:.[.I_;':;"'I

o<J>
V2=---'

OXl

o<J>
V3 = - OX3'

(._jIIO,..-,\)

o<J>
Vj = - OXj'

(y 0,..-,\)

~2 = ~a = 0 :"'!~ J_,.I. "'! J

~ [(~,. - '\) ..::....:hLu] Jj ..::.."l':>t....Lj' CP{XI' X2 ;X3 ,I) (.):>~ c;l; ~ ,~

C&. _,.,. i,)I..1::-0~~,~ (.)J~I tl; ..,.4S'.:.....1 ~~ •...lS"I,S"...:tu__;IU I;.??~ .J~?01..1.:-0

r? (,$~ J..o1.:.r.:" 6) ~~ ~bt.... 6..::.....1 i,)T~ .:>_":'~ ~ (~~ ~ ..il).:f.-

28- Irrotational



yf1"

:~y'..I.A'_';' ~~.J!!, ~~IA.. '.I.~t;rS"'.} JI:-- ~ IS'J. .~,.:. U;I ""!~(..:.......'

at'; = O. (Of - '\)
ax;

:~.)J T IS" ..:.......~~<l> I.S'J. ,.) iJ"~ ':l ~~IA.. ,(~ f - '\)~~lu ~ (I)'" - , ) ~~l....~.i ~'L)!IJ.~

(~'OO-'\)

:~
a24> d24> iJ24>~+~+-;a= O. (,,:-,00-'\)
uX. UX2 "X3

~kr. ~ IS'J. hl:.._~~I-I~) ~ .f':,JAA,r.'If'T ~ .61.) ~,~,~ ~ J~ J~

(0'\- '\)

'~":'..rJ..-~ (.,r;Jd'~ JI:--1S1J.) ~~~ ·••blM.)~p=o iJ~I~;I}~0'

:.)1":"""'1u.)~ ,~_,,;;:, JI:-- ~ IS'J. ...:..5'? ~~I...

(~'OV-,\)

L

Dv
p Dr =-Vp+pB. (4o:IOV-,\)

..;..t;~.r. 0'r-"~IS" iJ~ JI>. ...I.j":'oS" ~u ..hl~~ ,,::,/,~~1A.aiJ'P ~ (j)V-') u"J,:,1...

•.;I~,~ ~14~J .I.~t;rS"I.i u~.;f JI:-- ~ I.S'J. ,~l:.._,:,,1;6J "! ''?.f':J:f
JIi J!,) J_,..) L.i ,Q ~~ ~ jl ,uh ~ I.SIAJ.r.i .6iJ T.k~ "! ,..:.......1J!~iJtS:..1

:~L I'- I.er-:
anBi=--;-.
uX;

(OA-,\)

29- Inviscid



..

(._ill l)\- '\)

4.) (.$.)_,k "!

(~l)\-,\)

(" -'\)

4}<1J I . P--+ - vt+ -+n= !(f).
ilt 2 p

r·(,\,..-,\)

. ..:.....11 jl (.$.)~I (:11; 6.,_f(t) 6

:';"'!'b~'_";' ,~~:,.; )~~ ll~f.'lll .I. oJ"j,&. .I'
('\"'-'\)



.,Jj";.,r ~~ ~; r. 4l.)lA,.. ~Ip ~ (' f -') ~T V"'t-. ~~ jj J ('" -') ~)l.u
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,o~ J~ ~ ..r> .I':~ ~~.r.~ .)J ~ -=--::; ~ J'~ If.I ~I ,._u,,:, If 0.1.. I!f"_,:.-I
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aZ (p )Ernn;;--;--: - + n = 0
",Xn"X, P

[ i.e .• curl grad (~+n) = 0] •

J
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J
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~. (P .) - (It. (P) (II (P )«,.,-- -+0 =~II";--;- -+0 +«uo;---;- -+0 =0 :JI!...JI_,s~.'I'Y
iI.r.iI.r, P "-'1".1'. P ".1'.".1'. P
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D{m = av", { + II a2
{", (..AIIV, _'\)

DfaX" H aXjilX;'

:~ j _tj I.S~~ ~ ~ I) ~T~1.i1S".s'

~~= (Vv)(+vV2" (yV,-,\)

.s'

1:, = v,(X,.Xt,/). Vt = vt(.T,.x,. I). t·" = O.

:~
T _ (UV3 <l~") + (<lV, ill',,) (or. av,)~- --- t, --- e,+ ---- e·,

aX2 ax" ax" ax, ax, ax, .

[

ar, at', 0] ~ [~ilx, ax.

(Vv)'J = /lv, ilv! 0 0 = 0
ilx, ilx,
o 0 0

D( = Pt'2t
Dt ~.
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# D, = vV2y
Dr ~.

~ '01-1:- J>-b Jl!)T (::;jy J ~I ~..i_,. r.SJJ o~l~1 ~.f'!: jl ~li'~.;:::Ai 'JT Jl-5'
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35- Thermal diffusivily

36· Stream

37- Convection

36- Upstream
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(Y'\-'\)

.~I JlL,.. ,.~~I~ ~t....ilf ($IJ. ~

..1AlIS'"K=).+¥ JI-' ~ J. 0!:l~ ...JliA.. ,:;:. i

(YV-,\)

(YA-'\)

~l~ I; (8 JP 'P ,v3 ,V2 ,VI J~ ~ ~~ ~tJ.) <tl.)iA..;~ (VT' _ '\) J (V/\_ '\) ...::..':Ill...

:l":'lS'" ~I)~ J::! <tlliA.. Ja..., Ji '~ <tl:liA.. ...lallS'"

Dp iJV! (Y'\-'\)-D +p~=O.r ox,

u = C,.(} •

•..::....1~IS ~;l v'~ "'::"}rC" ~

:!"!)b ,~ )_,.b ~

u = U(p. 0).
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39- Monoatomic
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~(;jT ~7. ~jj' ~,)lu - Y • - ,
:,,_':'._sA ~_,..; .,I..j ~)~ ~ r.r. ~IJ.I.'· u;1\:.i1

h = u+!! (Af-')p'

'~~._sA j~p J ')~p 'r.r.~IJ.I. j,;-b ~j)'U 4!'

~blA.. 4!'Jb r-:"'_?' Jl.!.i (J~._sA ~t:..:. 'F 1L.S!~I ~l::.iT .JI~ ~)"O=h+(V2/2) ~.J..?''_';' j

:".t!:"- ~ ~JJ! jl)ai 0.r>_hO "':-'-.,1.. ~;)'

Dho ap a <Af-')
p DI =at + OXJ (TUv. - qj).

~~ ~ ..:-..:O.i •..:.-1 ..;}~ IJ~ )b.l. q; J J~ J.:J )_,_;t T'ij 4!'

Dllo = !!_ (u +~+" . ") = Du +~ (~)+" .Dv.
DI Dr p 2 DI DI p Dt

:~).) , [ (f l - ') ~.)lA..] ~j)1~bt.w jl

Du av, aq, aVj iJq.
p DI = Ttl iJx} - iJx, = (-p8jJ + Ti.;) ax) - ax.'

:~

·40· Enthalpy

41· Stagnation enthalpy



Dp ap ap
--v·-=-
Dt r ax; at
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..:.Jl.- ~ )' .;,4f" f, '.JAr ~'..\.I> ~~ J .~~ J~ ~). )I~~ .)4f" ~I;! oS' ..I:u .JI..!.;

.It JI ,~~ JI.~I jlt ~ J~ fl(",:,)J ,h+(y2I2)= ~~ ('..;.JI}.It.;,1 ,~;$w. ~r'.:J.-
i' p v'-- - +- = constant,

i' -;-1 p 2

,~4 ....- ~t; ~ J ~U)L:.; ~-..r'~ ";")'r ~y=CJC~ oS'

~,~ .JJ'r 1!='" ~~l.t. '.~y. .~~ 'Jl:-- ~ .iJp/iJt=O ,.:-1)~~ .J4f" ';'r, (...;.J.):~

Dho = 0 ....~ ...! I...w (M _ '\) ~.J ..I 4,bt..... '~I ~L;,. .q.=O J 1". =0DI . " <J'.. . .T ,-, • .T.. I Ig

.;,4f" .J1~iWJ~ ,J;/......;..l.;.:J.-.;..J~ ~j'.;,4f".Jr, 101...:.....I~t; ')~f" ~1_;.hO 'J....~..;..JLs. .....

v" p v'
h" '" h + - "" - + u + - = constant2 p 2 (AO-"\)

c"y=-
c,

(A,,\-,,\)

(AV-,,\)
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'.J!. ~~Ij .~ ~ JI:-- ~ ;l ~ fi'~lfi~ ..:.i~~1 ;l.!=il~!)I,;;If I; ~~ ;1.:.;;1

:.iI..lilv;~..::.5 J'" ..:..~,)'-- ~ (.$u,J..r.'.il)i.i..,j.;J- .~~ JI:-- ~ (.$'.t. .,).i~';;

(lv, + Vj av, = _! ap . (io..AlI)
at aXj pax,

.b_r. ~ ..a,;~ !)~ ;,) I~I'JI:-- 45" ~ ,_,;, j

V, = 0, P = Po, P = po·

:61S;_,b~ u_,:, ~~, ;~,) iJ~.i1 'JI:-- 64 ,_,;,j JI.

v,=vj(x,/), P=Po+p'(X,/), P=Po+p'(X,/). (~)

(io..AlI) ~,)I.u ;:' !).)I.);I) ~
(lv; + v' aVj = _ ap'
at J aXj Po( 1+p' Ipo) oX, . (..:..)

v-j <<t.i ) v~ 't-!-.)..? ~ j 4fi'~4"~ I; ..:..~~I L.!)p."
J

iJvj lap'
Tt=- p~iJXj'

(AA-,,\)

rft IS~ ~b'-~t.J ~ ,~t.:.. jJ- ~
ap' I iJp' av'at + Vi iJx; +Po(l +p' Ipo) ax: = 0

:~ TIf ~,) ~ .J!..i ~ 4bl.u
~= _ _!_ ap'
ax, Po at

r-s-If..,j~ I;..:..s,.r' ,r ~ ~ (A\_ '\) 4.!.:,1.u JXj ~ ~ (AA_ '\) ~.)I.u IS~~ ~

~-~ax,iJx, - (UZ •

~ ~IJ If.;; C.r';_,b ~ ;I..:.;~ ,~~H~JjJ;~ ,,~ft6 r-s-If ~ j '.:tl.t. 'J'j.;.

:I""Ub'Po;l.:.i "p...,.)..I.A.. J_,... p(P) ;~ (.$.r' ~ ~. p=p(p) 6 (.$;_,1.~ ,~~ J~
p = Po+ (1f) (p-Po) +.... (,\'-"\)

p Po

(A\-'\)

(\. -'\)

42· Barolropic
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(\ r -"\)

(\1"-"\)

J
ij2p' iJ2p'

C0
2

ax, iJx, = iJI2 (\ 0-"\)

,..I.:..!~..... ~ J....at J:l ~"l/I c_1_,.1..:;.."l/~Ia..(!.S~~ ely I !.Sly,) ~~ l.;:h ,..:;.."l/::.Ia..dol

IJcv L. .-li,; ....._r::.;... Co=,;{1$)pO ~.J"" ~ ,.)14 J JL:.i ..:;..L!~16 r-~"'" ~ 'doly,~

,sa-.P_" ~..r' ' .....,JJ- d'r J::' JI:-- ~ !.Sly,.~t;..,.. nIS-~I ~~ J::' "" u~ ~ r'

c = {Jjj'J d{/ (\'-"\)

(\V-,,\)

:.:.....1~t ~p J (~~ !.Slfi;ir ~)y=~ 6
v

dp = flyp~-' ="y E!..
dp p

c=~. (\A- "\)

43- Speed 01 sound

44- Stagnalion

45- Isentropic



r\-' JI4

.~~el ~;l ~ ~_,)T 0"':';:" C,. ~ lS'.t. '; ..i;~ (...;JI)

·4'~ I; ..:.s..r' v!-~I (,-:,,)

.~ l..i ~ u, ,o..t:. _)i; .,j ~ Vj (~ ) jl .s' .;J~ 4 I;i (10;')
1

:~ y ~Ij"~ JlL.,,~,~'JI c_1_,.1~ ~ ~I .....4 (...;JI):J:o-

. 21t ( )p = f sin T x, - col .

'r-)f .,j~ I; If..!..r. .s-¥ ~.Y

:r-;b (AA_ ') "bt.... jlol!A;...1 ~ ('":")

ilv, f (21f) (21f)-=-- - cos - (X,-C.I).
iH Po I I

v, = ~ sin (2;) (X,- C./)»«« :..::..s.r' '0!'.t.4
...::-1 ;I.:.t C_"" ~ ~ ~l

:~..)!..j u;~ ~I-.. ~ll. 'LS~~ ~~ LS1.t.(10;')

ilL',
0;, ax, Iv,l (21H/Polc.) Ivd
ilv,/il, = i;en =Co

u~..::..s.r' jl h§ ,"=",1.....~ ..r.r' lSI;b v!-l.:.;:&.1.s'..:-I ~lfa ,~.;; 0!~ '0!I.t.~

•..t.:.L

LSJ; "\S'"'; &-- ~ _,)T c_y ~ ·~4IS"'Xi=O ;l oS_r... LSj.....~ ~ LSI}.) 'JI:-- Jl

..:-)~I;~ J~..t.:. ~ .::1.,.1c;S1,.,~b,o..f )ii;.) ~L;IS'" lS)_jJ- u;~ ~oS_;..!.o ~

'~;JT

Pz 4 (Xl>O) ..:-I;.,j_,b J~c;SIJ.J '1JPt ~ I;(Xl <0) j.....~.,j _,b;) J~ ..,...1p.~..J":J>



• 2'IT ( )pr= (Ism/; X,-f,C (X, s: 0).

(X, s: 0)

. 2'IT )PT = E,Sin!; (x, - fit (x, ;;.0).

-1:~ 't~ ~jU JS" Jl.!; ~ 0!1 ..;;.....;..; .t'-~,r __,.b; J~ IJx1::::O jf t..SJJ ~I_':' JI> .~":',r
(PI + P. )J,~D = (p,) T,'" :.05" t..S _L ... ,..c..:.t. :.t.......o.J.Y". . ...

(~I)

J

_r.;(~ )x1=oU t..SJy. ~ ,.,t;~<I:,.. ~ -1:~ ltil..j~ J.)X1::::O t..SJJt..S~~ t..S~ J'" '0!I.J.oJ~

(AY - '\) -.i.)t.... jl o.)lA:,...1~ U!IJ.~ •.,t;~<I:,.. ~

(1t"1 1 (ap, OP") I (ap7)--;;, ."."=;, <'Ix, +~ T"O = P, (Ix, r,-D

1 (EI £x) 1 (E1)P, J;+'-;; = Po t; .

:~).) (...) J (,,:-,),(~I) ..:..~.)t.... ~j ~

£, = C + (P'~'IP2r2») E,. (~)

(
(PllI/p,r.) -I)

E" = (p,c,/p,c:.) + If,.

46- Incident



.)_":'e.)b.J!.j ~I.) ~,~.T:~ .)~? .)1..1.:-0~ ~ ¥~}
(lei>

Vi=- aXf·

:~~.o,;;;b ~~ 'r? ~~~I jl ~ ~IJ.

ap ap aVJ-;-+ VJ-;-+P-;- = o,et ox, ox,

(\\-'\)

op 0<1> iJp iJ2<1>
iii - iJXj ax; - p iJxjiJXJ = o. (' • ,- '\)
:..I.Z:...A ) JI .,hl.... .)w. ~ ~ J~ ~ ~IJ. ..::.5.I"" ..::..)f ll.u

0·"-,\)

L)~?~) ~~ ~lf.:. jl ~IJ~!; .)L.:.; ~ ,~~ ~J.JJ.J4L)~?·~ ~,f .;it}

~Jj"J.)~ l>~?~ .):.IY-IJ.~ .(Jloj"J)) ~ ~J.?J)..I..
p = pep) J p = p(p). 0·1"-'\)

J~

" •f-,\)

,-,="",IJ_J,••il_S"~ ..s(.,.J.r,:>~ ,,~~ J~ ~ ~J.JJ)~ lSlf.j~? ..sl;. 'I)!IJ.~

:~i .)1.i1S" I) ..::.5.1"" ...::,,)f:.1.u ,(B,= i¥ ~)(;I::."!.~)
1

iJ;'i + VJ ::; = - iJ~i (f ; +0). n .~-')
~I~ ..:..-.; ~ .)~,f '~l otL....l.i~ J il~'(' ._') 04.ht.....~ (\ tj)_') odll.u ~li,. ~

~...!JI__t:;1'~;l ...t;;,~,f §-.. .;1.,...- ,~~') J:;6J jl ~ r.~ lS~~? u~.J~

:..al,f 1).J!.j ~i J. 04.bl.u (~i~1 \ ~ _ , ~).) ~ V).}J L)w. ~ La:h) 0 •~_') od.)t.....

iJ<I> J dp VI o , ,-Tt+ -;-+2"+0 =/(/), " - )

:~..at",... ;I~~ L)~? ~tJ.o4.S"

f dn VI.:::L+-+O = ..:,..1.; 0 ·V-')p 2 .



._j~ ~I ">y 4 _,s"lAJ,r-i'J-\... ~ ~l4.. J:l.~ ISJ.r.} It...itf ~~> J:L.. j511S1_f.

:t!» If'! ·:lY..r)a;

(\ ·A-"\)

tr-"\Jw

p = {3p'. dp = l3yp'-' dp,

f d f ,-,"£'={1y p'-ldp={3y_P_=_Y_p,
p y-I y-Ip

Y P v'---+-= ..:...,~-y-lp 2

",bl.... ;1 • .)1..i;;....1 ~ ,(A V - ') ",bl.... ,'I' • - , JI!..).) .s-~IISI~ ~L.... ,.r.b; '~I 0' ~ ~.i
..., I "'" . T'di.l"" ~I.a ~J~ .J~~) •...l.!. • .)b 4!1~..:.-; ,~') ..:..)~ ~ ...lA ~,) ~ IS;;I

. ...L:...!.~..r ~~ IS);I ",bl.... J Jj. J. ",bl.... '(~J' ~ ..:.Jt..

.;I~L; ..;4.r. (,$'r. .(,)y..,... •..Li,,,.> IS.~I ;l...!;) ...l.!.~ ~ ~.r ),))l.!.i PQ ~ v4j
0' ~.).:,,~ 'JT.~,jlf ~ ("fir= ~I:) ~J';;J..k'

Po =P [I +~ (')'-1) (~)'r"'-II (\ ·\- "\)
.~I..:..~~".~f"C '.:"T .),)0'

(..w...... I Ii Jt.) . . 1_
o 0.. ') I.r.' I,,)Po' .tT"

~=_Y f&_I!.).
2 .,,-I\P. p



c2=y(Plp) JI>

'1.1":
P. [ ('Y - I) (V)"]''''-II-= 1+ - - ,
p 2 c

P. "I (V)t 1 ~).-~ 1+- - +-'" - +P 2 c 8' cr r :'>:

:f"'!.)JT

:..s'4'~~

:~

Po~ P+~PIII [I+H~r + .. .J-
p. = pHpv', :::.y:.IS",Jj ~bt.....'4.pti..l~ LSI;.

J .)1~4 iJ4.r. LSI~ ,~::. u.)~ ~ ,~I J..~lir-l'.J J~ ~ ~ .1~.r ~llA.. ~..s'

.~.1.I-~lif'.J ~h;..rI.)J~ «. IT~) ~~ ~'p tL..)~ .II '~J_;iJ..i!'

r1)-'\ J&:o

jl.~ ~I_;':"'I ~.r' J:-i~ LSI;.LSI~bt.....'.;I~~ J ~J.JJ.)~'~?~ ~~.r.~ LSI;.

..;..?')ii to) ~ ~ LSJJ!

47· Binomial



:jl ..;:_...I...:;..)~ ~J:!. 4.bl.... .Vj= -r. 4 ';I~~ 0~.r. ~1..r.:~,
(~I)

:jl ..::......1...:;..J~ ..:.5.r: ...bl...o J

ael> ""ei> 1 "P I dp ap (~ )
- ")(J ax/"x, = P a)(,= p dp i!)(,'

:.r. '("':;"~~.JA..::..&. _"")C2=~.J..? ~)

_!!.e ~1. (C)cI> "t<P .\ (~)
p .bl ,,, a)(1 il)(JiI)(J .

:~ T.;...::......,)~ ,(~I) "hl- J') (~) "hl- 0.)b;l} ~

(...:;.. )

L

'~.)IS"'}} ~ .).)Y' I.) ..r..~lir5'_; JI:--- ~ jI ~b .)~.r. yL.. jl..)--.J'.'~ 0!'.)

,.)l.!.i 01.;:- '~..IAip. df )i.i .).)(.$~~ '.J~J'!" .~~ JT.~I jtf' ~ ,J~ 0 ~ ~ j

~Tjl JI.:-- 0 ,s.I.J'!'"o"~) J\.;IS" jl ~ ~..,. .)1.c..1P "..r:fJ'~..r" .J~ •..,:...}_r ~.)

·~4 (JJ).)~) fA~~~.)T J }~~ '~~f. 04~)~ ...::......1~I~ (.).).if..,..

d- .J!W ~L..A ..f1 •..::......1~l: ~~ c_,la....IS"'W ~IJ. 'rf. ~~ tJ ,)~~~~f. .).)

:j"""!.)b • ...l.!~ ~ _,...\" J J~P .~
pAt' = C (~~~)

48· Adiabatic



:~ 'r-'-..tf ~ ,; (' , • _,_) "'llA.. Jots" ._;;..!.o L. ,~~?-" r.SJ.) ..::-L..... ~ }1 o..u.t.:... r.S1.I.

dp(Av)+p(dA)v+pA (dv) =0.

:-'! T~ ~l ~ ,pAv .I. ,j} "'llA.. ~ 4

!!e+dA+dv=O. ""-'\)
p A v

dA = _!!E._ dv
A p v

'. 1 l;,'I,)!~ ..

(~I)

I; (' • A_ , )~blA..l jl ~I"::".)~ JTo~1 jlt ~ jl6..:.JjJ.)~ ~~f.r.S1.I.'r.Sjjl "'llA.. 'J~

:[ ':_.:
VI +J !!£. = c..\!2 p .

:":"';br-
'
'''''' \'4 .JllA.. 1S.".tJ:-il..rti!l 4 'U!'J.~

vdv + !!I!..= vdv +!!!I!.. dp = 0.p pdp

l.J..c. J.!.1.w 4 .l_';1S" ~t.:..:. 1\ tL- ~~ JI~ ~ ''';''~~.J''..::..s..r' ~ '4)~?-"..::..s..r' ~

:(l~.;o ~t.:..:. " . ;) ~ ~h""'"01~ ~ ,If) ~ y ~ il;IS" I.) ,j";_.JllA.. , M ..la...j tt.

~ = d: (M2- 1). n H'-,\)

J~ ~ ..:.J~ ~) ( M < \) 0'..:. p 0Jlt. ~~?-" c,S1J._.s' l ~IS" O-'!l ,,j} ",,)L.,. jl

49- Mach number

50- Hugoniot equation

51- Subsonic



.:,,~~ 1$1..t.~~~ I$~:; '~~.f...:..&..r')~.;...lS'" ~...r:w ~..::__L...)~ ..AI) I~ (.t~~lj

OJ'# ...:...!b.al_,> J~~~I)~r )~~I)I~ •..:...>L....)~ ..AI)I ~(M > \)0' uJo#Jit..

u~ j jl •.)l.i:;...1~ t) t..tlJ-I~ Jjl; ~)~ .:,,~~J b I'I~ Jjli ~).) J~~ ~I

..)b~'_'> JIJ ....Jib .)),Jo" 'I$~~
I~ Jjli ~ J~ ul!.~ (...;JI)

PI j~ JPI )L!.i .:"T .r'~),6') .3.)). ~I; ~ jll) JTo~1 .iff ~ ~4~~ TJ~~

.~~)ai )~ PR ).!.t ~ <..>I~I; ~ (..lit...f ~4 ~ JJ~ tJ)

P"P,
~
I
I

V, ~ 0

v,l = -.1L (1!.l_l!J) .
,,-1 \PI P!

52- Supersonic

53- Con~ging nozzle



YW

vl = .lL..l!..! (J _ (~)'l'-IIIY.] = _E_ l!1 [( l!l)IY- Illy- I] .
y- ]PI \PI v>: J PI \PI

:~

dm (PI)"l' {2Y PI [ (PI)(l'-UIl']}1I1-=Aa - PI --- 1- -
d, PI Y - 1PI PI ..

dm = A {~. [(PI )IIY_ (PI )'l'+llll']}111 .
dt 2 y-1 PIPl PI \Pl

_;- .J'.t.J'.E;,- ,p2=O.s' IS"~ ·~~U"P2 ~ ~'J ~ E;,- 6!"'*-U" u~d~1 J 'PI 'Ptl.S'.t.

.::'_,,!.IS" ~ .fj Eft 'Pz=Pt uaJ J ~t

~'.Ji1S"~)L" ~ ."u,)U" ~l.!.i (\ \ 'f- ').J::.t... J:.lo 'J"k .1.'..1. )JE;,- ~ \ ,-, ~
.s' .d'1S" JIAi' ~J (E;,- )mu.s' ..::.J~J)/_ (_2_)l'1(')'-1)!J'- y+1 PI <"0-'\)

/ 'Pz ;I.:.i ~I)) J

2y p~ (Y+ I ) PIv.I=--,,-- ---I =y-= ('I') .J.L.))U~~.r'
y-l·PJ 2 P. c-

I
I
I
I

dm
dt



.):l ,.)~ c,j..t.~":'.r~t.:.:.P< ';I~;~ ~Ip. ~ [0 ,~- '\) ~,IA.. Ja...._,; • .....:.o:ll:l]pz;~

.;.;;~ c,j..1.r.f-;' ~I.r. ,.....:.~(.:......IP1~ ~Ij ~ ~)p, jl ~ _,).J.i'.i~ .f _".(T) F
= , ~ ~~ ,.:......1 j:.....r.f- ~ ll,p~ ~)2; jlc,j..1J ''':'.r0f' u_"'" JjL. (T) ~ .):lc)~f.

Jjli ~ ~t. (.$1.1.'c,j..'.1.~ .(lftJ Jjli) ~tJI J~ ;:l ,M > , ~J ,.....:.~.;- -'!~dA. ,M

, - <' .e "'"......:.~.-...?-"J.r ~ J:l ~ ).!.LPR jl.;- .J.il.i~:r .l'P2 d";:""

nD dm .1 '<f. I~ - .... ""~P:' Jar <J.!. ~t.) ,~.) .;.;.)~ ~ ·P2=P, ou 01 PR<Pc J 'P2=PR 'PR:!:.Pc Q ~~

::l":'.r 0l b ..t.j .;.;.).J-J'

dm { 2,}, [(P2)'lIl' (pz)CY+llll']}"2-=A'l --PIP, - --
dt ,),-1 PI p, .

dm = {E. [(_2 )Wl'-Il_(_2 )(Y+lIlll'-IJ]} 1/2
dt Az '}'-lPIPI '}'+1 ')'+1 ' PR;:;:PC lSl..I.

dm
df

(!o:.d "_')

:..u.).rc)l.:.i I; ~t.) cJ..1,V - '\ j5::.

...:.-1.;.1$ J~ p Monotonically~I~ J ~ )}o~ J ., ~ jl u"t" )' > 1.11,1 :.s'J.iS' ~ j .~f



'I',,-'yu. Jjli ~ J~ ul!~ (~)

~Ijl (l";~ ~)b-~).i.~..iiu ~t; ~ jl.o) .r..~~'.J Jl:-- ~..::.s ~.o 0!'I.SI_J.

~ .)l 'J"..-. J.ii tl.. l..l$ojS'1.J- .0 r-~l (~I) ..::........i jl ...:.....1rj'i I~ Jjt ~ ,~~

tl.. l..l$o~ 1.S1..;,.or-:=i.f ~,~ 0!' j~T .)l'~ .J.!~~ .J-IJ 'I~ .tt.)Jf

J_,il.. ~~?.o 0!11.S1..;,,~ ,~~ ~Ijl ~~ft ~ .)l ~~ ~ da-- ~L.. '..I.>IJ jl ?.).).

- \ A_ '\ fi.:. _r.l2;-'.fIJ I_t... Jjt ~.)l ~~ Jl:-- '~Il.f ~ I.;~..iiu I.!S:;li ~ j1..::.,Jo#

~Jlt.. o.)I_,....[«P1) PR • ..t.:.:S"'~~.)l.)~-~ ~.i iJJ~] Jjli 1.S1~~.)l iJ~?·~~ J~?

J3 ~~) ..l..!.~IS"''':'' Jo# J.,tt..~ jl..rob- 'lJ..b.o I.SI.I."-flJ .1f.).Jf.)l J~ft ...:.....1..:..Jo#

~''';.J-''' UOIf_,Jf.)l J~?)..lA.o 'iJi .)l.ol.)ll ::'FoJ PRjl~.)I..lA.o.( '_-__: I.)\I\_ '\ ~ .)lb

P _•. ~l).(C . -)l' o..Wo"'o...l.!o~·[, -I~ ... ,..:.JI>-IL I.:.L;;..·L ,..:.....1R ~ v-~ ..r-.e.r'''''' . _ I) _f.I).r- .. If-.f I) _?
.. ~ .~ f. ~ ~

::'~J ~ iJ~ tJ .)l (,$~li .. _p i!:t' ~ .l.;l~ (,$_';": .~ _,l) .1. _,:. )l -lilj~ ,

.l)JT~

E. 1.0
p,

e

P"P,

OL-----------------

55- Throat

56- Sonic

57~ Chocked flow



YV.

~I; F ..:..Jt......I.SI_r. 'Atf_,1f jl ~ .:,,~?-_d _r.li;- ..t.:.~c JC ,J-'.pH)1...!t _fl.(c J..la>.~) ~_,:.

I;_ o..l.i~~ ..:..JL...I.SI.I. .:,,~?- (1.S)1...!t.5 _,:.) )\.!j )~ Utlki;1 ~ jl ~.~ y..lAl_';" u~ Jjl.

~ ,..t.:.~_ ~ )~- c ~)\.!j _ij ,o..c.:S"Cj~)~)\.!j _f1.~y..lAl_';" u~ ':"J~l.- o>
. ..l:il~ Jl4;1 Jjli jl ~)l> '''-::-')JA .5 _,:. ~I_"'I J J.o,-:"I ~1_"'11.Sr'

JiL..o
~.)~~ ~~~ ('fm J). J" em ~ .r~)~~AB ojlj.).) , ,-, r~)~-' -,
.:"jJ .~~ I.) B ;:' J-...JI~ I.SJ~ .~_,:. P ,j~ ojlJ;~ ':"jJ jl ....:.....Io~ 'i"J .r.. ';i~

.~~ ,,, •• N/m3(, Tl'flb/ft3) I) '-:"T ....;# ~

).) I);l.!i •...:.....1..:.S? ;:' (a ~~ '-:"~ ~ J '14 '->.J'" ~) '->~~ )_,l:. ~ ''-:'' T jl I.I"~ - r - ,
....:.....1h .I.1_r. '-:"T ~ jl .:"T .u.....(; ~ ~~ (,$1-JaA.;

)I...!t .J.:5~..:.S.r ('I' -, r ~):. o~o~b,jl.!.;..:...p. ),))8 ~I: '-:"~ 4 ,-:,,' jI U"~ -r -"\
.~~p a I) ,;-.; T )l.!i .~~ I) A ~ »



YV\ .- _.• ~JL..

y

"I
A

.~I~I.)~\"~

~I.).)l..!i J Jt4 4 ..J!j"::")~ ~ ~ y.- ~ _;.....;T ~ ,6 ~..s"_P.oJ ~_;:j '-.)t..~J...IIS"..I~ -0-,
P (P)-p, = p. .

J..IIi; ~j.i '~~..s" ~W', ~-,j~_,A-iT .JI~ ~ ,(..c.:.4..s"~_"J~J)l..!iPOJPO)

...I.;:5I~ ~Jj~ _,A-iT ~.)~ ,.)J~
~ I) .J~.r. ~ ./1 '..I...iet;~lj J ~ o~ JI:-- ~ j' '-.)jl_'" .J~.r. «..)IJ.- ,- ,.

't!~
:~I ..J!j ~ '-.)I.;I~CS .r' ~,~ ~ ~~ ~L:.; (~I)

.¥I~p J/-l ~ .)'.1),e2+e3 ~_".; 4 ~ I.SJ..I 'J5" i.S~_".;'_;';; ,v(xr1)=x2.f1 (~)

f l~..s" o~b ..::..l-i....o rl-lS" i.S-'.,' (l~..s" ,.J.il_";" ul..!.i~ .s- ~J T .k,..,..i) JS' i.S~~ ($~ (--r)

';=~~],s;~ ..I...ieUf'I_'_; JL:-- ~ i.S1r. _r-!j cs~ 1)'-':---- -y-,

59· Astrophysics

60· Polytropic



: e1 ~ .)l l ~ ~ ISI~ ISJ; J (' I 'f I , ) .ua.a; ;l

.~~ I; -p ;!.!; J.- JS' ISl~ IS;!.!; ~ Jo!ljl;l~ (-..All)

.~;JT ~l ~ I; ~ f. ~;I~ (",:,)

..I.!~3el+4e2 ~ ;ll~ ISI)l ~ ~ J.,rlY-' ~,..y.,) r~1 I; V- '\ ~ -A-'
JJ- ~)J.~lirS"j '~J,=-,,~':t~jl~ ~.)JT ~l ~I;IS;I~~ ~~\)~J!"-\-'
~~ ~ J; '\)~r.- ~ ...:.-IIS;~ (ljl...lS"0 ~Jlj ~I ~ ~ J.l.. ~ ~ jl ~d ~I~

J;J J.) ~ , b 'J.IJ. 1Slfi- ~'Pz JPI .)~ Jilz Jill .f~ ~c: l..J.) jI,,! ~ J.) - , • - ,

.~;JT ~J ~ ;I~~ ~~ ~~r.-ISIf. I;..:..s..r' (j)Y ...li.)b \)~r.- ~t: J ~I IS)!_"

..;.,;~ ~ I.) "1S_;:"J.i!: tLii) 'J.t.. ~"J ~ ;J """..Yo - J~ \)~r.- 1S1f.- \, -,

~ ~,) ~~..:.$.r ':"~Jt..... jl.~1S" ~.;Nh=plpg-xlsinO+x2cos(}

h = "(X.) (I..AII)

cdhldxl = ~t: (",:,)

;J '; ';yu~ ~I ~I.f--'I JJ ~ ;JJ,.ISL,a;.),) 'J.~lirS'lj'~ J'=-" ~ ~~r.- -, r-,
. ..l:.:....JI,bJ a ~t...:..~~_.b;.:

J .»1> LSLt....;I_,:.-I":"".r''/1 J ~~-':':'I..li >P-'J LS;J-' ~)3 ';!.!; ;31.S.r.:;N.f1 (-..All)

.~,~ I) ~~? ,jl-l:-- '...t:.~Vb JVa ~j'" .?.)~

,jl..l.:-o,..w~ ~!; ..;I_,:.-IJJ..;A J ~~~IJ Jp-' J LS.)yu ~.)J ';!.!; ,j~J'.f ~ .fl ('-;-')

61- Piesometric head



,';';Ji • .1.:.;-0:- JI....

V.=V(Y.l). Va=Ua-O

~~U"" J:ll; .J'.) ~bL... ~ ,pB=O 4 ,I!S"'_,::...I- .•oli ~ ~~L...

alv +atll = 14£ =~= ..::...1:
ayl at p.dz

y2/a2+z2/b2=1 ~blA.. ~ ~~ ~ e+~~_,.J ~ ,''I'' - '\ ~L.. ~ ~'f ~-,f -'"\
~ IY-' Jt ) ~.~"" )ai ;~ I; •..I..!.,,)b

.~I:! I;B JA

..b....Ji ~) t~~'~Jl...;.. ..;.J!. ~ ~ F~~",.-'\~L..~ ~t .....~ - ,~- '"\

U!I ~ j 4 .~~)i; ;,) I) (• ..I..!.u...,jUz+b/(2'I3) = o,z+.[3y-bN3= O,z-,(3y-bN3=O ~I"..A..,...
~=A (z+b/(2Y3»(z + Y3y-bJV3)(z- V3y -btYJ) +8 .«

.~t~t;BJA

.~ .;.,~'I; ('\"•_'\) oIbL... - , '"\- '"\

J O• ..::...~~t..~ ),) ~~ J)J 4S' c:.1- ~_,...~ 0~.r. ~ .)~I.) ~}?' ~;~ t::jJi - ,v -'"\
;,) I; (J~ jt ~li ~'j.;'1 .k...Ji) o..l..!.,)~1 ..::...Af"" .~;" T..:......,)~ ,..:......1 (}2 ~L.,) ;.) ~~ J;J

IJ (..::.J fi' .J~ft") .)P-~ ~I_,:...t s» ~ rl.) T 0~ft" ~ ;,) t.) "::"./r ~.)~ ~jJi - 'A- '"\
.(.J.:.:....A O2 ,,01 ~I: .J',.')1iA J~ ~ j ~~)~ J ~I,) ->u.~I_,:-1 I,$L.,) .J.;? 4.:--'b..

v!!L.; ~I~'_,:-I..;...~;~ '; .I.~t;rS'tj J JP- o~ J~ ~ ->1..t.1Y-,)~ "blA.. - \ \- '"\

.(-l:;5 ul.i;...t fA - 'I" "'L.. ~ 31) -'::A.)

I.!S"_,:-I_ .J',.Jli ";"'~llA.. ,Y'\-f ~L.. J ,f'\-T ~L..,'" - '\ "'L.. ~I.::i ;1.~l.i;...t 4 - r· -"\
'~)J T "'::"-l ~ 1,$1~1.f-1 ..;...L...;;.... ;l t) (' - '\ ~ )~ • ..I..!.'lb)



YVf

.~~ I.) r.F .)_,...;t (~)

.~I..I.:! I.)~l;.:. JI~ (.....)

I.).s _,;..-I_J._Jli.:,.':i~IA..,~ _,...J~ ~ .!:A~ Jl.!.i- ':"~~la.. j'-)..!i ~jj" ~ ~~ ~ (.:,.)

.J..?~ ) .I-l:-- .)) .~Y P...;,~ ~ I.SJ.J"! jt .J;.$'oJ" L,.;)

...IUJT ..::......~~ I.) .)I.!.i ~jj" 'J _,;J. ~ht.w jl .~l.i;:...1~ (.:..)

.~~ I.)dlr~._?-;~ I.Sjjl "';'~ttj (~)

.~y~ L,.;)I..::..s_,...J1-l:-- .b.... j" ~ _r. ~ ,~~ ~~ s» ~X2=O ft ([.)

:.!:A~ r~1 J._j ..::..sJ'" I)I~ 1.S1.t.I.) Y , - '\ ~L..... - r r - "
v.=k(x.'-xl), v,=-2u.xl. l1a=O .

...I.!.)JT ..::......~~ e;b- <Il"...y. J~? 1.S1.,t.I) J->f.' l.St..w_;. - rr -"
'f'" - T' <ilL..... C l:i jl} ~.)J T ..::......~~ .J."... Y. - Jt.. I)~? 1.S1.t.I) ~ f.' l.St.w _;. - rf -'\

.(~t)l.i;:...1

tt ~ I..:->J.'.)..::..s_,... l.St..w_;. 'J._~I.i~I) JI.:-- ~ jll.S~J~ J~?I.SIJ. -"0-'\
~~IS" ~l..i J._j ~IJ) .b.... j" ()YoJ" o..W JI~ J~r. tt JI_,:&-~)1/J I.S)~

alb alb
L' =- V =--
I oy' ~ ax'

~ ,-l,.!.~ J) ~./' ~ ~ .:,.li:..!.o I.SI)~ 4$'1/J ex, y) ./' 1.S1.t.'rf.1.S~ ~)t.w ~ ..I.:A) Jl.!.i (~I)

.)YIS" L,.;) .)ts'"l _,> )_,J..

JT ))- J~..::..sJ'" I.SI~':"~ J.- 4A; ./'.))- JT.,t...,..1... ~..::......1 ~ 'J~? ~ (,,-:,)

l.#tJ! ~~u 'J..~lirS"l.} JI.:-- ~ jl <'>~J) J~? <.>IJ.~~) Jl!.i .)y ~_..uu.;

'~~IS" J'~ 'T 0~? eY 1/J ~ ,..c.::....o. 0~r.

~..... ,;::' - --~~ J rjJ~ ~e <.>~ ~ ..I.:A) 0l!.i .Vi=-fI'j.'/rJxj to J' ,-l,.!.~ ~ J':' ~..::..s J'" LJ1-l:--_?I (.....)

.~)~ ~~.,t.1/J"

62- Stream
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6"~.) LJl..!.i -Y"\-"\
l/J = V"y ( 1 - X2 ~ y2 )

,,:;,-L J3 IJ .J~? .1_,.b.;- . ..;.....I.~.;:I- J~ ~ ...J_,u '.r>.r..;:I- LS~J.) .J~? ~

.-':!.W r"Jx2+i~a2

IJ ~ 1 JL!.; .J.....? ,,;-1-. ') ,":,1J.... LJ~ )S"I..!> ,. - '\ ~ ~ ~ ~If ~ - rv -"\
IJ J~)L.!.t J ,,-,,, .N/m~('\'f/'flb/f1))I),-:-,1 ~~ LljJ ""nkPa(\"/~lb!in2)

t~ ~ ~) lSl_r.I.)I .~ ..;P) ,~.;:I- I) J~ .~~ )ai )3 'V /" kPa( T /61b/in2)

.~

3m

(

m) d,..li J') ~_,J)ai .~~..r .J~.r ~~.:.- ~ ,,":,T lS.)~ ~_,J .k:;.. ~ ~>)I- rA-"\
lSlf;i1 J '~I J') Jl.!j ../I.~~..r._blz n~/" em) '\ in ~ (" O/f em) , • in jl '\ ft (\ / ""

J~ ~..;.....I)~ j~? fj ,~~,.Olb/in2(, V" kpa) J r .lb/in2(" • Vkpa) ~ j ~,..;p~l

.~~ )ai ).) t~ .;:1-')

J',.j..::...&..r' lSlAWYlSl;, r? LS~ ~3l.u 6" ~ ~~- r\-"\
] ot/J I ot/J

VJ=--, V2=---' t'3=O,
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..),r,r ~.)I ,.)\S'.)y.. .)_,b ~ (~~,r J.) ~ .r <C...~ ul..'i;..:;.. ~I).) J Y JX jl"ru,l';1jJ 'JT .).)~)

~14i1_,:...1ut...a;;.... ;l) .J'_j ~ .r' ~t..4Al,;. ~I..t. 'rJ':" ~~ .·.ilL.... ~ J...? ~~ - r·-"
I at/! I ai/J

Vr = - pr az . v. = pr ar • v. = 0,

..),r1S"U,;I .)l).)y.. .)_,b ~ (~~IS" <C...~ J.) ~ r u~ ~Z Jr jl"ru,1'; _,A1/J (r, z) JT )l ~

.( I:_.: I.) ~ _ T' 4lt....)

:..J..._~)i.i;l ~14il_,:...I":"t...;.;....),) 1).J'_j ~.r' ~I...l:---r' -"
vr=v(r), v.=v.=O.

~bL.... ~ ~;_,b ~ (~ I; ~ • - T' 4ll-.) ..::.-1 ~t ~A ~, v(r)=A/(pr) ~ ..l:Al ~l.!.i (._;JI)

..)~,r L,.;) rJ':" ~~
,~~ Qm- -l>IJ J_,b J r tL...:. ~- .)J..Lo~14i1_,:...1~ ~ J!)o jl rJ':" 0~ t;./I ('-:"')

• ..J..._.)JT "::'-l ~Qm ~ ..r.1)A ~t

.4'e:.1~11) (VA_ ') 4llL.... -rr -"
:.t..~rS'l; ~~ JI::--- ~ tSl..r. 4S'..i:Al 01..:.; -rr -"

T" aVt = -pl1 + cP"Bx, •

IJI = lJ(y), V2 = V3 = 0, II. = p(y) .

.~YlS'" l..P;I r? IoSIk 4l.)L.... ~ ..J.::S' ~t (uJl)

c1-- ~ ~ ~.f"'" tSl.I.')v(y) (":';!_j"" ~).) jl J.'i::-o~).)_":' vP) ~~ ~~./I ('-:')

.~ _)a;....J ~ ~ tSLo.-'~ jl.-L.5-'~

.s_r:;... -' ~~ tSlti;-,)) ''':').f'''" ~)) ./I.~~ I) ~I;:.;T t_jji 'tS)jl.u.)k. jI D.)I..i;;....IL('-;')

~).) jI J.i;-..- J ~t -.-k J .c
"

'fl.s' ~ vP r» J:~ _,h;).) I) II =('/) ...t.!.LO!,0, ~ j ~

.J:~ _)i; ).) .r._.; I) ....!~ ....J)\;., t~L 0l~

~p ~ 'JTDJ..:ljlt~. jl ~~~~T ,;I~.~ 'tS..uu~ .:.,L.r: tSl.I. ~~.) ,jl,!; -,..6-"\



YVV

.~~~ (,.) J n) tLo ~ y <.,SLo.-,~~ j~M2 JMI '1/~ ...:.;If ~y ,.:,i J-'.s-

:j"'!Jb ';-I.S'!"J~ JIS"'~J!..jJ).I':'~ft" p .I.~rS"lj Jl::-- ~ <.,SIJ.0'~-,.:,l.!.i -r''\- '\
dM2 = 2dv
M2 v •

. (~ ...,i>) J-IS"IJ jtS"') .:.....1 tLo ~~M .s-
~ JJ ~I~ J ~t: ~L. ~l,r.-o ~ J!)o jl '<.,S,)~ Jot) jtS'" ~ C;IJ. 0'~, I)l.!.i - r'V- '\

dp IdM2
-;=-"2 M2'

~'~":";;'_r ~ 6jli ~ ~ J"...) .I.~r'I.J .~~ JI:- ~ .JL~ ~IJ.-r' A- '\

:t!~ ~ )i.i ,)~.I.) ...:.,)¥"~ ,,)..:..;;..r' J::-i~ (XI ..:..p.- .)~ 1'0 .J~ft"

~ = - Vo(Xj + <l>d.

Mo=vo/co ~ ,<1>1 J. rS"l> ~hlA...)~~ ':'~f.I.SIJ..s- ~,).:"I..!.;'~~..r'...,i> _,J 4fi'.;I::.~'".s-
:jl..:.....I..:..,)~ •

•
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el__';":""I~ -'=!.b:-- Jl J.:.-iIAl ISlfiWI ~bJ ~(...l.ilb..... ~t...; '" IS)}I J'~? ojl...l.il~t....

U'JlL.... JS..:.),) J""; J,,_I. [(f"-') J ,(f_~) ,C"-f) '("\-'1") U'JlL....).lioW

~ ""':-.1.1) If.iT 'J...i tJ-.1),) ..li_,:. ..... ~I.:..!. jj I~~..f" J_,....I~ ~I~ ~.tr 'J:-iIA')

jl) "::";~.L;AI_p.JI~I ~,~ Jl .l_";~I_p.IS~J..f")- ~-,=!.b:-- )1- ~I: ~

.(l_':'1.S'" l~ '~ J_,....I ~I~ ~ .trlfiT

.)~I.J.,.r ~ ),)J .li_':'I.S"'''''' Jolt....~ts'",j5:..:. J,) mlA:;...I,))..f" dyT 1S}J4A ~) ~

.:J _,:. ..... ~ u'J llA.. ~IA,) ~ ~_r.:.. - ~ -'=!.b:-- jl ~ ~ ISI.I._ f ~ ~

I,$~J..f") ISI.I. I,$.J.._l •~ J ~ ~I;I (\ ) :..l5..... J\:-il I) ISI~trJl Io)..u. _,..;~ ~

,JL. )1 ..s>.I. 1,$1.1..r.!fi ISltI-- ~.)I.).:.......)~ (") J (...l.il.....".w J_,....I ~ .6') ~I""=,,u 'J l!..o

1. local principles

2· Global principles

3- Smoothness

4- Global Theorem



.J?J (,..:.•A~~ ) 6'~ I.>~ r~...i' I.>_? A'. ~ ~ c..s~L,.ij jI e.)\A:-1~ lS"'--4-

..)",u - ~ ~). jl- ,-,""Ij)y".) ~ do:-0T .iI ..)~r-I_";" ...iIi.T '.:.r.../ ~ ...::...~I~

."::"';I.)~I.r C~I 01~ J-j J-L).) .s-(...::...~10J~) ~J.AI.r

.J..:? ._"i> } .~~ C j~ ~ R ~ 'l::>1i PY JX jll.>l<::..o ~ r::}Y fJP/ilx J P(x,y) .J..:? ._"i> }

.s- ..1.5'~ ~~ ~ ~.} ~ olt 0 T .~~ C C.)l> w).~ ~ Jb J. n =nxe. +n/2

f Pn;z:ds= (aiJP dA n-V)
c lit X

J

f Pnsds = f ~~dA.
C II Y (r-v)

jl ~) ~ .1;. ./" '0 T ).).s' c...1 r..S1~; ~R ~t; .s'¥~j (..:.J.,..... I.>IJ.J) ..:..~' ($IJ.

&.J.u; J.)).) lAJ.) I) j_J" (~~ lA)_,.... jl rl...lS"'./" I.>jl". J •.)../')~ ~Ii Ji-b Qu; ~

.(\ - V ~)..l.S'~

y

n

~--~--------------~~.

5- Green's theorem



JrICII' ap ].rI(II'
~dx = P(x,y) = P[X2(Y), y] -P[XJ(Y), y].

ZIIII' uX .r,U,'

f ap fb Jb
R aXdA = II P[X2(y),y]dy- (I P(xJ(y),y]dy

=J Pdy-f Pdy.
CBH G"'H

f Pdy = -J Pdy.
G"'H HAG

f ap f f-dA = Pdy+ Pdy.
R aX GBH ItM;

{~~dA =t Pdy=-fpdY.

~I,;~ u':i.)~ y=y(9)JX=X(S) ~ Ji') f.! J ~~c j~ .)1..1.:.01,;.)I)L.S" J_,l.S «~ ..,;.)
~l... ~1A~p ,,;.S'? ,j~ ~ .).)J ~ .)1..1.:.01.).) S ./1 .lfl) T ....L:.!~ j~ ,_;-;... ~

~.,!.jl..lil ~l... ~1A~p,,;.S' j""..:..p...).) ~ .)1..wl.;::.5..t' J ,dy/ds=+n •• ,:.~.,! .jl..l.il

:4J.IJ.4 .dy/ds=-I1Jt )~

:~

J
R

:~ cIA = Ie Pn.rds .

..),w ..;:..L;ll)ly..r ~L:.. J!)o ~ I,; (Y - V) "bt....

l-V J~

JI~I ~ .J.::S ",:-'- (V -,. ~) OAIJC ~ r--' ~I..I;..I ;~ I.) fcP(x,t}nJCd.r.P(x,y)=xr oS.;.

.~l..i ",-(L&.I; ~t.:; .~JJ; .,;_~ ~ I;JR(iJ/'filx)dA .:-L..
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~C;____ ----, 8

I
ht~){

I---b----l
'(-y~

lp(X,Y)fI.l'ds=J x(O)2(O)ds+ J b}"(I)dy+ J . xht(O)ds
,- CIA .~R lie

f J
h bh"+. (O)yt(-I)ds = b}'rdy =~,

m 0 3

fill' J Jh bh"- dA = yi dA = y'b dy = -,
R iJx • 0 3

of l'fI.rds = f
(' A

-' (\ - V) ..:...)f~l..u J~I 4 ·..l.!.4 ~.)b.J. .JI~ ~ '0 = 'W:y}t>1 +l'2l\:y)e2 ~ .J..:? ...i')

:~Jb .4'1~ J (T- V)

1 ( ) 1 «h'l al'~) ,(' v.n. + l'2n2 ds = I' -a;-+ iJ.l' ciA. (uiI'f'-Y)

:..:.....1 ~ «-....JI" - V) 4l~t.. .,..,..~ ~

(~f'-V)

~~~~~,
(""r-y)f V· n ds = f div v d-t .

C' H
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f lJ,ni dS = 1 ~v, dV,
v :~ " ax,

(-...iII1 'f - v)
:~~~~~

(~ 't-v)J v- n dS = J div v dV,
oS R

c»~). ~S..t. ~~ ~ )b..t.n J ..u..l..s" J$:..!.; l.,4j )lIJR",:>li J..lS'"j...r"~....:......1 ~s

~,~ .lr..s" ~w (,J'~ ~ 4,) \.J..jljj~.) ~ 01_,:s. ~ (f- V) ~ll.u ·.l.!.4..s"

.;.1 ~ .~~ R )l J,' ~ ...r"..; ? ..:..Li::.!... t.S1)l '0') Yo ..:.... ~ V t.SIAW j.o ~ ....:......1_r...... J:._r.

.....:......1_r...... ..:...l.i:.!.. t.SI...t.'IS _;...S' ~ l J..bo..o 4 ,~

Is Tn dS = fIt div T dV,

:~~~~~

(,,:-,o-V)

. ~~L :jl..ljI..:..)~~.;N ~ ,divT d)lS'":. t.SIAWy Q

t.Slti'",=," (.S'J. Q"":""'" ~IJ •....:......1t.S)_,....;t 0'..l:-- ~ (.SIJ. ..,-i'))J!~ ~ (0 - V) ~.)I.u

d-~divT d )IS'"~(.SIAWj.o Q0T j, _r. ~....:......,_r...... 0~ (,,-:, 0 - V) ~:.I.u '.}~4~...r" t.SJ_,...;l;

Y-V JL:.o

J....;S 4SJ) o>.;J 4S1.AJ~ -41.r.oS' ~l';'L.:.; ·J,;.4 ~ do- &...,s J";'::' ;,_;I.; ,jl..!:-- &.._ T .s'J..iS' ~ j

.:..,.:...,...lllfv(divT)dV

r= LidS,

(...AI''\-V)
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1....,.; _ S ..5.': ,~;-ff ...laJ~ ,;1.0 ~li ~ Jr":_'L.... ..l:._1 f. <IS" -':A' ;)l.!.;.~ -v JI!.,,! t}':'") ~

f tll)( (div T) + 2tA}dV •

• = J,IlXtdS.

:.If.;,i ,~~m ..sla,,",;.mj ~...,;)

1ft, - Is ~IIItXj,.dS = I, ~IIItJCjT".".dS.

:rob ,(-.All ~ - V) 4l)L.,. '~\))J!) ~ jl t.l1.i:..1 ~

m, "" J -!- (£04rITk~)dV .
.. (lAp

a ( T) ( s«, aTor)a--:- f ",..r, t. = fOk ;-- T tp + Xj ~
l.... ex; vX"

.x.,;~..s" T I:))l£,)~ ~ JL.tJ.l JI.l.,o-!.,o-!1r,J.l ..su...;J_;' EipkT kp=-EikpT kp -.5 ~ ~,_.;

:":"';b ~1,..~;.:t..I.! .~x.(divT) eSt..,.;];. Eij~{aTJq/ik~J

m= !sllxtdS= f {XX (divT)+2tA}dV. rf-Y)

s-« JUt!

_t.) ~I.) ~ J"! ,S eSJ.) ..;? Jb.T. J....j (•....,;r":.il JIS" tj) Y Jlj <IS" ~.l Jl!.i ,'f - V JI!.",! ~IJ' ~

:tr(A)=Aij ~ ~ j ~U~..s".,)I.l
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:.It.jl •..l.!.4 JS' .jl; P .s- J.i.S' ~ j :J>
p= fst,\,dS= Is Tn' -ss.

:o/..I.r.~ .Tn.v=n.TTv ",bf.r.~-"" .;J.l..1

p= is n' (TTy)dS.

p = Iv div (TTv)dV .

.... (TT) - a(T1,III) _!!.10. + T aliJ
.. IV y - - IiJ j' -ax, ax, ax,

= (div T) . v + If (Trv,).

v(A-Y)

p= Ist'vdS= Iv {(divT)·v+lr(TTVv»)dV.

XI = x,(X"/)
X2 = x2,

X3 = Xj,

:(/0 <.S)~I ~f ~t..j

XI =XI(Xt.1o), ~

(\-y)

p = p (.t I. t). (\ ·-Y)

JI~I

(\ \-Y)nll/.1I.h) = f:'~::·P(XI.I)(Adx,)

•



..a)~ t ~L.j J' J (Xl =b JX1 =a ~lf:il

'~4 Xl =b Jx1=a J)to ~L.j J:' ~ j ~~ ..J.:..!.4 ~IJ~XI =b JX1 =a .f1,.J.._, loS"... jl

XI (0, I,,) = a.

X, (h. I,,) = h.
:~

M b) I.rlo,.,.
(t, (I. = P (XI. t)Adx,

J.W.t)

~I; 4S(,.j,r J>-b I)L. ~ 4S1~ J)' ~ ct JL.j JJ ~ .a.)~ dol jl..:-...i ~T jl t ~L.j J) I.)r?
:~ ,,~~ ~_m JJ'-l.!. J:;bJ_ d-

mit«, a. b) = M(/". a. b).

v'~ "':J ,m~M .J.._, L,SlfiL.j;J 1..1

ni(/n+dl,a,b) "e M(tu+dt,a.b).

(d~;l)"e (a::).
JL.j ~ ~IJ (\'1" - V) •.bt... JJ Ji}:;;IIoSt.,.b. ,45" )~~ ~I,; ~~T jl ~.J.: C"";J

~ ~I# ~) ~~ ~ J>b r.r. "~T ~ ~ ..:.....1..rJ am/at ~:d )i; jl ...J.:..!.~~

6'~T JI... '...I: T IS"":""'.) ~x=b Jx=a ~1f:i1,..P-' JJ 1.S1<ti1.,,:...1..s:i~~ .)J JJ..u... J (AJp

.)J Jy.- y OJ\.. J. ~/=/O ~t.j.)' 45".a.)"r I.)o:'\.. jI ~,jT i? 'p"ljl t_J iJM/iJt;;DM/Dt

..:.....1.jT ..wjl.:-i"r..r:- 4S~ J..<>10..p." • ..J.:..!.4 0.)1A:.....I:4 J.) ..:1-16":""'1 ~IJ ...:......Io.)~ J.;5~

.~ .J.1..wj~ J?~ .»I.).).).)y.- y i? 6' JI....) .-l.!.4DM/Dt=O 6

)l.5' ~ IJ lfiT ..;T 4S~ ):. L. 45") ..:.....1~ Jlfol ti J) 0..L:.A:.J.!L..;Jj JI!...

;IS"'~ ~LS_'Lo ~ J.!L..; 4S1.I.I.)V", J Jp ~ ~ ~W ~IJ.I) V,.. (..:..t.fr--I.,,>

8- Control volume

9· Mattlrial volume



r.S~L.J J..;5 i.S~ i.SJ.) ~.J"'. JVmtp(X,l)dV J JVctp(X,l)dV i.S1fJlfo 1~ ,)..1. ~I.,,>

. ...L:.:.~IS"

r?~~~I-f-V
:)yW r.S~J_'" j.J!j ~ J) ~ ~li..s" I) I' r~ LS~ rJ'.,..s- ~1

t}~)' 'i.S)J)J r.r. = ~~..s"~Ijl J..;5 r"'" ~ J>I;I r.r. ,~T~ IS' ~L.j t}(I)

:~ 'Jp~ ~;.jl (i.S)J.)J r.ft" ~t,;..

;,J P(X,t)dV=-J (pv'n)dS, (16-V)
VC Sc

t)t,;...j_,.b ~ ~.)b..l. ~n 6"~1~I;I)}.:r.,1 ~ ~ ,~I.).,j_,.b JI~I.)) ~..::....":h..s'

'~~IS"

:.:r.,I..I.~,~I ~L.jjl JA;-o Vc Ll.r. 'Jt:..

2.. ( p(x,t)dV= ( ~dV W\-V)
iJt )vc i;

J (pvon)dS=i, div(pv)dV,
se Vc

(\ V-V)

:::'''':'IS'~_';.J!) U.).J4' ~ (\ l)_ V) ~)~ If-I..I.~

Ivc [~ + div (pv) JdV = O. (lA-V)

(~ tl_r:...I"'~ 6") ~ J:::. ~bt.... ~ '~4 J?u ~4 Vc IS'w (,$1..1.J~ ~;I~ 6".:r.,1~jY 4
. [ I."".: I.) (T\ - f) 4l)t.... , .. - r ~] r-".)IS'

1J-+ div (pv) = o. (l \-V)

:~ •..ti~ ~~ ~t ~~ lfil..j IS"w .)- 0)1.. 31-~t: ~ ~ r.r. j)(II)

DD ( p(x,t)dV=O. (r·-V)
t)v",

1(). Golbal principle of conservation of mass

11- mass influx
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gt f p{X. t)dV = f ,gt (p dV)
v'" Vm~Ic

= J !.?e. dV +J p /2 (dV).
I' 01 v Dtr C

J .v"=v,,, .1 o-l,..!.D.)b <I1..J ~.).) 45" ~~.Y

_1_ !)_ .n: = div v. (~,.) YA_ '( 4.bt....)
!II' /)1

:~i.:rl' ':"''y..s'" I.) ('I'. - V) otl.)t.... 'd..I.I.~

I ('(gf + p div \' ),/1' = O. (1'" -V)

np/I)r = (iJp/l1/) + (~p). \,,:45" ~~y ....a..!.~..s'" (\A_V)otl.)t.....).i;45"

r, ~ [', ~ O. p"
P = I+r

:r-;b (...;.JI):cT
Dr divv ap op dl', ~ P" + x, (0) + Po - 0
v,+p IV~=at+Vlilx,+PdX,---Tl+Ii' (1+1) (I+t)'-'

,.)",:.~ 1.,.;;1 ~J'!? ~bL.,.. .0!.I.r.~
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(pAv)J'" '" (I +1)1'

:]1..:-1 .:;..)~ 1X1=3 IS!~I ~ J J!)o jl tT:' J~ rr '~:'I$J'" jl

() 3p.A
pAv .rl~'=(I+i)f'

-~
(1+1)1'

v = f!~=~
, DI 1 +1;

D~I Ii = ~x. =0v. = Dt = O. 3 Dr •

J

X 1+1., = -.-+1" X,.

X,
V, = ft I' v. = V. = O.



I + I

M = f"- JT+r; J!.LAdx, = PoA (3(1 +1) _..!....±...!_) ~ 2poA,
t+ r 1 + 1 I + 1 I + I. I + I. 1 + t•

.I,zl+"'l.

_~[9(1+I)1 _ (1+1)'] _~
- (1 +1)' 2(1 +t.)' 2(1 +1.)' I!, - (1 +Ia)'I!"

~ d.,;"'" )...Ik ,~ <,S.)_,k~ '~41S" O)L.~ ~ ~(:;.. <'sJ~ Jwl i~ 4 .»~J ..:......1

."";41S" ~l..j jl ~I.i 'D>l..jl ~e ~ ~ <,SIJ.

...J:2>.;..!'P ojl..\il~' -~-V
u)J (~J ~I.SIAJ~)I.SJJ:} JS"~.J:51S" ~~' T JU-..:..S~ •.)I..ul JS~'
~I..!iP.J1 ~ ...:......1~ ~i~ d.,;"'" .)l.,.ljI.Jdo' tJ 4 J.IJ. ~.>L.;I ~I: ~ j> ~

:~ .J:51S" LI~ ~ '-W4 rr. ...t>IJ J. ~ <'sJJ:}B J ~~ .)bJ.t ,..:... _r'V 'Jt4
g, rill pvdV = t, tclS + t, pBdV. (t'r-v)

:(""!;!> ,(D/Dt)(PdV)=O ~.r. 'JI> ...:......1vm LIt...... ,vc ,t ~~ ~ .» ~ ~ ~ y i>~

_D J p';JV = f DD(pvdV) = f DD
v
pdV. «r-»

DI "11' "II'~"" t "" 1

12· Global principle of Unear momentum



I) ~ - V Jl!..)~JI):;.;' ~('I' Y- V ~"t.-.. )l) ~ Jlfol J..~~ J (H' -V) 4ht.-..jldA::...14

:""':'t.r (~~ - V) 4bt.-.. ,( ': •. :

1.. (/)%~- div T --,1,8) dV = O. (Yf-V)

:r--.)oS" ..:.5.i"" LJI~ 4,bt.-..~ r')..b:u 'LJT jl ~
/)-0;

r oi ~= div T -I- pB. (YO-V)

:~),) ,~') is,.,. jl

_f} r (II' fl·' -. f P~/t)~/,I:'}(/I/+fl" pv, [DDr (elll)]
() I . I ". ' ' - I·, ••

J
' riJl/ll',' iI(pl';) (I['i} ,

"c . { .... 7' , , + I'j --~,~- + I' L'; -----:- d"
I, {,.r ~,\j rl'\i

j- ;1 \ III , I , 1- a,~ . ... .. (/1 -+- --- (Ill' L' ) dV
I,. ill . I·,. iI.rj 'I .

:~';')J!,) ~ ~ 1..1

f .i.,(H'il'j) til' .., r Ill' I' 11-</(; = /" Ill'il t' • n) as.
I(.d.\; ..I.'" " oJ ~ .. '.

(YV-V)

~~J 11\'<11' = r i~~~'~',1III -.-J'
Ot "" )1, ,II .,

11\'1\' n) tis. (YA-V)

~ .:'''':'oS''.)~.)a>..:.5.i''" ejt.lit IStj. \'1' jJ.l~J JU;;j1 ~ LJI~ ~ (~A_ V) "bt.-.. _i1.1f

:')_r.f oS"')"> ~ ,.) J._j "~jl".. .-J"t.... ~..:.5.i"" ejl.lil J..oI ,~ rY-tjt ."Li::...1

J tdS+J PBdV=:rf PVdV+! pv(v'n)dS,
~ ~ ~ ~

13-- Reynolds .transpon theorem

14- Balance equation



..:.S~ .jL.ul JS r.dU ~Loj t_; = (l;ll ;') VC J_;;;S ~;l ul~;_,J:, ~ IS)

_.1,._ - 1..'1 I....:.....:..S • ·I.NI _Il_;. . \..!. + J -.~ t..:...ll 1....:...C--t.>'..y; ~ ~; cr: ~J~; .r-~~ cr::
..:......1~ 1.1""-4-' yL... jlISJ~ Jl ~_;; jz!1::i 0lJ" T.:......) ~ ISI.I. (T'. - V) ~ll..,.. .Sc J_r.S

y-y JI:.o

9 (/- <)i

T =!!... {~ (/- Xli} + ~X' = ~ (- f)1+ ~ (1- x).f+~ l'dr 1 1 I I I .

'('-y .y:.:.

III I ..T=T' -x)x. (I)



J (((m!l)r)t] .:r.t~ ~)~ d, )I..IA.,(~ I) '('- V ~) (Ve) Jrf r.-- .lit-.! ~ 'J....~IS,.. jl

.ci4~Ir I;[((m/l)t)t] ~ .;,I..A):. IS:'J)J.;.5, )I..IA.

(111) (I (III ) m- T + T'· K = di ,x.t - Ttt.

:~

(II)

m(1 .. m InT -x)x=-.l""--r~I" I .•.•.

(III)

0= c. -C,.

mi. m.T ( - X~f~. + T .u~t·

111 [(I ).. ,.,] + m (.. .,),. -x X-.~ e, T n+x e,.



'"

III,xg~•.

(1- x}l - X! = O.

xi+i' = gx. J

e,

L.,
I

A

\
B

'f-Vp

J .~J! -.i.,.J1 ~_,.wB JA I.SJ)";:'; .)1:>.J1.If.)T ,..:.-IVo..::J.r ~ J ~1_;5.._B JA ~:>; .J~r...s' ~

..;,,)* jl 'J?~.)~ul. ~ .:>.h I.SJ~ '+" 'iJ!I.J1~ ...:.-1 (~.;/IJ')a;)~ _;..,I.; .)T l...s')]I':'.)l!.t .J11.J1

_;..,'J?~ ~b.;.$, .jl~1 J.!ljl t; ,..:.-I.)I-,!~ .)~r..JJ':' .-,!~F I.)u.J~ iJ!1 ~T.J1 •..:.-I';";

15· Curved vane

I



y .. "

,~I

.' = pQ [ 1'0 (C,'S 8 -. ne, + I'" sin lit, 1,

F, = - pQI'.(I- cos II),

F. =-' pQII" sin 8,

\-V JL:.o

.~I ':">-I~ .J4r. I/I..,;»)l!ot J •.1J! )I~~ ':'4r.

d

8

D o

§

!------
C~..----- - ----- --

s V~ Dv, = ~y
..- xA

D

0- V Js::.!.

~ 'J .)1 Ul"o. '.J4r. ..,0;1 ""'';' ~ J .;..; J-} ':">-1 ~ )l!ot .:,~ .~~ )Z; » bABeD J? r=:- :J>
4.SJ) ..r-./. ,;.:.; .5' ~)_,I. "!) .J;1":s":,s- )~ ~ .r"4.SJ~ 4.S1..~';' J ...:-1 ~I~ ~.r" 4.SI)1> ~ 4.S.)/

16- Boundary IaYIlf flow

17· Velocity profile



ABeD J!)o jlX ..:.5.r ojl.lil ..rJr ~t.;. )I.u.. =F

F = J. l', (p~ , n ldS "" - J •Ii (pin dy
~r .,

:~

+ f . i/(pv' n IdS + (. p(II');') J.\',,, J" I;

+ f (O)dS .
.W

F = -(liFll +pn"o + ii J . (/'V' n)JS.
J 1<,

J . (pv' n)dS- [Piid_v+ [p ~yJy = o.
h( II (I

:~

J - pIJ5 piilJ
{pv' n)cJS = (III/) - - = -.

~. 2 2

F -./l pii"5 + fJii"li pii'fI=-po- +-3- -2-=-(;-'

')~<J' ~h P ii2d/6 )I.u.. ~ J ~..;,)o '-1- I.iJJ .l....f- Jl:-- I.SJ)./.r ~IJ.J! J~'~

..:fjIWJ JF"~ ~)O'~ - ,- V
~ jl 'lLi;...Idf.iT )l O'(l":',r ~I)I '-.)lJj~ ,.:"T jll.J!l+ll!,.) ..Li)b l~J ~b. JfL...
~ ~)~ ~ '-.)I.t.0') I)..:.S?" .jl..Li1 J...-I ~ '.)~ dol '-.)I.t.. ..:.....1..c...l~.s ~ J?

'~..r e'_;':""I (~~.r.--.s _r:.

.,. '-.)I.t. ,~~ C!"f ~"p'".)~ JlE2 JEt.f1 0' ~IQ~.)l '~r~1 ~~ G.)Jl jl

:~.)b b )l.t.

(db) .= (db) + w x h.
dt f, dt h .

(1". -V)



).).t. x J (Ft "!~) <..o~ ~ J.)dm J:-i1_A.) i..f":" ~~.Y' Jb.J!r I$'~ vi'}

J (drldt)FI .J!1.J!Ft "! ~ (dm)...::..t;._r .!fiJi.(I_·_.~ IJv,V ~) ~~F2 "! ~ 4y

.~~ ..... Cd i /dJ)F2 .t.1.J!F2 ~ ~

r = Ro+x. (n-Y)

:1..lJ

(T'r -Y)

:0!I.t.~

(",,,,-v)

I,

'\-v~

..;:::N lSI¥-; ·~4 .....Jvn .J!1.J!F2~ ~ JJvFI .J!1.J!Ft~ ~ Jra:o- ~? .jl ...., ~ .}rJ_~

\ A:..I.i _":'IS" ~ J' .J!j J!)o ~ 'JP- ~? .jl..l.il



(1"f-Y)

== (110),., f dm +(gtt, f '/"1 dm +(g,)f" {fd X f x dm},

J

(gt)FI {(J) X J x dm} = ~ X J x dm+ fd.x(gt)FI f x dm

= w X f x dm + fd X f "TI dm + (J) X ((J) X f x dm) .

(1",\-Y)

(gt) 1', f ",....dm = (g,t. J "F. dm + (110),., J dm + 2(J) X J "'F'. dm

(,.Y-Y)
+w X J X dm + fd X ( (J) X J X dm) .

(gtt, J Vf', dm = f t dS + J pB dV.

:..l.!..al_rl (rA_ V) ...bl.u] ..:.S? Gjl..~1 ~I .(rV _V) "',)I..u jl~,I.i;...I ~

(g,). j, v~."dm=f tdS+J. I)BdV+[-III80-2(tJXJv1 .•dm-w
h lin S(, 1('

(1"\-V)
X J xdm-(J) X (fdXJ Xclm)].

m= f dm6

19· Inertial Frame



JIS'"~ iJl.i..r I;~ ~..P." J'*'r ~ (,SIJ.,..:5.i"" • jI..li1J..-I iJl.A 'iJT ~t.. j c)J ..:..S'.i"" •jl..lil

J~-~J.f ~I;\p •.....:.o~b(,St...wj.o~IJ ~ J~ r,;JJ.! r,;t..441_;.AS'.J...,,:. ~1~.:.J.f

~ IJ (~J) oS_f'W J?~ ~.fl '~I.I.~ .~.uL..;I_ (T'.-V) ",bLu ~I)~;'

.~ c.~1 ~L;; ~ I) JJ.! i.St...wj.o~~ .tfJT 'r'-~)ai J~es:_f'W ~~)~ ~ ":').J'<P

J v .fl ...l,.!.~ 80 .:;.Uu ~l;:. ~ (~I)J~ 4i) JIA::iI ..:.5.r (,S1)b.1.ii 'J?~ .II '1.1' _,....;..~

:r'-Jb ,..w4 ~Loj ~ c_J J ~.:..&..r' Aw ~ j~ a/at

J' -f!-(PV)dV+! Pv(v'n)ds=J tdS+! pBdV-ma". (r ..-V)
I,· rlr Sf" Sc lOr

r·------l
V, I I

I I
I I
I I

)(

1
I I
I I III I
I t
I I
1 I g

L - -Hr--J
v,

v-v~

2().. rocket

21- Drag lorces



'..r.Jr ._.all".;. d r: JI..lA.•Vc ":! ~ J.:5 .:.5r )I~ ..;,;. ":! 8...:. Y' L ~ .J..!.~J?~ ~ Vc /I:J>

~~I6..:.Y' "I..:;.-:-i ~ d.,... .jl..\,;ld" ':'/rt:" .~b JI~ljl..,.!l; !...jlf dr ·.J..!.~""-YVe;'1;.

• ~I".;. ~ ISJ~ .~)..\,;J r:J (-:.s' _,...;.o) J?~ .}-b'? r ojl"\';l~ tj .:./ ~ '~I.I.~ •..I.:.S"~

...;,;.~ J(MO-yt)g .I.
'
;...r-:- ~J';;"pA )..lA. "-! J 'J~..:.- "-! ISJ~ ~ jt...:-I ..:...J~- J?~ ISJ)

...-x(M-yt) ...;J,;. • .:...1 d r Jb.- J~ i ~L;.; 4 6.:.Y' ~yo 4 J;£ ~ .jYr .Jb-- .I" ",!·.J..!.4..,.~~

:('"ul~ ~I.t.~.[ ~ ,.)(f· _V) •.bt....) J';..,. .~J}I J';;'h~IS!.......;!';'

yr._ =pA -- (Mu--yl)!~- (Mo-y/).I'.

(Mo-yl).\'= j'v.+pA - (Mo-'YI)~-

di = 11J•+ pA dt - gdt .M.-yl

. = (yv.+pA' In (~) _ I.
~ Y M,-yr g

r r .:;..5"J> oj f oNf ~ lAo ",",,' - V - V
~ i,SJ;~ J ~i,SlAJ;.iL>L.... JS"~ .J..:S'"4S'"L>~TT..::..s~ .jl..1.i1iJt.- JS J..-I

- J.i-.. L>T d? .jl..l.i' 0L.... JS"' .r.}oi ~I..j tJ .J.'.r. - ~t ~ ~ JJ"'" - ul.. jl ~t ~

:~ '~~4S'"- ~ 0t..... Jr

g J xXpvdV= f XXtdS+l xXpBdV, (f1-V)
t Ym Sc Vc

0~ 'J~ '~~4S'" ";_"";I)i ~ i,S1.J.~y ;b.r.x 0-

g r xxpvdV=l {VXPVdV+XX ~V pdV} ('fr-Y)
I )V'" Ym"'Yc t

f Dv= xXp-dV.
Vc Dt

23- global principle of moment of momentum



'1" ••

J~] (f' _V) """t.... c.....1; ...;,;. ;,) ,~ Jlfol ~.J..:i ~ J (f " _V) "")t.... jl o"l.i::..1~ 'I)!IJ.~

:~T.r c....." ~ -I ~ I; (V _V) """t.... ,,,"_ V

fvc .lX{p~;-diVT-PB}dV-2 Lc t.4dV=O, (fT'-V)

...:..U:.~ (fT' _V)"""l.u ~.,;. ~ 'J~ '~~4S"T";':'; ;,,_;~ LJ;l.i;.,,~ ~;I)J.t'" cJT ;,) 6

..;.:.; ;_,...it cJ;1A::A ~ JtA=O I)!IJ.~ .l_':'o,S" w~ (U- V) """l.u

(ff-V)

JlA.:;1 ~ ,(DIDt)fx~pvdV ]1 t "_':'.r ~I.if ~~~b o~ J. I)!~ ~I_,:; ~ I)! I

"")l.u] d? ojl...lil~I..... J...-I,~ 0!1 jl D)tA::...1~ •...li;JT..::......)~ I; Tf~t..... lSI.)'! j;.1l.f*!)

:...t.:..J.AI_r .r..j ~)I_'" "",,!.... ~ ~ ,[ (fT' _ V)

1S11')t,. ISJ) ~ J ~ ISlAJ_r.ijl ~~) ~U ~ ~ J, ~l..e JS
~t......r.::N t; JS = ();b ;I) J.rS ~ ~ J:>-b J') 1S1~;.,k "! #$

...r:J;> ~L> ..::.S~ .jl.l.il ~t..... t; JS + J..,z.S ~ J>b ..::.S~ .jl.l.il

)5 ~..!5'~ J? ~ ~..fI 'I)!I J. oJ~ .J?&-- J!> jl (f~_V)

:,,_,:. o.)Jjl (f 1)- V) "".)l.u ~ ...;,;. ~ ""-!.~ .r..) <.S~~ _;.. ,,, _,:. o}'

-(fxdm)xao-fxX(~Xx)dm-f"X{wX(wXx)}dm (f,,\-V)

-2 f x x (wX1I)dm,

~...t.:.~t.o.:;l 0 ~ jl (dm jl)x;l.) J. ,J,;...!.~o,S"Jp~ J.lia.. <.SI~JI) ~~ J c.rW J(J) ~

~ ~ (dm)..:J. r V JO ~ Jila... "":'~ 80 '.)_':'o,S" <.S__,tojl...lilJ? ~ ;,)0 ($;1.:=>1

.J,;...!.~o,S"J?~

\\-VJI!o

24- Reynolds transport theorem for moment of momenta



.~ ~I-I; J-~~T ~I; "';I;J~

.I.'..r. 'J.4~T "! ~ ~T ';"I;~~.r"'~ ';I.)J.>J.4~T ~l..Jj4 4 oS' ~~ J.;;S ~ ~ Vc JI:~

ojl..\..il.;~ yoI!' oJT '~4 J~P JI.~4!S" "r':" ~JjL .)~(QU)(-el).I."- J ..:.-1.)~Jj~.)~(QU)el

; ....".;jJjl _,!l.i ,0 J.,.....:.5,. .jl ....I.;~ ...:.-ISinOro e. 2pQ(QU).I.'..r. ,0 ~ J.,...~,.lI.;. ..:.$,.

e,

Leo I'
i---------~----------1

- - - - -'u- - - - - - - - - - - ~ - - - - : I
A-Vp

jl:i ,~!S" .:"I)p Jo~~T 4 J? r-:- .JJ"; 'J~.~)I""~To J J? ~ I.SJ) ,~ I.SJ~ jl ~I.i I.S}I

~ ,~_,.:.I.S;/.jl ....IO jlX J'I,JI, /' ,,!,~I~ ~J~';'~ ~I; (f"\-V) "bL..o)~~". J" ~l..w.rt rul~

-2fXX(wxv)dm.

:..r: .v;;;;(Qt4)e1 ,..:.-1; I.SJj41.S1/.J~ .~4..,.. ,. ~J!.),ll.Sl..J~.,il _,!l.i.:,,\-. oS'

w x v = we3 x ~ e, =~ eo

x x (Cal )( v) = n, )( ~ e, = ~ e•.

:31..:.-1 .:.)ls - JI.t=;I )~ • .:-1) I.SJ..i4)~ JI.:-- ..:.$')\.!.,. '.I.'.r.~

2wQ [0-A e3 0 .f(pA dx) = - wQpr ..e•.

25· Corio lis lorces



:("ul> '~"..w. J.;5 ~ ~ ~I.t. ,..;.Sr ojl"\;l .:>L... J..-I jl ,v-I.t.~

'].pQ (~) sin 9r. = - 2wQpro·.

~J,;'~IA! ~, -A- V
jI ~t: ~(,SI.t.- ~b(,S..ijIJ ~ (,S..ijl ~ tj..s'..l5"U-- ~~ "c.Sj;1 c.S~J.tl

,,)j ~}r (,S..ijl J ~ J ~ (,SIAJ.;::i.b....Y o~r~I.)lS'" tj t.~ ~~, .1.'.1.- d ..

~~ ).).1. tjq J 'rft" ..t>-IJ.t. ~b (,Sjjlll 'v.v AI..iv2 .f',~ .~Vl.Sj.J" ~ ~

:..l5"U-- ~~ J...1.tS"'~T ,~~ ..t>-IJ ~l....o ~ ~ ~~)O jI d}..,...

.Qf (p ~ +pu) dV= 1 t· vdS+ r pB·v dv-L q- ndS, (fV-V)
Dt v... s, Js, s,

'~~.r' t_)'> 0)0 ~ .)_JJ- ~ ).:1.1. n 6.:........1 }} ~, )o~~ ,~ ~rT ).:1~ ..::...~

:1..iJ ,(DIDt) (pdV)=O~'p'" ,i.)~

.Q J p(VI + u)dV = f {Q (V! +u)} p av.
Dt Y", 2 ) Yc Dt 2

(f A-V)

,f-V JI:..] (fV- V) ~ht.... .:........1.,...:.-.,.:1 c:.1-- .s4J1__t:;1.}..-Y' J ('t'A- V) ",bt.... jl 1.),,"1 ~

:("'!.)b ,[ 1:_: I., (A _V) ",ht....

J fJD(.c+II)dV=J {(divT+pB)·v+tr(TTVv)-divq}dV. (f\-V),'c Dr 2 r,. •

:J T=TT iJ.P."

. Dv I Dr!(div T +(IB) . v = {)._. v = - (1--.
Dt 2 Dt

26· The principle of conservation of energy

('fV_V) .h,- ~1)"';')o~G Lt;T-'!~ ,.c4"";b Jr.) ~j)I~L:... 4) ,.\;~jr >;iJ .J.._> ~4d)lfl.yV

.J)}I



:.)"':'...s"(f , - V) ~h~

J pPlldV=! {t,(TVv)-,divq}dV.
r" D/ 1""

(0· -V)

i)u ,
P DI = tr (TVv) -lilv q. (0' -V)

(Vv=D+W ~ ~ y 4) I; (~, - V) ~.)IA. jI":"JIA::.. (,5>J..I>1; ~ ~ ,c,..,Il.S;jl ~.)~ ,.s-
_'Vv .))l.i:...)~ ~ ,W J- ~.JdU r) ;,_il; - '\Iv J;IA::.. ~D 06") .);JT c,..,,) ~ Jty...s"

:(~~...s"-";;-.r. ;,_i"

tr (TVv) = tr (TD + TW) = tr (TO) + tr (TW). (or-v)
:.6'.~.) ,L ~ lr(1W) :;: T ..W .. :;: T ..W .. = T ..(-W ..) = -T ..W .. ~t

.....Y . 'J J' J' IJ IJ JI IJ JI

tr (TW) = 0, (01"-V)

:~;JT...s" c,..,.) ~.J'_j ~ ~ t; c.>;j'~.)~ 0;4J.) 'lX'.t.~

p~~=lr(TD)-divq. (Of-V)

:~b Ll~ .J'_j "';j',. ~.)~ ~ ~ .)Iy...s" '; c.$;;1 c.$~ JS J.-I ,i.).J.o:oo.o

~ ~;~ ~ J ~ c.$\.o.J~ .Ia....~) ·J..!,r~I;\S ~l,.j t;
o,)l,. ~ J ~b ~;;I ~I.;.il t; JS' = ~~J;J ~.)I~ V + (Jp
~ J!)t jl .J..!,[_;L;. ~ J ~1~ c.$j;' t; + J,rS r.-'" ~b

J,rS
(OO-V)

, r-v JLto

28- Duct

29- Shock



"·f

.~l:! cl'~ jl J.i ..:..s..r J.)l!i ~ /,1.J cl'~ jl ~ .)l!i

:rUb ,;I~~ .;,4r. lSI/, J .~ •.>I,),:,l!.i J,rS' r-:- IS~ :~

(I)

p,.' ..O, II: ...'..PoI I
I I
L J

T//T////////T/7 •
\-V~

(II)

. Flux;1,; s d--- ~ ,j!)o jl .;,4r. U.,..



:~

p,V, [_Y_E.!+! VI'] = p,V, [_Y_E! +! II,:].
Y - 1P, 2 Y - 1 p, 2

:, ~I.S' -U,l.... ~I .(I) -UJl.... ~ ~ j ~

Y P, I t ~ p, I I--+-v, "'--+-~•.
~-IP' 2 ~-Ipi 2

_~;;I.hl.... .h-i'~~ j>..; jl .>1.0=...1~ oS' ..:....1 (Y • -, Jl;.), J.,..i jl ~;;I -U>l.... _r-li; .~I oS' ~ ~ j

(IV)

1
P. =}'+ I [2p,v,'- (y-I)p,).

f x'ndS=3V,s

'~~IS" S j J' Ja...j .~~J"'- ~ V ~ T y> ~

(.S.)l::=>').)y. ~ a J (.S.)~ ~I~ ~¢ ~ J.._~ _,.Ii.;.).) I.)\' =4>a ~).)y'~I~ (._A}I)-r'-V

~ ~ ~lS ""';I;).J~~ ~ ..it d.i:;...1 ~ '~~IS" (4y jl JA;.-o) ~I:

f" Vel> dV = Is eI> n as.

Is n dS = 0 ~ ..1:-"~ ~~S <- e;b--./' LSIy'(~)

V ~ (.Sly''~I;J~.) ~]I d.il;; ....1~ .~LlS"pB ~ ISJ..r} ~J.)W .),)T ,_;.;; .)I~ - f -V
~..1:-",) ~~ ,S ~..iJ' &-- J



.-=.....,)- .r.'.r. J_r! ~ T.r. JS"~
~JlW" .)IT·· ..t'J.J.5 ~jU ')E·=Y2(VU· +(Vu*)1) ~ .?,j'4~ u· ..t'(....;JI) -O-V
.)l)~) I) .1..) It.-;' 'v-i'j.).Y.,l ~ )1 ollA:;....l4 ·..l.!.4 r" ~)I Jpu·· ~ I.SJ_r!~

.J.::S ..;.,~I ('" I.S)~

Is t**· u· dS+ Iv pD·· ·u· dV = Iv rt: E~ dV.

(~)r ~ I.SJ.)# ~ )1 J) ~ ~ I.SJ~ ~ JlW" )l T" J u" =X1 e• ..t' ('":")

:~ ~l ,jL!.; ,(....;JI)~ ,)t.-;I jllllA:;....l~ . ..L.!4
r rt: dV=OJv II .

.J.::S ..;.,I:!' ').I..))l) t) It.-;I '~Ij)'y"l ~ J ":'s..J>" ";"~liA.. jl.,)1A:;....14(....;JI)- ,- V

r ,.B· v dV + Lt. l' dS = r p /;1 (~) dV + f T'IDi} dV

~.J.5IS"..dU t4jh (....;J') ~ It.-;I ,..l.!.4 ~ Ill.. f' ('":")
:~~p.),)').1..) J~ J ~ .r' 1.S4J1~ - V - V

.J.::S IS"'.).J'. I) i? I.S~ 4.b l.u (....;J,)

I) (Xl =3 JXI =0 ~.)J..b..oJA ~ &--~) !.S1t4j1_;:....IJ?~ ).)i? ~Ijl t) Ji? ('":")

.J...;$' """,-,

J'J!.SlJ)J i?,j~ ~T ...l:!l.i ~'-' ,.) ('":") ~ J? ~ JO-b "! i?!.SlJ.)J,j~ (";")

~-=.....,i? ~Ijl t)
:.:;.S'..f"" ~T ~ ~ is''').r. (uJl) -A-V

f-=.....I~ ~L... ~.r' ,jl~ 4 );l:.;.

~ J ~ ~ !.SId.• ~ .),).)~ y if ~~ ~t; ,p=poe'(/-IO) J~ ,j'~ !.S1,i,('":")

31- Virtual work



r.v

...La.. ,_,.. ~~ ~I! (..::.....11 ~t.j;l V - V o4lt.....J..;S

~~u.. ;,))cJl> ~I ;ll.r.'~ ~t.-. I) (....All)~ 0,)1... ~ <.,SIJ.'JU- d.1"" .jI..liIJS"'(~)

!o..':....:i~t('_vJt:..

!.SI~I.fo-1J? ~ JP=Prf, Jt4 ~I...I.:-'J v=xtet ..;..s..r' 01~ <.,SIJ.I; V - V Jt:..- \- V
•...1:-''' r~I ,xt=3 Jxl=l ~ ~

l~'_'" v....fW J_) o4l,)l.u.J-.i mt. ~Xc.m. r.r. fr -, ·-v
m = fl'

m
p dV 4$' mllo.m. = I..,."P dV

:..:...;y .1-) ..::..;_,...~ tJI.i'_'" I; Jra> d.i"" •jl-lil J..-I 4$' ~l 0L:.i

a..m. = g;2 Xc.m• 4$' f IdS + ( pB dV = m Bt.m ..
s; jft'

...:.-1r.r.f f ~l:.:.

:~~ .)i.; )l I; , - V Jl!.. Jt4 01...1.:-' J ..;..s. .r" -:,,''''='" :;- , , - V

v=C~,)el' p= 1~"

~) <.SI~I.fo-1J? ~ ~),) ~ d.1"" ojl..lil ~I}I tj J Jra> d.i"" .jl-lil Jf<...AiI)
.~ ~t.-.I; (x,=3 Jx1=1 ..::..b...ia.,.. ~ ,)J..b..oJA ~ d- ~t.....

'~;J T "::""'l ~ '; (I.AII) ~ Jp~ jl OJ":" J? d.1"" .jl-lil OJ":" J? S~ ~6. t)(~)
.~L..; ~t.-. I; J? ~;,),)P-'''' Olt. ~ o')h <'sJ..r} Jf(~)

.~ ~t.-. (....All)~ JjS ~ <.SIJ.I; ~ <.Sjjl ~I}I tj J Jf ~ <.,Sjjl (..::..)

.~;JT"::"""'l ~ J..;S ~ jll; ~ <.Sjjl..,.Jl:O- "r:J?;1.:. tj (~)
:~~ .)i.; ;,) I) V - V o4lt.....Jt4 J ..;..s..r' <.,Slfil...l.:-'- , r -v

)ii .)l I; xl =3 JXt =0 ~ ,)J..b..oJ !.S1~I.fo-'J..;S ~ .)l lP-' .,. Olt. , t <.S.)~I ~t. j ~ lSl.t.

..J._~

'~.)JT..::....." ~ I.)J..;S ~ ~I.),)!)T ~Ijl tj J JU-..;$.1"" .jl-lil (I.AII)

.~ ~t.-. I.)~ d.r .jl-lil OJ":"J? )1.:. (~)



.-4.~ I) (~_':'.......)hJ?~)~.)y.-y dol t..SJ)~) ~I> t..SJJ! ~TJ. ('-;I)

~ .)J.a.. t..S'~I_,:...'J..;5~ J I{J=PrPl ~ [,,1,;.:.s..r' 01...1:.0 0t..... ~IJ. I) J:i ~L...- \ r -v
."':AJ r~jJ ,xl =3 JX1= 1

o~~ .....u J.;5~ ~ ~IJ. ..L..~)i; )~ ')p = ~~ ~ v=xet-ye2 0~?- 01..1:0- , f -V
.)l J~ y oll.. t..SJ)~)..,..Jt> )J~ J JJ! ..I.::TJ. ,z=2 a=O ,y=2 ,y=O ,x=2 ,x=O .1.....i

.~l.,; ~t-.I) (J_,:.......Jh ~~,

J... z=2 ,z=O ,xy=O ,y=2 ,x=2 L.i o~~~ J..;5~ ~IJ.I) J:i ~L... -, ~- V
•..L..ol.,;

,j~ cSl.). 'J_':',,}> } ~I~ ..:...r .f'.~ ~t-. 'J ~ ~ ~~ jl d? ojl.J.i!.It;

.-4~tA.. ~~ 4'.) ~ JJ k_~~ c!-~;. j' d? .jl.J.jI.)~ 'LJ~?- r:...i
,~ ......~~ ~ ,~,;~ )1 ~ -..i:" jl ~I.)"... ~>jl- cS..i:" tSJ.) '~j jl ~Iu.i - 'V - V

..J5 ......L,.;.;I 1.)..1..) ~JlA..x j!JI J_,b ~ "':AJ ,jl..!.;

gx = x.i+ li)1 = :, (xi).

o~ ~ ~ cSJ.) J. J.J5 ......d.i'" \,. mtsec c:»r 4 Oem)ai ~ ",,:-,1~~ -, A-V
r.SJJ! J ~ .):i; ~ ........,jjJ jl..L,_1...i1,S'"~.)_,;.J. (..15 ......W.."..w l"p- ~ jl ~)~ '\ • I.),j T ~)

..L,_JJI ":"""J ~ I.)~ t..SJ.)- ~L. Ja....i- O~)J

~,jl )ai 'LJ~r>J~)J J 'l_,:. ......r~)~'." ·cm._..h; ~ ~I~)..b.;..~ - \ \-V
I) .J_,l r tSJ.) J...r) ..1.::'..1. ·..t.:.41,S'" ,f· Kpa ..1.

'
.1. (\ • em) .J_,l )J .)l.!i '~~I,S'" ~ () em

.~j ~ .J _':'I,S'" tS)~ .J_,l.b. )l ",,:-,1 jl O.05m3/sec .s-......~
.rJ-.. 0 ;I~.) r.SJ.'..i. .s-...\AJI,S'" ,jl..!.; I)A c-L... ~ ).L..~ ",,:-,1~ ~ , - V r ~ - T' • - V

. ..J..;5)i.i w~ ",:-,'J~ J LJjJ jl.-4.~ I) )~.) ~ Ol)JtSJ...r) ...I5......,)..P-..i.



.2~~.r' ~ f.S1~1; J>I,) ~- ~~ ~.r' ;,)- ":-'T ~J '~I ')~J;JlilS" ~~ft;:J -,.. \ - V
~ .:J_';..s"~~,.t ~~J;~ J. .r.e~l~ ~J ..cl1..s"J!A;I,,:-,T~ ;:J(.liu;1 ~ ':J_';~

vi>j .~~I;Y2 JYl ~ ~I; ,~~ d'..r -b-IJ.f.Q '~~ft tJ fl, y - V r $.:. ~~I.r

.~I ~I:...IJ;~ ~ ~;I..!; (!;j.i J ":';'I~- J..r. jl ~ J J:i- ~~ft ~ ~

r-VrP

32· Hydraulic jump



'1"1·

.~~ ~ y -::..)_,...,~.I) (f f) - V) ...J,,\.u ..:.S.r ojl-lil J~ J..-I- rr -v
."t;.~ Q=0.566m3/scc fl (T' - V r ~ )" o"t;.o.)b J~) Jj~ ~ ~ .;~'-:" T (.S1f.- r Y - V

..J..?'_,hi ._:,J"'" .slS:1....1 jl.~~ I) (.S1~Jlj.::..s..r'

~ y 45"..;......1a.)p (.Sly>J '-:"T (.SJI> (f - V r ~).) o"t;.ub JL.:.;) '-:" T flJ ~ - r~-V
~Jlrf. JS'Jdcm ,-:,,1~ )ai.,,~U'"Q=m3/sec tJ ~'Jj\; jl,-:"I ~IS):-,!"I t.J.}-~

I~ JL.j jl ~t..:..o)_,..., ~ I) flJ ~.r' ,.slS:1....1 (.$t.J~ jI _,hi ._:,J"'" ~ ."t;.~U'"MoflJ

. ..J...5



~;.Y' (JT.~IJI:--~)I.x~~ "bt....~ )1<..S'4.iyo:,.jl_p~).)u--.~ JI:--" J...i)l

'J~ J-Ii~ ~ .jl~ I; ~IJ"':" 'JI:--)I <..S;~ ~~)I;:;; ~ ~)or)i; ~.~.f)} ~

.xl~ 4lll..,. .jlp ~ ~t ,,,bt.... 0!' )1 .l yo:, '~.i .x~~4l~t.... .xl ...:..~ J ~I_r. .;-;

.J.a....i 0' ..L:Al,r .jl.!.i ly.)1 I) <..S;I;:;;,~IJ ...:..'J~)I <"sll...lAj.l~,r ~~ ..i'~ J~ ~

,~; '<..S..J'"~ <..S~~ :)I...lil...:..)~ ~l IX
'
)' .r-.lfll!.. .~ ,Jd J-!;..i'~ J~ <..S;fl

~~ J~ <..SJfl ';J.J.o 4l_,J ~ J~ '",:"T ;I~~ J ~~ r';T ~ "!'J"!'J .j~.r. ~ ~I.t.

C)a.. 41"..~ J JIA .J.a....i ;~ ~ ~ -lAl,r ~~ ~- ..r..r.J ...:..I-lA1.!..~ Jil.i ;::t_ <.SI~

d )ai rJ~ .j'.i ~ jj J <..S.).P-'~;l (~t);L.!; .j~~'.f~ ,Q ~ ~ '<..S;fl.x'.t.~·~

: [ 1:_: I.)(TV - '\) 4l~t....] ~ '~~or ",:-"t::. 4l."J

Q=~I~I]28,... dx .

d ~ .j~.~ J~L,.. J.J 4llt.... '<..S..J'"~ <..S'J~ <..SlfJ_,b.. <..S'.t.~ ~,.~ .-lA1.!.. 'J~ J'" ~

~::tb .jl.!.i \ _A ~ J::t 0' ~.ji ;.li.i) ~I ~ ~ Idp/ca I .t.'.t.;~' Q ~I.J '~4 ~Ii



,. \ Y

Q

\-A~ Idpl
dx I

~ ~- ~ ~Jl:---<.S)~ '-l.!~ 01)J.) J~).) Q ~Jlj..:..s..r' ~ <.S~.) J JI- t..~I_;;....1jll.S"""! fl ,..;.....I<Ci.J"

~~~) tlA;;I ~IJ /. )JI:.!f:~ ._iJu..:r.~ ,...L:S"..,... ~I;I u'.r. ..:,..1.......1.:.0 ~ )tfjl- ~I;;,~ ~

: [ ~ 'J ('I" • - "\) ~.)l...] ~ .).).-l.!~..,... Q ~,-:-,,1.:;:.. (.) _,:. J~10~ JI}.I. <.St.l.~t_;;....1~

~.)L... jI ,..c.;S"..,... ~ (TV - "\) ~Jl... jI ~ ..;)'l:--- jl oI,;,..o.).)T <.SI.I.«o-l.! )~T 'J~./' ~

..).?.l:.A1y.. <.SJJ!. ji ('I" • - "\ )

'~J.r.. ~t_;;....I).) <.S.)y.&- t?J _.:..J§ ;I~~ 0~.r.).)- ~T _r.h; <.S'd .. <.S,.I.'..:r.'.I. oJ'j.&.

,~I .-l.!.~..,... .:?_,.jI ]'__t c.5lAJ.;::i ..::..l&. ~ ''':'''JlA; J..:...,..I ~b ~t_,:...1 ).) ..;.;; jl ?.):r. oJ~

?.):r. ..lily..,... ,.}>-b ~I_,:...t» c.S;l..:..t c.S::'~..F ,...L:S"~ ~ (....All) ~.)L... jl ~ Jl:--- c.St.l.

<.S~~..J'!'" Jt~ ~ U ":";'b..r. ~IF ~ ~ ~~..J'!'" jl c.S1~ .JJ.AtJ!. 'J-i .,;r..1.).)

.).)[j J) ..li_':'..,... ~W d..- Jl:--- ,jly ~~~ c.Std .. ~-l.!JT,..l:' J ..liJ"":'" '..:s:...._;.. P-..J

~,.)J-i.xt .(..1.:.!.~.s' ,..:...,..to-l.! o..u.t.:... J-lA:.o ~..:,..)'I::-- J') ~ ,r.1.. Jb J jl<.SJ~ ~I...,; ~

,. Visoomelric flows



I'll"

e:~u~ w'~ 4! 'I.SJ~ u~ - \ -1\
o(bt.... ,1'..c;l.. ~loj)J O)~,:>w. 4.". .)b.,t.~ J ~~t .:>l..j)l o.)~ ~ 4.". )Il.,t.x./I

O-A)

v=v(~;r) .,t.1.,t.T .:>loj )l J ~ 4.". .)l ,~ .r' ,v=v(x,t) .~ub ..::..s..r' .,)I~ ~ ,->'.1.

.1,..._,;r L)l..j)l ~.r' '(~I! t JX ,->I.I.~) v"~ ~0.); ~ ,->IJ. 'Al":'.)~ ~...:.-1
.~_,:...,. o~b (~/i1r)rW!dx,1

(r-A)

'-A JI!o

.J..iS' ~j I) ":'1);'dr- ~J" .Jl.oj .:"lfS ~_t ~J~ .;,I..j jl.~lL.1 ~

:~Jb r .Jl..j)~ J(~1~2~:J ~J")~..;..s. r: ~lA...oIJ" 4,$1/,•• .colb..::J. r .;,I~ j':~

V, = I·({.). Vt = O. ". = o.

:.... l..,.. ('I' _A) "Jl1.A.oI~=~iei 41,:r..I/'~

dl; = v({.). ~ = O. ~a~:= O.



:I"".JI~4..:.-IT ...,..1...; i.S1)'!~2=X2.J~ 4~1/dt=V(~2) jl

a~,
-;}; = vCr.).

g(x,. x •• XS. I) = x, - V(XI}t

:~

~L!..o (,$~\.. ~WI '''':-i.J ~.u ~~ (~§' ~~..r.)~t.,;I~J.d ~ .Jdx.u ~ vi)

:..a;":'.r ~ ~ _,._j ~I) ~d ~ J dx '<J.IJ.~...la.) .At..;r J t ~\..j )~I)

dt=t(x+dx,r)-{(x,r) = (V€)dx. (r-A)

a{1 afl a~, :.; )IS"~.,;:,L..a;;.... J~ .u

ax. iJx ~ ax,!

[vtl =
af2 at! a~1 (f-A)
ilxl iJX2 ilX3

ae3 se, iJ~;I

dX, ax~ iJX:1



·'f=flSl ..s.A.;.S~ -.J' ~t....:.:. '1<:' ,- '[,JI ~'I~~V~ ·t. r. _ .,J-' J-'" IS""" Lr.-' I.)-""'" .r-'" U _ ..r' u;-, JJ-'

.(..::...-1~IJ J_,...;lI I )(V~)r",/=I 'J.I./.~ ,d~=~(x+dx,l)~(x,t)=(x+dx)-x=dxm

~ IJ'f ~l.j P _);t.:.:.. L>~Wld~(2) Jd~(I) J' I ~L..j y:.l' 44i jl.).)L..:.dx(2) Jdx(l) ~WIJ.)

(6-A)

('\-A)

J.:S~j

(V-A)

(A-A)

C/(x,'f) ~JI.i:... )_,...;t ..a.)~ c.J ~ ..rdU J d~(1).d~(2)=dx(1).dX(2) Itt!)T, C,=I /1
.s-~ ~~ ..)r,r d(..r.-i J..f- ~§ )_,_it~) ~ ~.r.:fU )_,...;lI

Ct(x, I) = {'~e)r.,(VI;)r=1 = I.

~,= x, + V(X.) (T -I), ~t = x., e, = Xl'

[

1 /0:(1-1) OJ
[V€J'" ~ ~ i.



·~I'lJ(" )l r !)t.j)l 6 J.;.)U'" ~ j tr ~t..j )l) ') ~W, ~ r-U C,(x;r) )_,...;t

~lfi.s. iJt.j jl) ~ ;.:iU f ~t..-U"'W ,C,(x;r) (:;Ii )l T=t t T=-CIOjlt' ~lll;.:iU ~ 'c.:tI.J.~

.~ TU"''':-l ~ (t ~b. ~l....i I; ~ ~'i.J»
~ ~ ~ ~ ,~~ t'=t J". )~ (S~J'" )l C, (Su,w y ~ ~ )lli 6 l~ ..J-) .1'1

:~;ll ,(aC/iIr)i/=( iJliIr)(C')ij

C,(x,1') = C,(x, t) +e;t., (r- t) +~e:~t)...t(-1'-/)2+ ....

.t.? ..J-)

(II, -")

:(Ct(x,l)=1 'l"':' ~ y) ~)b

. (r- 1)2
C,(x,T)=I+(T-t)A1+ 2 A2+ .... (\ • _A)

/

..J1"':'U'" .o;:;.L;.:.1" ~;I- ~J.) ~u,)_,...;1; \)Ip ~AD J ..·JAz 'AI ~u..)_,...;1;

..l:.SU'" I):A-" ') ~ ~;.:iU ~L.. U,An 4$' l"':'U'" O~Y'Jj ~hlA....it

ic,«. r ] 1 = l.l.(1; r)
.1.(1 -I) (~l]

1+ .1.'( 1- I)'
o

=[~ ~ ~l)~~~](T-r)+l6 2~' ~]\!~/.t'.o 0 I lo 0 0 0 0 0

2· History

3· Revtin - Ericksen tensors



,.\V

[A,) =l~i~l
fA.) = [~ 2i· ~].

o 0 0

[A,) = [A.) = .... [A.) = 0 nz r ._,.l...; u:1.r.

f-AJ~

v, = ll(r}. v. = O. v, = 0

.~ ~l- I) ..,...;.§.:d'- ;_,...ili (":"')

.~I~ I..)~;I_ ~JJ u:I.o.J_,...ili(,;,1

jl.~~1 ~.~4 't ';'l.j.)J(x,t) .)~ ~ ~J" ;!J.t. ..;)S'~u:l...ulJ"~3 J~2 J~l ~..}'j (...AlI):.r

:J~

(a~,) = t'(r').
aT .r •.,nd,b.d

of, = v(r)T+f(·t,. X•. X".I).

f= x, -v(r)l.



~,=I.+~(r)(T-I).

t. = ,T,.
f, = ..f).

af. do ar-= (r-I)--.etc.,aI, dr ax,
:.s'

.E.!.. =!J = cos (I.a..f. r

.E.!.. = ~ = sine.ax, ,

[

' (r-t)k(r) cos (I (T-I)k(r) xin9]
(V€J = g ~ ~.

[

I (T-/)k(,) cos f) (1-l)k(r) ~in9 J
[C,J={V€JT[V€J= (T-I)k(r)cosB 1+(T-I)'k'(r)cos'B (r-I)2k'(r)sinOeos9 .

(T-I)k(r) sinO (T-r)'k'{r) sin Beostl 1+ (1-1)'k'(r) sin'f)

[
' 0 OJ [0 cos 0 sin tI]

(e,]== 0,0 +k(r) c~se 0 0 (T-I)
o 0 I Sin (J 0 0

+k'(r) [~ CO~'9 Sintl~Osll] (T-/)'.
sin IIcos II sin' B



A;, = A, = .. = A" = O.

fJ-A JI:.o

D
- (us') = d" . Aid"DI

D"
Dlt (ds') = c(x.' ~,d". (...;,.II)

ds' = J{ . d{ = J" .CrU"_

ri> (as')] s: [!. (ds')] = dx' (oCr) d" = dx : A,d •.WI 011' ... , aT ."hed iJT,.,

[D' J (il2C)-. (ds') = ax' ---f "X = dx- Azdx.DI "'''m., iIT f.r

D
Dl (ds') = 2J,,· DJx_



A. = 2D = (Vv) + (Vv)T.

:U";""

:Lol

0" OA
01' (ds') = (Vv)dx . A,dx+ dx» Cifdx + dx . A, (Vv)dx.

(V')d~· A,dx = dx- (VvVA1dx.

.f . I l:... U!:T. .

DA.., iJAu ilA..,
-=-+v ..-
01 iJt ax..

T=-pI+T', or-A)

)I.:.i ~ P J .c, ~ ~ ~ )_,..;Ii jl " <.S)~ JlAj ~ ~.i5"~ <.St..~1,... ~ ~IJ T' -s:

:h:; ..;..)l:&- ~ •..l.!.~U" ~t; ~t..'J)...l::Jlo

T = -pl+ H [C,(x, T)],
T::.-(I)

.or-A)

5· Histories



('~I JlL..> C,(x,t) J.,J.i I.S~J'" ~ .0) ~} ~I ~ .0 l_":'IS"'~l or -1\ '_;';"')I

:~_,; IJlylS" '~IJ.~ .~llS" ~l "! I.)c,(x;r) ~'-An(n=l,2, ...•OO) ~}- ,:;:}JJ .),,_;I;

T = - pl+f(A .. Az•... , Ali," .). (~, '''-A)

V.(~I.J!.~t;~I.i J~ ~ I.SIJ.r.r.l.S~ ~b",,"J..-1. .o)~==O.o

:~l..O.)IIJ.J!.') ~IJ 6:.4 ,~~ 1.S.)~I.JjI.;:;f c:}; 6 rub,)~ ,~I J. 'J~

QTf(Alo Az•... , AII)Q = f(QTA1Q. QrAzQ •... , QrA,.Q) . (y H'-A)

.Q ..u t..;.. J,,_;I; j> I.SIJ.

JA--o '.lL... J~ ~....;,..,__".;jl ~ IJI~ ~ I.) WUL..l.Sl_t;t.....A" ("":" ,,_1\) ~b",,"

'+Jf 6~) ~I~) "l.SlL.. "":"..P."J~ ~JIA;I.T. j..P1~ f..o ~ fJ:...IJI~1S" .lj'-IS"

.~W L,.;)t) (y' f_l\) ~b",," .o~IIJTf j~ ~ ~ (~I t.An ~ ~IJ

~.J'- ~'.JJ~ -O-A
lJl_,.:..s~) ~;I- ~JJ 1.St..),,_;Li jll.S.)J~ .)1""",-,4' Of-I\) ~hL.....).)./1

'~Jl.l':'lS" ~l;..!. ~)- JJ.) lJl~ ~ 'J~ .\flJT (..w~ l.r, .,.f'I.St...:..:....,.t}

:.),:.IS"....;,..,__".;J.j~l~~bL.... .Jo...,~n'· ~~ ~ ~~)'- ~J).J!~uf'.i J~

T = - pi + f(A"Az •••. ,A,,). OO-A}
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CHAPTER 2
AI. (a) 5 (b) 28 (e) 28 (d) 23
A2. (a) and (c)
AS. (a) Til = T« = T~:,= 0, T,~ = =T», = O. 'f.!:o = - T",! = I, Til = -T,:! = 2
(b) (', = J. (', = 2. C3 = 0

Bl. (a) ( 0 - 1 0]
[T] = -I 0 0

" 0 0 1 e.

83. [- 1 0 1]
[ mn 1. =1 - 1 0 I

000
BS. T is not a linear transformation
B6. (b) r 0 o

() -__!_ __ ,
v'2.Y2

o - .L _1-
V2 Y2 t,

813. (a) [~ _~ 0]
IVJ

[Q).; = 1: 2 0

o 0 1

816. T:, =}: T;, = -Jv5; T!IO =!!

B17.(a) . _[ O-~II]
lTiJ]- -5 I ~

o 5 1

(b) [=11.

(e) 1 0 o
0 __ 1 1

V2 Vz
1 1

o Y2 v2~

(b) [.l~=[~L

(b) T« = T[I = 2
det [ To] = det 1TIJ] = - 25



B26. (a) [I 3 5]
[TS] = 3.5 7

.5 7 9
[0 ~ I -2]

[TA] = I 0 - I
2 I 0

(b) [I]
[l~]= -~

B28. Eigenvector of Tis n
Eigenvalue orTis r,s,

a
831. (a) n = I;j (b) •. b = a,b,

B32. (a) [0 0 I] , I(b) n = ± . J:;3(e, + e.1+ ea)
[R] .. = I 00 v s

010

833. (b) (R'~].., = [CO~6CO~9~]; (RAJ.., =[5i~9 -S!n9~]
001 , 000

, (c) A, = cos 9; 0, = ~; + ~e~;
(l!1 + /32 = ] otherwise arbitrary.

At = cos 9; 0t = - fJe; + <re;;
AJ = I; 03 = e~

(d) Ri,=2cos9+1; (e) IA=sin9f'3

(f) 8 = arc cos ( -~) = 120·

I I
e; = 2siii'g (e, + ez + e~) = if) (e, + e.,+ e3)

B38.(a) 1,=3; 1.=-16;/3=-48 (b) [30 0]
A,=3-D,=e, [T) .. = 04 0

I 00 -4 ..
Az = 4 - ~ = vi (e. + e3)

1
A3 = -4 .....n3 = Vz (-e.,+ e3)

(c) No. the first invariants are not equal

842. (a) n = fa (b) IV<PI= 2 (c) :~ = Vz

(
.l' )' l)( x' yO lZ)" !

843. n = o.e, +b2eZ+~e3 ~+b4+C-
844. (a) q = - 31c(e, + ez)

(b) q = -3k(e, + 2e.)

848. (a) [:!X 0 "]
IVY]~' n 0 :!~

o 2y (I

845. (a) E=-·-V<P- - .. (cos fie, 1 sin tie")
(c) IDI'= ,r"(E,'cOS' H + t.",;in'l t/)

IDlm•• for 8 = 0; rr/2; 3rr/2 ... ,

(b) [X3]
[(VY)"] = 2 y'~

,"Z'

(c) dip \' = 2.r (d) curl v = 2 (y - z)e,



R49. fll) ("I')
dr nHII(
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CHAPTER 3

3.1. (a) v = "e"II = 0
DO

(b)-=AI.:
/)(

DO
(e) -= ()

/)1

3.1. (b) v = 2kX,"le.,.1I = 2kX,·e". (c) Use X, = x,
2klxt' kx, 2kx,!

3.3. (b) 1', = ( I. 2' l', =-1-'-' !',,= () (c) (I, .:--,.- .. ' II, "" 0,(/,,=0
1+.;1) + ..1 (1+';1,

3.4. (b) v = ke,. II = 0 (c) v = (_k_)e,.11 = Cl
1+1

(
X, )3.5. (b) v = I + 1 e,

I
3.9. (b) a=-4(e,+ez)

[)(I
/),=2k

3.13. (b) £;, = ",2
3.14. (a) Unit elongations: 5k, 2k.

Decrease in angle: Ie
3.15. (a) 11./3

58
3.16. (a)-x 10-'

';I

t:.1]3.19. I = 3 x 10 •
"'"'

3.22. E" = <1, E" = (', E, = b -- lea +n
b-c

3.25. E" = a, E.. = H2b+2('-(/)'EI1 = VJ

3.28. (b) 31e

3.29. ..:....(1....:)/:..;,/)--"..:....) I,-d:..;..\'~) 'I (f)II)I)(cl.I" I I r. I=-(~+ ), =-(,,+ )
cI~1 ds: 2

3.36. k= I
3.38. Il, = V, (x" x,,), v, = 0
3.39. (a) P = (1,,/ (I + I) (b) {J = «/x,
3.40. (I = /1,,(' .,7

CHAPTER 4
4,1. (a) On e., T,,-=4 MPa



1
4.2. (all =j(5el + 6e1 + 5e))MPa (b) T. "" 3 MPa

T "" V 5 MPa• 3
100

4.4. t = "4 (v'3e, + e, - \(ie,,)

4.5. TIl"" - 6.43 MPa

T;l = 18.6MP~

4.6. F = 4{Je.J
M = - (4<l/3)e.

4.8. F = 4ae,
4

M =-3 ae,

4.9. (a) t = 0 (b) F = 0, M = 8nae,

4.16. TIl = 1 MPa
TJ] "" 1 MPa

4.18. (a) T, = T, T, = 0, T" =-T (b) T.] ..,. = T

I I
n, = v2 (e, + e.,), n, = e,. n" = v2 (- e, + et)

v2
n = T (n, ± n,) = e, and iI!,

4.r9. T,)m.. ""!(IT,-(T,)

v2
n= '"'2 (e, ±ea)

4.21. T .. = 2x, =x; + 3

4.22. T., ....(1 +pg)x.+!(x"x,)
4.23. Yes

CHAPTER 5
. 5.4. Er = 207 GI)a (30 x 10' psi), If '" 0.30, k = 172 GPa (25 x 10' psi)

5.6. If = 0.27, A .= 91 Gl'a (13.2 x 10' psi), k = 141 Gl'a (20.5 x 10' psi)

5.S. [ 6.6 - 2.3 () J [ 45.5 -15.9 () ]
IT]= -2.3 3.20 x 10"psi = -15.9 22.1 0 Ml'u

o 0 R.9 0 () 61.4

5.10. (a) [3.33 1.26 0]I£o:J= 1.26 -1.97 0 )<..10-" = (b)L\V -4.87XIQ-'\:Ill'
o 0-0.43
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5.14. (a) [() :!X" 2.\'1 I Xl]
[T] = kp. 2X. 0 X, - 2X"

2X,+Xt X,-2X, 0
5.17. ('!lCT; 2; 7.15; 22.4

(I'll Yes

5.19. (a) Transverse wave in e:rdireetion
n1T

(d) fj="n= 1.2,3 ...

(b) C = CT (c)" =-)

5.20. (c) a = + I
111T

(d) fj = 2/,11 = 1,3,5 ...

5.21. (c) a = + I
111T

(d) fj = ,. II = I. 2. 3 ...

5.22. (a) Longitudinal in e3-direction
111T

(d) fj = /' n = 1,2,3 ...

5.17. (a) a. = at = a3 = 0 (b) "3 = 31.r, Et/E. = 0.74. EJE, = 0.50

(b) c = c,. (c) a =-1

E2 = E.

*.,= 0
5.21. a, = 30"

[ wX. ( wI) wX,]5.34. (a) II. (X •• t) = e cos wi cos - + tan -:- sin -.-
c,. (,. f"

n1ft·
(b) w=---t R= 1.3.5 ....

[
w wI . WX,]5.37. (a) 11=0 cos-X,-eot-SIn- [coswtez+sinwle,]

CT ci CT

(b) Circular

5.39. (a) T" 1m", ~ 11,300 psi (78 M Pal
T.Jmn.-= 5,650 psi (39 MPa)

5.40. 0 = 0.72 em

5.45. r, = /'112. P~ = P13. P:I = 7P/12
5.48. d = 5.8 em
5.49. d=3.38 inch (8.59 em)

(b) M 3.(;2 ;.: 10-2 inch (9.2 ;< IO-t em)
&<1. 0.284:, 10-" inch ( 0.721)< 10-3 em

M, M,
5.51. M. = I, ((10)4 ,M. = , •

- _! + I I-t--2 (~~)
It (I. " fit

(b+ 2c)
5.53. M,. = M (ll + b + c)

5.54. (b) T,,)m"x = 21.4 ksi (147 MPa)
T.ln" ex = 16.6 ksi (114 M Pal

5.62. d = 10.5 em
5.63. b :=;: 10 inch (25.4 em)



5.64. p= 0.21 MN
5.69. (a) Yes (b) Til = 0, T'1 = - 2oX, '1'11 = 20. T~I= 2""

(c) on X, = lI:' = -2(Yaet

X1 = h: t = - 2aXle, + 2C1'e~
S.70. (a) If ()(= - P
S.71. (a) Yes (b) Til = 2aX" T1~ = O.Tn = - 2oX1- 3/3Xt2

(c) 0 = - 3/2 Ph

CHAPTER 6

6.1. B ""S.IO X 10' N

6.2. PA~ Po I P (If I tI)"

6.3. Pi = Pto+ ,I (II' + h) (I: + (I sin lY)

h' __ (lr" cos II (h + h' = depth of water above A)
I: + (I sin 0

w2r2

6.4. z= -z-
I:

6.5. p = ""e-"'~'-"'HJ" for n = I
6.6. (b) T. = -P+IJ.. T. = 0
6.7. (tI) - 4/1. (h) 8/1

6.9. V, = (/lK~~O)d2[(~)_H~r]

A==~
In (h/a)

6.14. j3(ltht
A =.- .B =-A

Z((I~ + b')

_ /:lY.' _
US. A -- - 6b' B - 0

(b) /3 (" • I r
II = - r : - a-) + A n-

4 u

I dp (3{aL ht)
f3 = --. A =;-~--

IJ.dx· 4In(b/a)

6.12. (a) r
II "--A In (/ I UtI

6.17. (/= e~r(b'-x)/('ZI(IJ.)+(O. ~/1)·.+8.;(J2
6.21. (b) Tit - P + 21J.k. T12 = -p - 21J.k. Ta, = + p, remaining Til = 0

(c) a == P(x,e, + "'~e2)
11J.;.2

(d) and (e) ,,= - ..(l,t + x ..'j I· {J" (0 'l"n, 4/"'/-t (g) Nil slip2 -



6.22. (b) T" = - p + 41J.h,
Tn=-p-4IJ.kx,
f,t = - 4IJ.kxtr., =-p
T,;I = T~;,= 0

6.27. Q = 0.0762 m'/sec
6.28. Q -= 3.98 ft3/sec (0.113 rna/sec)

(c) (/, = 2.P(xl~+ x,x/)
(It = 2kt(xz:l + X,2X2)

CHAPTER 7
7.7. (b) 3Apoe-'. - 3Ap (e) -3Ap
7.8. (b) m = Apo (e) p= ~p"Ae'-lne.

7.1 l. (a) 4Apn. _ SAp., (b) 8APe (c) 0
(1+,,2 (1+/)3 (I+')~
13 Po 13po 13puA

(d) ---,--- (e) _'-
3 (I + t) 3 ( 1 + I) f (I + I) 4

7.12. (a) !p.,Ae-'e., -!poAe-1e. (b) 9poAe-'e.
7.14. F = 8p(e. +ez)

M = 8p (- e. + ez)

(I v'3)7.18.283 '2e'-Ter N
7.20.pv~'A

)' ~(V)2 2Q27.11. y. = _:2 + :...! +--
t 2 2 ~)'I

7.24. 6 I 2 rad/sec

CHAPTER 8
8.1. ~. = .%',. ~t = Xt + v (x,) (T - t). ~a = X;I

8.2. ~, = X,. {t = X.!. fl = X;I+ vIr) (T-I)

8.3. ~, = xle-~·(r-".~" ,;" :(tekiT-tl.~:t = X;,

87 W· h t _ dn
•• It v = dx

[
0 v' OJ [21"; 0 OJ

[A,J= v'O o. [AlJ= 000
o 0 0 0 0 0



8 W· h • dw8.. It w = dr

(AI] = ~. [:: ?::z X~;:2 ~l,fAt] = 2w'2 [:: ; ~l
o 0 0 0 0 0

A.=A4=···=0
dw

8.9. With w' = dr

[A.] '"' :' [~ ~ ;]. [At] = 2~'2 [~ ~; ~]
x y 0 0 0 0

8.10. [A,] = 2k [- ~ ~ ·~l.[Ai] = 4.P [~ ~ ~l.(A.] = 8kl [- ~ ~ ~l
000 000 000

y x
8.14. (b) ft. = e., = -rei +r~

x y
nr = e, = r e, + ;; t!t

n3 = e. = e3

8.15. (a) [0 0 0]
[N] = 0 0 0

xlr ylr 0

(b) n. = e, = e:1

n. = e, = (xlr) e, + (ylr) e.
n] = e.. = - (ylr) el + (xlr) ~
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,AA ~1i'LS.J!1 '\'i)O ~t;T

" r.}J..i!1 /1./1. tl...il

Vy ).,,1 4)T .t; 6:. &1).1-' oJ

\\T J.:JJb/, \TA ~;I

-"AT,"T e>tfJl)l.l. "0 J)J ~ ~t.u;'

rT~ J.>?" ,Jb/, \n,yM ~ .::.5.r .jl-lil J..-I

TV D)!'." )b /, T/I.'\ r.r.LS~ ~I

V, & T'.T LSj;ILS~ ~IU".I.

T'O "bt.... 'J _,;.I. \ 0 \ ;I:T ~ J..-I

\f r.r. LS~ 'V. Ji;."..::...:... J..oI

T'. (.P~ LS~~ T" .:..S.r •jl..\Ol Jl..o J..-I

\A '_;';..f" )_,_it LSl~ LSLb~~ \0" ~l;,l 0 ~I- o"_'

IVY )J.J.o <4.i1_,::...1 ~ '\'\ ~t...IJ_?:J1

IV" )J.J.o .r.f. <4.iI_,::...I ~ \'\" t_1.,., cr tS::.u1

fY'Y' ~~I t \T' "U;Ic ~.
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IS.I. cr' t:

v,( .;1.,4; ~.i \A. • li~t:
VT 1S>t..~.i \A,\ ...;.:.> ;1;'
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