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C: Example 1: Un iformly Charged Sphere

Clear [" Global ™*"];

eql={
4nr?Eouside == qTotal *r>R *).
4nr®Einside = gEnclosed (* r<R *)};

3
gTota = ant

pi

41tr3 .

gEnclosed = pi

Sol=Solve [eql, {Einside, Eoutside}] //First

3
{ Eoutside— P . i nsidee%p}

3r2

eFileld [rr_, RR_:1,pp_:1]:=If [rr £RR,
Einside, Eoutside] /.sol/{r = rr, R—> RR, p— pp}

pl= Plot[eField[r] {r.107®.3}];
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0.3
0.25
0.2
0.15
0.1

0.05

0.5 1 1.5 2 2.5 3
Figurel

medium1={Hue€[.2],Polygon[{{1,.51},{1,0},{3,0} {3,.51}}1};
medium2={Hug¢[.5],Polygon[{{0,.51} {0,0} {1,0} {1,.51}}1};

Show]

{Graphics[{

medium1,

medium2,

Text ["Inside" ,{0.5,0.4}],

Text [" Outside" ,{2.0,0.4}]}],

pl

h
AxesLabel — {" Distance" ," Electric Field" },
Axes—Truel;

Electric Field
0.5

0.4 | Inside Outside
0.3
0.2

0.1

Distance

0.5 1 1.5 2 2.5 3

Figure?2
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C: Example 2: Electric Dipole
Clear[" Global ™*"];

monopole[q . p0 _:{0.00}- pl_ {xy z}]=

\/(po—pl)-(po—pl)

dipole=(monopole[-g,{0,0,-d/2}]+monopol g +q,{0,0,+d/2}])

q . q

2 2
) d 2 2 (d
X +y +|——-2 X +y +| ——z
pree(me] {3
ContourPlot [dipole/ {g—1,d—1,y—0} //Evaluate,
{x,-2,2} {z,-2,2},
Plot Points — 45,
Contours— 21,

Color Function —» Hue,

Axes— True,
AxesL abel — {" x-axis"," z-axis'}];

H- Eis

Figure3
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Needd[" Graphics Plot Field3D"];

Plot =
Plot Gradient Field3D [-dipolie/. {q— 1,d —1} // Evauate,
{x,-0.5,0.5} ,{y,-05,05} ,{z -1.0, 1.0}
Polt Points — 6,
Color Function —Hue
Vector Heads — True
Scale Function — (1&),
Box Ratios — {1, 1, 2}

Figure4

Show[Plot, ViewPoint->{0,3,0}];

forum.konkur.in



www.konkur.in

Figure 5

Needs[" Calculus Vector Analysis " ];

x2r Rule = Thread [{X, y, zZ} — Coordinates To Cartesian [{r, 6, ¢},
Spherical]]

{x—rCodq¢] Sin[6],y—rSin[6] Sin[¢], z—rCod6]}

potential = dipole/ . x2r Rule // Simplify

1 1
R (2,402
\/d +4r°—4dr Cos[ 6] \/d +4r<°+4dr Cos[ 6]

dipoleR = Series [potentia {r,e,2}]// Normal // Simplify
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dgqCod 6]

r2

eField = -Grad [dipoleR, Spherica [r, 6, ¢]]

{2dq00qm |qunKﬂ'0}

3 r3

rotDipole[6_]=( monopole [+1, 1/2{+Sin[6], 0, +Cog[6]}] +
monopole [-1, 1/2{-Sin[6], O, -Cog0]}] );

frames=1;
Do[
PlotGradient Field[
-rotDipol €[ 6]/.{y—0},
{x,-2,2} {z,-2,2},
PlotPoints — 14,
VectorHeads — True,
ScaleFunction — (1&)]
{06,2 n/frames, 2 i, 2 w/frames} |

PRSI SN Y/ P Gy
PP N Vo S e L
NN e,

A AN SRR SR R
NI EER
\\\::>7‘§<:i///
B T oy
\,#./-/// \\\\ﬁk

Figure 6
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Needd[" Graphics PlotField™ ]
VEPIot[potential_,xlim_,ylim_,opts __]:=Modul€g[{ plotl,plot2},

plotl = Plot Gradient Field[-potential, xlim,ylim,ScaleFunction
— (1&), Display Function — Identity];

plot2 = Contour Plot [potential, xlim, ylim, Contour Shading
— False, Contour Smoothing — True, Display Function — Identity,
Plot Points — 50];
Show [{plotl, plot2}, opts,Display Function— $ Display Function]];
VEPIot [potential_,opts __]: = VEPIlot [potential, {x, 1.1, -1.1},
{y, 1.1, -1.1}, opts]
Protect[VEPIot];

1 1

dipole=

2 2
\/x2+(—v—1j \/x2+(1—vj
2 2
VEPIot[dipole, Epilog — {{Hu€[.3], Disk[{0,1/2},0.1]}, { Hue[0.95],
Disk [{0, -1/2},0.1]} }];
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C. Example 3 : Superposition of Point Charges

Needd" Calculus Vector Analysis™ ]
Needd[" Graphics PlotField™ ]
Needd[" Graphics PlotField3D™ ]

Clear["Global *"];

Monopole[q _:1,r0_:{0,0,0}, r_:{x,y,z}]: =
o/Sart [Sum [(rO[[i]]-r([[i11)"2. {i, 1, Length [rO]}]1;
quad = (Monopole[2 g, {0, 0, 0}] + Monopole [-q,{0,0,d/2}] +
Monopole [-q,{0, 0, -d/2}])

q _ q 29

- +
2 2 [2.2, 2
\/X2+y2+(_g_zj \/X2+y2+(g_zj J2+y?iz

triangle = (Monopole [+2q, {0, O, 0}] + Monopole [-q, {+d/2,0,-d/2}]
+ Monopole[-q, {-d/2, 0, -d/2}]);

square = (Monopole [+q, {+d/2, O, d/2}] + Monopole [-q, {+d/2, O, -
d/2}] + Monopole [+q, {-d/2, 0, -d/2}] + Monopole[-q, {-d/2, 0, d/2};
Plot3D [quad/{ y— 0,9 — 1,d — 1} {x, -1, 1} {z,-1, 1}, Axes Label
- {2,

Figure8
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Plot3D[triangle/ {y—0,0—»1,d—1}{x,-1,1}.{z.-
1,1},AXG£L abel—){" X" "' z" ’u " }]’

Figure9

Plot3D[square/.{y—0,q—-1,d—1} {x,-1,1} {z.-
1,1}, AxesLabel»{" x" " 2" " "}];

Figure 10
forum.konkur.in
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Charges ={{Hu€[0.3], Disk[{0,1/2}, 0.1]},
{Hue[0.95], Disk[{0,0}, 0.2]},
{Hu€0.3], Disk[{0,-1/2},0.1]}};

pl:=Plot Gradient Field[
-quad//{g—>1,d—>1,y—>0}
{x,-1.1,1.1} {z,-1.1,1.1}
,Scale Function — (1& ), Epilog — charges];

p2 = Contour Plo[quad //{g—>1,d—>1,y— 0},
{x,-1.1,1.1},{z,-1.1, 1.1},
Contour Shading — False,
Plot Points — 50,
Display Function — Identity

Show [p1, p2];
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Figure1l

VEPIlot [quad//{g—>1,d—>1,y—>0},
{x,-1.1, 1.1} ,{z,-1.1, 1.1},
Epilog — charges];

DK\§%/J4 SRS

—
=

A Rk
e s

N

XN
R

Figure 12
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charges= {{Hue[0.3], Disk[{-1/2,-1/2},0.1]},
{Hue[0.95],Disk[{0,0},0.2]},
{Hu€[0.3], Disk[{1/2,-1/2},0.1]}};

VEPIot[triangle/ {q—1,d—1,y—0},
{x,-1.1,1.1} {z,-1.1,1.1},
Epilog—charges];

\\\\\\\ f//////
RSO JA N
JESERSR N e
v 7% SN
s ef O

o ‘ J ey,
NS 4{23 )
AR

o
PSRRI IR ERNN

e

Figure 13

charges= {{Hue[0.95], Disk[{-1/2,-1/2},0.1]},
{Hu€[0.95],Disk[{1/2,1/2},0.1]},
{Hu€[0.3], Disk[{-1/2, 1/2},0.1]},
{Hu€[0.3], Disk[{ 1/2,- 1/2},0.1]}};

VEPIlot[square/.{q—1,d—1y—0},{x,-1.1,1.1} {z -
1.1,1.1},Epilog—char ges];
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Figure 14

x2r Rule=Thread[{x,y,z}—Coor dinatesT oCartesan[{r,0,¢},Spherical]]
{x = r Coq 0] Sin[6],y — r SIN[0] Sin[¢], z— r Cog[6]}
seriesQuad= Serieg[quad //.x2rRule {r,,3}] //Simplify//Normal

d®q( 1+3Cos[26] )
8rs

seriesQuad // Trig ToP // Simplify

TigTop [_ a2 q( 1+3Cos[26] )]

8rd
seriesSquare= Seriegsquare //.x2rRule ,{r,»,3}] //Simplify //Normal

3d? g Cos[ 8] Cos[¢]Sin[ 6]

r3

SeriesSquare// TrigTaY // Simplify
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3d2 g Cos| 6] Cos[g]Sin| e]}

TrigTop [ 3

seriesTriangle= Serieq[triangle//.x2rRule {r,e,2}]
/[FullSimplify//Normal

dqCos| 6]
2

seriesTriangle//TrigToY//Simplify

dqCos|6
TrigTop {—q ZS[ ]}
r

p1=PlotGradientFidd3D[quad//{g—1,d—1} {x,-1,1} {y,-1,1} {z-1,1},
ScaleFunction—(1&),
VectorHeads—True,Color Function>Hue,
PlotPoints—6,

BoxRatios—{1,1,2},
ViewPoint—{1.3,-2.4,1}];

Figure15
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C. Example 4: Point charges and grounded sphere

Needq[" Calculus'VectorAnalysis™ ]
Needq" Graphics'PlotField™ ]
Clear[" Global™*"];
Monopole[g_:1,r0 :{0,0,0},r _:{x,y,z}]:=
a/Sart[Sum[(rO[[i]]-r[[i]])"2.{i,1,Length[rQJ}]];
dipole=(Monopol€g+q,{0,0,+d}]+Monopol€-q,{0,0,-d}])

. q s q

\/x2+y2+(—d—z)2 \/x2+y2+(d—z)2

dipole/.z—0

0
x2rRule=Thread [{X,y,z} = Coordinates To Cartesian [{r,0,phi},
Spherical]]

{x—r Cog[phi] Sin[8],y—r Sin[phi] Sin[8],z—r Cog0]}
dipoleR= Serieg[dipole//.x2rRule {r,e,2}] //Normal//Simplify
2dqCos 6]

(2

dipoleR//TrigToP

TrigTop {—d . C(;S[e] }
r

efieldR=-Grad[dipoleR,Spherical[r,0,0]]

3 ' 3

gt i
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charge=-1/(4 nt) D[dipole,z]//.z—0
dq
2n(d2 +x%+ y

2)3/2

Integrate [char ge{y,-e0, oo} {X,-00,+00} ASSUMPpLtiONs-
>d>0]//Power Expand

-q
Contour Plot[charge/ {d—1,0—1} {y,-1,1} {x,-1,1}];

1r

0.5

-0.5

Figure 16
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C. Example 5: Point charges and grounded sphere
Needq" Calculus Vector Analysis™]
Needd" Graphics PlotField™ ]
Clear[" Global ™*"];

mlz{iﬁ' ql == O'L+ ql J— O},
a+d a+dl a+d a+dl

imageRule=Solveleql,{d1,q1}]//ExpandAll//Flatten

2

a aq
d—-—  gqg->—-——

{ g r }

Monopole[g_:1,r0 :{0,0,0},r _:{x,y,z}]:=
a/Sqrt[Sum[(rO[[i]]-r[[i]])"2{i,1,L ength[rO]}]]

potential=(M onopol€[q,{0,0,d}]+M onopoleg[q1,{0,0,d1}])//.imageRule

ag . q

- 2 [2. 2 2
2 X“+y“+(d-z
d\/x2+y2+£2—z] \/ ( )

x2r Rule=Thread[{x,y,zZ}—Coor dinatesT oCar tesian[{r 0,0} ,Spherical]]

{x—r Cog¢] Sin[6],y—r SIN[B] Sin[$],z—r Cog 0]}

potentialR=potential//.x2r Rule//Simplify//Expand

aq s q

- 2 2. .2 2
4 2 X“+y“+(d-z
d\/a +r2+[6:j —ZJ \/ ( )

d2

potentialR//.r—al/Simplify//Power Expand
0
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SeriegpotentialR,{r,=,2}] //Normal //Collect[#{ Cod0],r, a}]&

3

aq L—aq +d q] Cos|[6]

q—F d2
+

r r2

VEPIot[potential _,xlim_,ylim_,opts ]:=Module[{plotl,plot2},

plot1=PlotGradientFied[-
potential xlim,ylim,ScaleFunction—(1& ),DisplayFunction—| dentity];

plot2=Contour Plot[potential xlim,ylim,Contour Shading—False,Conto
ur Smoothing—True,DisplayFunction—| dentity,PlotPoints—50];
Show[{plot1,plot2},opts,DisplayFunction—»$DisplayFunction ]];

VEPIot[potential/.{a—0.2,d—0.4,0—1,y—0}{x,-1,1} {z,-
1,1} Epilog—{ {Hu€g[0.3],Disk[{0,0.1 },0.05]},
{Thicknesg0.01],Circle[{0,0},0.2]} ,
{Hug[0.95],Disk[{0,0.4},0.1]}}];

Figure 17
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chargedensity =

(—4i DlpotentialR . r] / .{r = a}// Simplify // Power Expand // Simplify)
T

)

4a1r(a2 +d?-2adCos]6]

)3/2

totalchar ge=Integrate[chargedensity 2w a*2 Sin[0]
{0,0,} , Assumptions—{ a>0, d>a} ]

_a9
d

(*totalcharge=
Integrate[chargedensity 2w a*2 Sin[6],{06,0,x} ] //Simplify*)

(*rule={ t 1 (a—d)2—>—a+d};*)

(* totalcharge//.rule//Power Expand //Simplify *)

OMin=+(FindMinimum[+char gedensity/.{a—1,0—1,d—2},{0,1}]//
First);

OM ax=-(FindMinimum[-
chargedensity/.{a—1,—1,d—2},{0,1}]//Fir st);

gray[0 _]=((chargedensity-OMin)/(BM ax-6Min)/.{a—1,q—1,d—2});

{OMin,OM ax}

{-0.238732,-0.00884194}

radius=1;
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Cod0],GrayL evel[gray[0]]}.{6,0,n} .{9,0,2

ParametricPlot3D[{radius Sin[0] Cod¢],radius Sin[6] Sin[¢],radius
n} Liahtino—False Axes—False.Boxed—Falsel:

Figure 18
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C: Example 6:Line charge and grounded plane

Needq[" Calculus'VectorAnalysis™ ]
Needd[" Graphics PlotField™ ]

potential = —q Log[x2 +(y—y0)2}+qLog[x2 +(y+y0)2};

potential//.{y—0}

0
VEPIot[potential//.{q—1,y0—1} {x,-1.1,1.1} {y,-2,2} ,Epilog—{
{Thicknesy.03],Line[{{-1.1,0},{1.1,0}}] },
{Hu€[.35],Disk[{0, -1},.1]} ,
{Hu€[.95],Disk[{0, 1},.1]}}];

N N AU B A AV S

e ) AN NN

Figure 19
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L aplacian[potential ,Cartesian[x,y,z]]//T ogether
0

charge= —4i D[potential . Y]/ {Y — 0}
T

a0
n(x2+y02)

Contour Plot[charge/ {g—1,y0—1},{X,-2,2} {y,-2,2}];

o

B 1 0 1 2

Figure 20
Integrate[ charge,{ X,-o0,+e} ,Assumptions->{ y0>0} ] //PowerExpand
-q

eField=-Grad[potential,Cartesian[x,y,z]]//Simplify
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{ 8gxyyo0
(X2 +(y-y0)?) (x*+(y-y0)?)

2q(y-y0)  2q(y+yo0)

. O}
X2 +(y-y0)? x%+(y+y0)?

PlotVector Field[eField[[{1,2}]]//{q—1,y0—>1},
{X"515} 1{y’013}1
PlotPoints—10,

ScaleFunction—(1&) ,

AspectRatio—8/10 ,Prolog—{ {Thicknesg[.03],Line[{{-5,0},{5,0}}]
}{Hu€[.95],Disk[{0, 1},.2]}}1;

SN
/“\/’\\
///¢\/’\\\
APERANSE
Loy T T e
VAV BN
Y T

Figure2l
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C: Example 7: Multipole expansion of a charge
distribution

Needd" Calculus Vector Analysis™ ]
Needq" Graphics PlotField™ ]

MiltipoleSH[distribution . rlimit _.n _]:=
Module[{q: V}

g:=Integrate[
(I ntegrate[distributionr2 A Ocrlimit}] )*

(-1)"sin(8) Ya™ (8- 9)-{6- 0.} {0 0. 2m}];

rlimit

d
j Y(e . m:6.0)

sl
V =Sum {el:0:n}.{m. —¢ . e}];

2d+Dr

Return[V] ];

Q(r —a)sin?(6)sin?(¢)

a4

density =

MultipoleSH [density « a « 2]// Simplify // Apart

27%2QY[0.0.0.6] L1 (a213/2
_ 3 T Q
Or 45\/5[‘

(6Y[2.-2:0.0]+2Y[2:0.0.0]+/6Y[2:2:68:0]))
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MiltipoleP[distribution _.rlimit _n_]:=

Module[{qg: pot}:

g:=Integrate]

2T * (I ntegrate[distributionr 2. {r . 0. rlimit}] )*

V2841 | senderP[el . Cos[6]] * SIN[6]. {6 0. T)1:
2\n

— 1\/— (Hlmltj P(el . Cos(6)

t=Su {6l 0.0}
pob==tm (2d +1)r tel-0-n}

Return[pot] ];

Q(r —aCosZ(e))

a4

density =

eql=MultipoleP[density : a . 2]

5nQP[0-Cos[6]] _8a”nQP[0- Cos[#]]
or 453

eq2=MultipoleSH[density,a,2]

0r%2QY[0.0.6.0] 16a*7%2QY[2.0.6.9]

or 45\5r3

eql==eq2// {P—LegendreP,Y —»SphericalHar monicY }//Simplify
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True

. T
qO(a-n)(sin(©)-7)

a4

chargeDensityl=

a—r

ea g0(a—r)cos() |

a_4

chargeDensity2=

q0(a—r)?sin?(8)sin(20) _

a5

chargeDensity3=

r2xRule=Thread[{r,0,o}—CoordinatesFromCartesian[{Xx,y,z},
Spherical]]

{r—>\/x2+y2+22-

z

— 2 |.o>ArcTanx y]}
\[X2+y2+22:|

values={q0—1,a—>1};

0> A rcCo{

Contour Plot[char geDensityl/.r 2xRule//.values {y—0} {x,-1,1},
{z,-1,1} ,PlotPoints—40];
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1

0.5

-0.5

1 0.5 0 0.5 1
Figure 22

Contour Plot[chargeDensity2/.r 2xRule//.values {y—0},
{x,-1,1} {z,-1,1} ,PlotPoints—40];

-1 —Ol5 6 0:5 i
Figure 23
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Contour Plot[char geDensity3/.r 2xRule// .values/ .{z—0},
{x,-1,1} {y,-1,1} ,PlotPoints—40];

-0.5 0 0.5 1

1
wob

Figure24

multil=MultipoleP[char geDensityl,a,2]

_ a®n®qOP[2. Cos[6]]
9613

multi2=MultipoleP[char geDensity2,a,2]//Simplify

4a(11.4e)nqOP[1. Cos[6]]
3r3

multi3=MultipoleSH[char geDensity3,a,2]//Simplify

4i\/Eazn?’/qu(Y[Z-—Z-e'q)]—Y[2'—2'9'¢]
75r3

eField1=-Grad[multil,Spherical[r,0,0]]
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B a’n? g0 P[2. Cos[6]]

{
96 r*

_a?n?qosin(e] PO Y [2. Cosl6]]
96 r*

eField1l//.P—L egendreP//Simplify

.0}

_a?n®q0[1+3Cos[26]]  a®m®qO0 Sin[26]
128 r# 64 r

.0}

eField2=-Grad [multi2, Spherical [r,0,¢]] // .P—LegendreP //
Simplify

8a(11-4e)nq0 Cos[6]  4a(11-4e)mq0Sin[6]

{
3r3 96 r*

.0}

eField3 =-Grad [multi3 /.{Y—>SphericalHarmonicY}, Spherical
[r.0,0]] // ExpToTrig//Simplify

2a° nqoSIn[6]° Sinf2¢]

{
2514

_8a”mq0Cos[6] Cos[¢] Sin[6] Sin[6]
7511

B 4a°m g0Cos[2¢] Sin[6]
75r4

}

potl = multil/.r2xRule/.{P — LegendreP ,
Y —SphericalHarmonicY} /.values/.{y—0} // Simplify

nz (x2 - 222)
192(x? - 27%)%/2

VEPIot[pot1{x,1.1,-1.1} {z,1.1,-1.1}];
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Figure 25
pot2=multi2/r 2xRule/{P— LegendreP,Y — SphericalHarmonicY}
/.values/ {y—0}
4(11-4e)nz

3(X2 n Z2)3/2
VEPIlot[pot2,{x,-1.1,1.1} {z,-1.1,1.1}];

S N PAA e o
— N g S
. ~ - g
P , \ Ry S
e AN L[S R} i e N

S NN R RN S
Figure 26
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pot3= multi3/.r2xRule//{ P - LegendreP,
Y — SphericalHarmonicY } //.values/ .{z—0} // FullSimplify

4txy
75(x2 _y2)5/2

VEPIot[pot3];

Figure 27
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C. Example 8: Potential in arectangular groove

A[V_m_]:=2/alntegrate[V Sin[rx m x/a],{x,0,a}];

_mry
pot[V _.n_]:=Sum[A[V -m]e @& sin(m;tx

){m.1.n}];
pot[Sin[x],3]

_ny
2e ag sin[a]sin(nax)

—al+m?

_2ny , sy ;

4e a msn[asn(“™) ee a msin[alsn(C™Y)

+ a’ _ a
a’ — 4n a? —9n?

Plot3D[pot[Sin[x],30]/.a—1//Evaluate,
{x,0,1} {y,0,0.5} , AxesLabel—={ x ,y ,V }];

Figure 28
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pot15=pot[Sin[x],15]/.a—1;

VEPIlot[pot15{x,0,1} {y,0,0.5} ];

4
i
y
$

AAAIAISI I A 7

\
i
\
\
N

R N I I
AAdAd44

AR YNV RPN
ERRRARAARARRRR

A AA

Figure 29

eql= pot [V 0,e<]//Full Simplify

1 iT(X+iy) iT(X+iy)
—|iVO0|log|1l-e @ —log|1l+e @ -
8

_m(ix+y) _m(ix+y)

log|1-e @ +log|1-e @

POtV 0 = eql// {log(1-a_)—slog (1‘_6‘)
a+l

+log(a+1)} // FullSimplify
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[l

n(iX+Y)
2a

T(X+iy)
2a

ol 7o

Plot3D[potV0/.a—1/.V0—-1
,{x,0.0001,0.9999} {y,0,0.5},AxesLabel—»{ x ,y ,V }];

m
\
\

>

0

)
\
.
,
\
\

-
ZFZR

e

=7 >

Figure 30
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C: Example 9:Potential inside a rectangular box with
fivesides at zero potential

2 2
mzRule={mz—c > +m32/ };
a b
(4VOCscrk1)(mzn) Integrate[sin(mxnx)sin(mxny)-
a X X

{x.0.a{y.0.B}]//

Simplify [# . Element [{ my . mx } . Integers] ]& ) /.mzRule

2 2
16VO0csch[c, | 5+ MY ain[™X T 2gn[ ™ T 2
a’ b? 2 2
mx my 72
pot[nx _.ny J=

mx X my T MmzZmzZ
ysin (XY sinh

Sum[A[mx - my]sin( )

{mx.1.nx} {my.1. ny}/.mzRuIe
nx ny 1

2

2
mx=1 my=1 MXMy 7

2 2
£16V003d1[c ﬁﬂ;—y nlsin[2 ]Zsin[m;n]z
a

2 2
sin[mxnx]si [myny]smh[ m X +m)2/ 7]
a a2 b
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pot[1,1]

1 1 1 . MX.2 . TY.2
—|16VO0csth[, |—+— cr]sin[—] “sin[—
nz( [Jaz 5 crlsin[=_1%sn[7)
. /1 1
snh[,|+— nz]
a® b’ J

values={a—1,b—1,c—»1,V0->1x—1/2};

Plot3D[pot[20,20]//.values//Evaluate{y,0,1},{z,0,1}];

Figure3l

VEPIot[pot[10,10]//.values/ {x—1/2} //[Evaluate{y,0,1} {z,0,1}];
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Figure 32
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C: Example 10: Conducting cylinder with a potential on
the surface

Needq" Graphics ParametricPlot3D™ ]
Aln_]=

—Nn

a_ (Integrate[VOsin[no]'{d - 0 m}] -
T
Integrate[VOsin[no]'{d = . 2n}] ) //
Simplify [# . Element [n . Integers] | &

_2(-1+(-pMHa"vo
nrw

potin[nf_]:=Sum[A[n] Sin[n¢] " {n,1,nf}];
potln[6]

4rvosn[¢] 4r3\v0sn[36] .\ 4r°V0sn[56]
an 3an 5a°T

eql= potln[Infinity]

0
—ELiVOLLog[uﬂ}
T a
i i 0
Log{1+—e r]Log{l——e r]+Log{1+—e rUJ
a a a

Vin= eql//.{log (1-aa) alog(ia_

aa]+ log (aa+1)}
+1

/I FullSimplify
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ivo| Log| 1-— 2" |_Log| 1422
ae®+r a+er

T

B[n_] =

% (Integrate[VOsin[n¢] '{¢ - 0. x}] -

Integrate[VOsin[no]'{¢d = . 2n}] )/

Simplify [# + Element [n . Integers] ] &

2
4(-a)" vosm[”z"}

nm
potOut [nf_]:=Sum[B[n]Sin[n¢]r",{n,1, nf}];
potOut[3]

4avosn[¢] 4a3Vv0Sn[30]
nr 3ras

Vout =
(potOut [ Infinity ] // Simplify ) //

{Iog(l—aa_)alog[;ia

lj+|og(aa+1)} /1 Simplify
_ae? _a+d?
1VO| Log —ae +r —Log arem
—ae®+r a+er

T
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Off[Plot3D::plnc,Plot3D::gval]

pt1=Plot3D[ Vin/.a—>1/.V0—1//Evaluate,

{¢,O,2’t} 1{r ’011 }’
PlotPoints—40,
DisplayFunction— I dentity];

Plot3D[ Vout/.a—1/.V0—1 //[Evaluate,

pto=

2} {r,1,2}
PlotPoints—40,
DisplayFunction—I|dentity];

0

{¢
Off[Graphics3D::nlist3]

pt2},DisplayFunction—»$DisplayFunction];

Show[{pt1l
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Figure 33

Y
1%
7
&
i
0o 0
X
%4
T
.-~.

Off[ParametricPlot3D::pplr]

~.~.
4

CylindricalPlot3D[Vin/.a—»1/.V0—14{r,0,1},{$,0.01, 0.9 7} ,

pt3=
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PlotPoints—20,DisplayFunction—I dentity];

pt4=CylindricalPlot3D[Vout/.a—1/.V0—1,{r,1,1.75},{$,0.01,0.99 =},
PlotPoints—20,DisplayFunction—I dentity];

Show[{pt3 ,pt4}, DisplayFunction— $DisplayFunction ];

Figure 34

C: Example 11: Grounded spherein an electric field
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Needq[" Calculus'VectorAnalysis™ ]
Needd[" Graphics'PlotField™ ]
Clear[" Global™*"];

Asol={ A[1]—>-EO0a, A[i_]-0} ;
pot[s_]:=
(Y ayt ,
SumHA(l)[g] (?j B(I)} LegendreP[i « Cos[6] -
{i-0.¢]/.As0l

Beq[s_J:=

L ogical Expand [(pot[s_] /.t —a) == 0+0[Cog6]]>"]

Beq[4]

_SBE g eamo-m+ B8 _os e
s B 3B
_35B[4]__ g 3B2 15B[4

4

Bsol[s ]:=Solve[Beq[s]]//Flatten ;
Off[Solve::svarg]

Solve[Beq[6]]//Flatten
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{B[1]—a E0,B[0]—0,B[3]—0,B[2] —0,B[5]—0,B[4] —0,B[6]—0}

Bsol={B[1]—a EO,B[i_]—0};

potential =

i i+1
(Sum [[A(i)(gj [?j B(i)J LegendreP[i - Cos[6] -

{i 0.3])/.Asol /. Bsol

2

3
(a EO—EOrJCos[e]
r

eField=-Grad[potential,Spherical[r,0,¢]]//ExpandAll

3 3 .
{EOCOS[9]+—2a Eofos[e] . —E0Sin[g]+ 2 ="2NIY! EO?”[G] -o}
r r

r2xRule={r,0,¢}—Coor dinatesFromCartesian[{x,y,z},Spherical]//
Thread,;

values={EO—1,a—1};

pl=VEPIlot[potential//.r 2xRule//.values/.{y—0},
{x,-2.1,2.1} {z,-2.1,2.1},
DisplayFunction—l dentity];

disk=Graphicg Disk[{0,0},1]];
Show([pl,disk,DisplayFunction—$DisplayFunction ;
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Figure 35

C. Example 12: Spherewith an axially symmetric
chargedistribution
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Needq[" Calculus'VectorAnalysis™ ]

Needq[" Graphics ParametricPlot3D™ ]

Clear[" Global™*"];

potinA[s_]:=Sum| &jl A(i) LegendrePYi - Cos[6]]-
{i09]
POtOUtA [s_]:=Sum|[ A[i](?jlﬂ LegendreP[i - Cos[6]]-
(i 0.9
chargeDensity [s_]:=
4—1n (D[potinA[s] - r]-D[potOut Als] - r])// {r—a}
char geDensity[2]//Apart

2A[0]-5A[2] , 3A[YCos[6]  15A[2] Cos[6] 2
8ar 4am 8arm

aEquation[s_ + Qdensity ] :=
LogicalExpand] chargeDensity[s] = Qdensity + O[Cos[6] |5 ]

aRule[s ,Qdensity ]:=Solve[aEquation[s,Qdensity],Array
[A,s+1,0]]//Flatten

2
aRule[4 - QCLZ(O)]
a
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{A[O]—>4gf A[—0 . A[2]>2EQ

15a

A[3]—>0 . A[4]—0}

2
potinA[4] / . aRule[ 4 . QCLZ(G)]

a

8a°nQ [—1 + 3Cos(6)” ]
4nQ 2 2

3r 15r3

2
Q [Cosz(e) + Cos(G)J

a‘2

surfaceQ= I/l Expand

QCos{e] QCos[6]?
a2 232

potOutQ=potOutA[8]//.aRule[8,surfaceQ]

2
452 70 _1+ 3Cos[ 0]
2nQ , 4anQCos(6] , 2 2
3r 3r2 15r3
values={Q—1,a—1};

pl=CylindricalPlot3D[potl nQ//.values{r,0,1},{6,0,2
n},DisplayFunction—| dentity];

p2=CylindricalPlot3D[potOutQ//.values{r,1,3},{0,0,2r},
DisplayFunction—l dentity];

Show[p1,p2,
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AxesL abel—»{a,b,c},
ViewPoint—{-1.5,-2,2},
BoxRatios—{1,1,1},DisplayFunction—$DisplayFunction];

/%
7

Vil i
!
T (]

7
7

o

L |\\‘ |
\\\\ \

Figure 36

r2xRule={r,0,6}—>Coor dinatesFromCartesian[{x,y,z},Spherical]

/l Thread;

(*for O<r<1*)
eqlly_,z ]=potlnQ/.r2xRule/.{Q—1,a—>1,x—0}//Simplify;

(* for 1<r *)
eq2[y_,z_]=potOutQ/.r 2xRule/ {Q—1,a—1,x—0} //Simplify;

pot[y .z ]:=If [yz +7%<1. eqz[y - z]}
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circle={Thicknesg0.02],Circle[{0,0},1]} //Graphics,

Show[{VEPlot[pot|y,z] {y.-2,2},{z,-2,2} , DisplayFunction
— ldentity], circle},

DisplayFunction—$DisplayFunction];

s PL S A

~ U S A e .
o] o
- . -

\

Figure 37

C: Example 13: Spherewith a given axially symmetric
Potential

Needq" Calculus Vector Analysis™]
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Needs[" Graphics ParametricPlot3D™ ]

Null
Clear[" Global ™*"];

n
potln[V_-s_]:=Sum[(%j B(V .n)P[n. Cos[6]]

{n. 0. 4]

n+1
potOut[V _s_]:=Sum| (r_roj B(V :n)P[n.Cos[6]]:

(n.0.5]
BIV_.s_]i=
%(Zn +1) Integrate[V LegendreP[n - Cos[0] - Sin[6]
{6.0. ]
pOut = potOut [ VO Cos[0]%,4]

rOVOP[O : Cos[6]] N 2r03V0P[2 + Cos[0]]
3r 3rs

pOut = potOut [ VO Cos[0]2,4]

2r03VOP[2 . Cos[0]]

3r0?
values={r0—»1,V0—1,P—L egendreP};

%VOP[O + Cos[0]]+

pl=CylindricalPlot3D[pln/.values{r,0,1},{0,0,2x},
DisplayFunction—Identity];
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p2=CylindricalPlot3D[pOut/.values{r,1,3},{6,0,2r},
DisplayFunction—I dentity];

Show [pl, p2, BoxRatios — {1,1,1},ViewPoint—{-1.5,-2,2} ,
DisplayFunction — $DisplayFunction];

Figure 38

Cos(0)

surfacePot=—————~
1.1-Cos(0)

{pIn2,pOut2} = ({potln[surfacePot,3] , potOut[surfacePot,3]}/.
P — LegendreP //{r0—1} // Simplify);

pl= CylindricalPlot3D [pIn2,{r,0,1},{0,0,2r} , PlotRange —
All,DisplayFunction—I| dentity];
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p2= CylindricalPlot3D [pOut2,{r,1,3},{0,0,2r} , PlotRange
— All,DisplayFunction—| dentity];

Show[p1,p2,
BoxRatios—{1,1,1},
ViewPoint—{-1.5,-2,2} ,DisplayFunction—$DisplayFunction];
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Figure 39

C: Example 14: Spherewith upper hemisphere VO and
lower hemisphere-VO

Needq" Calculus Vector Analysis™]
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Needs[" Graphics ParametricPlot3D™ ]

Clear[" Global™*"];

n
potln[s_]::Sum[(r—roj B(n)P[n:Cos[6]]:{n: 0 &}]

r0 n+1
potOut[s_]::Sum[(Tj B(n)P[n:Cos[6]] {n: 0 ]

Bln_]:=
%(2n+1)
(+Integrate[ VO LegendreP[n . Cos[6]] - Sin[6].
{0.0. 1]+
Integrate[—V0 LegendreP[n - Cos[6]] - Sin[6]
(0 /2. 1)

potOut[5]

3r0*VOP[L. Cos[6]] 7r0* VO P[3 . Cos[6]] .
212 8rt

11r0® VO P[5 . Cos[6]]
16 r8

values={r0—1,V0—-1,x->0};
r2xRule = {r,0,0} = CoordinatesFromCartesian [{X,y,z} ,
Spherical] // Thread;

allRules= {P—LegendreP , r2xRule,values}//Flatten ;
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eql= potin[11]//.allRules;
eg2=potOut[11]//.allRules;

potTot = If [yz +2°<1. eql. quJ ;

circle=Graphics[{Thickness0.02],Circle[{0,0},1]}];

Show([{

Contour Plot[potTot//Evaluate,
{y1'2!2} ’{21'212} ,
PlotPoints—20,

DisplayFunction—Identity],
circle},
DisplayFunction—$DisplayFunction];

Figure 40
C: Example 15: Motion of a Charged Particlein a
Uniform B Field

Clear[" Global ™*"];
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acceleration={x""[t],y"'[t].Z"'[t]};
velocity={x'[t].y'[t],Z[t]}:
magneticField={0,0,B};

eql=acceleration==g/m Crosgvelocity,magneticField]//Thread

{X”[t]:—qu{] L - Bq::l M y-- o}

eql=eql/.{B->m/q o}
{X'[t1==0yTt].y[t] ==-ox[t] - Z’[{]== 0]

initial={
X[0]== 0,x'[0] == vOX,
y[0]==0,y'[0] == VOy,
z[0]==0,Z[0] == v0z};

dsol= DSolve[Join[{eql,initial}] {x[t],y[t],z[t]}.t]
/IFlatten//FullSimplify

VOy-VO0OyCos[tw]+VOxSin[tw]

{x[t] - 1616

N VOx (—1+ Cos[t w] +VOySin[t w]

y(t]
16 r6

Z[t] > tVOoz}

values={B—»m/q ®, ®—>1,v0x—1,v0y—1,v0z—1/10};

plotl=
ParametricPlot3D[{x[t],y[t],z[t] { T hickness[0.02]}}/.dsol/.values
//[Evaluate,
{t,0,8r},
PlotPoints—100 |;
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Figure4l

Needd" Graphics PlotField3D™ ]

plot2=PlotVector Field3D[ {0,0,1}//Evaluate,
{X,'2,2} 1{y!'2’2}1{210’2}|
VectorHeads—True,
PlotPoints—4

I;
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Figure42

Show[plotl,plot2];

Figure43
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C: Example 15: Motion of a Charged Particlein a
Uniform B Field and TimeVarying E Field

Clear[" Global ™*"];
Null

F={Fx,Fy,Fz};

r={x[t].y[t].z[t]};
EF={Ex,Ey,EZ};
BF={Bx,By,Bz}; v=DIr t]

{ X[ty Z[t] }
F=q EF+q Crosyv,BF]
{Exq+a(Bzy[t]-Bzy’[t])
Eyq+q(-Bzx[t]+BxZ'[t]) Ezg+q(By x'[t] + Bx y'[t])}

eql=F-m D[r{t,2}] 0//Thread,
eql//ColumnForm

Exq+0q(Bzy'[t]-By Z'[t]-mx"[t] ==
Eyq+0q(-Bzx'[t]+Bx Z'[t]-my[t] ==

Ezq+q(By X [t] +Bxy'[t]-mZ’[t] ==

initial={
X[0]==0X'[0] ==0,
y[0] ==0,y'[0] ==0,

z[0] ==0,Z[0] ==0};

fields= Thread /@ {BF—{0,0,m w0/q},EF—{EO0 Cojmt],0,0}}
//[Flatten
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[Bx—0.By »0.Bz—>" Ex »E0Cos[t ] Ey—0.Ez—0}
q

eqs=Join[egL,initial]/ fields
[EoqCogtm]+ mayTt] - mx’[t] ==0.
—meOX[t] —my’[t] ==0.—mZz’[t]==0.x[0] ==0.
x'[0] ==0.y[0] ==0. y[0] ==0. 7[0] == Z[0] ==0}
dsol=DSolve[eqs{x[t]y[t],Z[t]}.t] //Flatten//Full Simplify

EO0q( Cos[t m]— Cos[t®0])
t .
X[ = m(—m2+0302)

VIt — EquOSin[tSm]—EOq(oSin[t 0] 2] - 0}

mao —mo)o)O2

values={m—1,E0—-»1,00—>1,9g— 1};
point[t_,e ]={x[t],y[t],Z[t]} /.dsol /.values

—Cos[t]+Cos[ta] -oSin[t]+Sin[ta .0}
1- P —ot o

{

point[t_,1]=Limit[ point[t,®],0—1]
1, 1 .
{EtSm[t] -E(t Cos[t]-Sin[t]) -0}

point[t_,0]=Limit[ point[t,w],0—0]
{1-Codt],-t+Sin[t],0}
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plotfem_]:=ParametricPlot[ point[t,w][[{1,2}]] /Evaluate{t,0,20T },
PlotL abel—,
Ticks—None,
DisplayFunction—l dentity];

table=Tablg plot[w] {®,0,4,1/3}];

Show[GraphicsArray[Partition[table,3]]];
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