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1- Let X be a nonempty set Yeor 0 poi
a) What is a topology in X?
b) What is a ¢ -algebra in X?
c) Let (X,m) be a measurable space and Y be a nonempty set and / :(X.m) =Y be a map.

Prove that if Q={A C Y:f_l(A)e m} then

Qisa G -algebrainy.

2-State and prove Lebesgue's Monotone Convergence Theorem. Yior 0 p0i

3-Suppose X is a locally compact Hausdorff Space and m is a measure on a O -algebra min Yoo 605
X.
a) What is the meaning of the following notation: K <f <V.
b) Define C(y(X) and C.(X) and [ .P(n).
c) Prove that for | < p < oo ,C.(X) is dense in LP(n)-

4-1f Lis a continuous linear functional on Hilbert space H, then prove that there is a unique Yerr 605
ye€ H suchthat L(X)=(X,y)forevery xc H .

5°If X is a normed linear space and if X € X and Xy # 0 , then prove that there is a Toor 0y0d
bounded linear functional F on X of norm 1, so that F(XO) = “XO” .

6' 2 H A Yt b)oJ
Prove that [.° (1) is a Hilbert space.

7-Let X, Y be two Banach spaces. Yoo 000

a) Define a homeomorphism between Xand Y .

b) If T:X->Y is a bijective continuous linear map, then prove that T isa
homeomorphism.
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1- — Yeoo 605
Suppose M s G .algrbra in X , and let f map X into [—o0, 0] such that for =
a,o0])e M

—1
every real 4, f (( , show that f is measurable.

2'Suppose X is a locally compact, O -compact Hausdorff space. If " and H are as Voo 0y08

described in the statement of Riesz Representation theorem, prove that then if Eem
and €> 0 there is a closed set F and an openset V suchthat FCECV apq

wV-F)<e
” Suppose 1 L™ () reess
Suppose ™ be every positive measure. prove that is a complete metric space.
4- I ~ Yirs o5
Suppose that fe L (T) , a function f on Z defined by
~ 1 T L
f(n)=2— [ f(t)e™™dt (ne Z) i Fn)=0
1m, wf(m)=
Tn prove that then nl—-+
5-a) Define the "inner product spaces' and " Hilbert space''. Yios 0500
b) Give an example of an inner product space but is not a Hilbert space.
6'Suppose H(E) =1 ,and suppose f and & are positive measurable function on Q2 such Yo 0p08
. [ fdu. [ gdu>1
that g= Prove that €2 Q
7- . — >ty >f,>...2 Yoo 0y
Suppose fﬂ 1 X —=[0,09] is measurable for 1 = 1, 2’3"‘and fl - f2 - f3 z...20 R =

p
fIl (x) =1 (x) as 1 ™ °° forevery X€ X, andfl e L°(W) . Prove that then

lim, .. | f,du=] fdu
X X
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1- Let C be the space of all continuous functions on [0,1], with the supremum norm . Let M ¥oov 0 p0d

Oty 10 | —

@i = [f @)dr =1

consist of all / € C for which 2
Prove that M is a closed convex subset of C.

2-1f [, :X —[0,] is measurable , for each positive integer n, then prove that Yoo o0
j (liminf d ) < liminf j f.du
X =00 n-—ee X

3-Suppose X is a locally compact Hausdorff space . V is open and K is compact subset of V. Yoo o pod

Then there exists an ./ €C.(X) suchthat K <f <V,

4-1f X is a locally compact Hausdorff space, then C,(X) is the completion of C.(X) Yoo o p0i

relative to the metric defined by the supremum norm | f|=sup_, | f(x)1.

5'a) Let  be a positive measureona @ -algebra M in a set Q, so that M) =1 ,if [ isa Tore ope
1
real functionin L () jif < () <D goral x € Q, andif ? is convex on 42)  then
prove that
o[ fdw < [(@of ) p
Q Q

b) Suppose ¢ is a real function on R' such that

¢(jl‘ f(x)dx) < Jl-¢(f )dx

for every real bounded measurable function f . prove that ¢ is then convex.

6-The Riesz-Fischer Theorem. Let {i,;x< A} be an orthonormal set in H . Suppose Yoo oo

pel’(A) .Then ¢=x forsome x € H .

7-1f M is a subspace of a normed linear space X and if f is a bounded linear functionalon M, Yoor 00

then f can be extended to a bounded linear functional F on X so that ||F|| = ”f || .

YeYe/o o110
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1- t o
Let {f"} be a sequence of measurable functions on X , and suppose that Yoo oyl
(b) Sy ()= f(x) as "  for every X€ X |
[ £ | fdu
Prove that f is measurable, and x X as n—°°,
2-Let X be a locally compact Hausdorff space in which every open set is Yeor 008
O—compact oy A pe any positive Borel measure on X such that AK) <o gor
every compact set K. Prove that Ais regular.
3-Let S be the class of all complex, measurable, simple functions 5 on X such that Yeee 0005
(x5 (0 #0}) <00
if LSp<eo prove that S is dense in L'
4-Suppose that Yoo 0y
(a) X and Y are metric spaces, X is complete,
(b) /X =Y is continuous ,
(c) X has a dense subset Xo,such that, / is an isometry on X, , and
(d) F(X0) is dense in Y.
Prove that / is an isometry of X onto Y.
S-If X and Y are Banach spaces and if A is a bounded linear transformation of X Yerr 0 p05
onto Y which is also one-to-one, prove that there is a 6>0 gsuch that
[Ax] > ol (xe X)_
6- <f < e o pod
If {f"} is a sequence of continuous functions on [0.1] such that U</, <1 and Yoo opol
1
Im | f.(x)dx=0.
L) =0 g n—e , for all *€[011 orove that o= J.O
7- P _ - —0 Veor 0p05
Suppose Jne () , for n=123.... and I f”P and Jio8 a.e.,as 1>

What relations exists between f and £?

3

IR AR R

€dited with Infix PDF €ditor
free for non-commercial us:

[ )
|| ke
| 4



http://www.iceni.com/unlock.htm

(Lo&adls c¥lgw 9 Gilgyz) Hlesle

& @olomyar Site : olomyar.com
s ol al il s gdi@f.

o il 5 ==
e Jiniug sgail 5,0 I\

Cowgl ruasi 9 (10 Gl 41 S 2 0551 :(E) e © pa>
VS s Sl 5w WotoMphd o3 S 2 (4h59) 03T o Vi o1 i 1 OYlgw Slai

V iz 50T 2 v 39 (Yl g

Gz (63 ;1,18 (5L ye( dwiid) (pzmo (5L (1) (Ao (25U 5 (ILT) (azme (20l ye((G3ae ILT) (63 3055 (5L, w38 W/ (s il

IWNYVA( @ldos o
1'Let (X.m, u) be a measurable space and X =10, is a measurable, Eem gng AR
du =0 _
IEfﬂ .Then /=0 ae onE.
Suppose , is real-valued , and €~ 0 . Then there exist functions ¥ and
Voon X suchthat Y=/ SV  u jsupper semicontinuous and bounded above, V is
I(v —u)dn<e.
lower semicontinuous and bounded below, and *
3-State and prove Fatou's lemma. VOF o 05
4- Let M be a closed subspace of a Hilber space H . VOF o pod
(a) Every X€ H has then a unique decomposition * = P+ 90X into a sum of Pxe M
1
and Oxe M .
H 2 P 2 Q 2
o =[x +ox
(b)
S Let S be the class of all complex , measurable, simple functions on X such that 17 o yai
U({x:s(x) #0}) <oo
If |SP <% then S is densein L (),
6'Suppose that (X, m.m) be a measure space and Qe m  such that IZCOR . Let f and V87 o poi
2
g8 €L pe positive functions on € such that
N (| (| gdm) 21
1821 provethat @ Q .
_ 1 — . ‘ & pou
Let (X:"M 1) pa a measure spaceand / € L) Then A={x:1/(0)#0} paye LOF oyl
0 — finite \peasure.
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I.Let s and t be two nonnegative measurable simple functions on X, where (X, /m,'u) isa

measure space. Show that :

(i) Show that the following function, 4 , is a measure on m :

P(E)=[,sdu ,VE em

(i) Jx (s +t)d u=|y sd u+|, td
Also show that , if f, and f,are non- negative measurable functions,then

[y (F,+fodu=ly fdu+ly fdu

2. Define an upper semicontinuous function and show that if f, and f, are two non- negative real

valued functions on R and both are upper semicontinuous, then f, +f, is an upper

semicontinuous function.

3. Write the Minkowski’s inequality and then prove it.

4. Let p>oand f € L? (4) (f =o),where X isa measure space with the positive measure I .

Letforal n € N , f, =min{f ,n} . Show that [, € LP (@) and f,, —>f in L7 (u).

5. Let L be a continuous linear functional on the Hilbert space Hand M = {x eH I|Lx = 0} .

Prove that , if M # H then M L is a vector space of dimension 1.

L. . I —— 0 QA T_1 “ — o
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6. Let L is a continuous functional on the Hilbert space H. Prove that there exists an unique element

y € H suchthat Lx =(x,y) (Vxe H).

7. Calculate the following integrals:

(i) -[R+ e—[x] dx ([x ]is the integer part of X )

(i1) j[o 1 Xo (x )dx (y is the characteristic function On the rational numbers Q . )

FORNPN . \wa_._a\ LT .
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1'If Q s any collection of subsets of X ,there exists a smallest C -algebra Y in AGARS.
X such that Qc¥’

2- oo 0 pa
Suppose ViV, are subsets of a locally compact Hausdorff space X , K is Toor o0
compact , and
KcVv U..Uv.

Then there exist functions b <Vi(i=1...m) such that h()+...+h, () =1
(xe K).

3-Let S be the class of all complex, measurable, simple functions on X such that Yorr o0

u({x:8(x)#0}) <co.
P
If 1SP <% thenshowthat S is dense in L (4):

4-prove that Every nonempty, closed, convex set £ in aHilbert space H is contains Yorr op0s
a unique element of smallest norm.

S-For a linear transformation A of a normed linear space X into a normed linear Yers 005
space Y , each of the following three conditions implies the other two:

(a) A is bounded.
(b) A is continuos.
(c) A is continuous at one point of X .

6'Suppose / isa complex measurable function on X, H s a positive measure on Yoor 0p0d

| F17 du = i _
X , and L S du ”f”” , and HX)=1 proye that if 0<7<s<then
I#1, <lfl,
7-Prove that every unit open ball is convex in every normed linear space. Yoo 005

Yoys /NN FETY
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